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APPENDIX H: DEMONSTRATION
OF THE REFOCUSING RULES

We demonstrate here the validity of the rules stated in Section
11.8 to handle a refocusing routine:

180

A2 A2

When handling this segment of a sequence in the conventional
way we have to subject the density matrix D(n) to a string of operators
representing the A/2 evolution (shifts and couplings), the r.f. pulse
(Rygo), then again the A/2 evolution. For two nuclei the string would
be:

R= RARX RAx R180 RAX Rx RA (H1)

where R,, R, are shift operators and R,, is the coupling operator.

All shift and coupling evolution operators commute with each
other. In order to simplify the expression (H1) we have to find out
how they commute with R 4. Let us concentrate on one nucleus (e.g.,
nucleus A) and see how R, commutes with R g, .. According to
relation (B51)

Rigo = €Xp(izl,,) = cos%[1]+ i sin%(leA) =2il, (H2)
A similar expression can be written for the shift evolution operator R,
which represents a rotation by o= Q,A /2 around the z axis.

R, =R , =exp(iz1,) = cos%[1]+ i sin%(leA) (H3)

We want to examine the product of the two operators:
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RioR, s = 2i|xA[cos%[1]+isin%(leA)}

Using the anticommutativity of I, and I, for 1=1/2 stated in (F10) we
can rewrite the product as

RigoaRaa = [COSE['I]_'SmE(ZIzA)} 2il,, = R(—a)AR180xA

We notice that R, is the reciprocal of R, since their combined
action would leave the density matrix unaffected. We can therefore
write

R180xA RaA = R;/lx R180xA (H4)

and this is the commutation rule we needed.

One can check that the rule is the same if instead of Ry, We
Use Riygoya OF Rigyea (180° rotation about an arbitrary axis in the xy
plane). For the last case one has use

R180<DA = R(—CD)ZAR180><AR(D2A = R180<DA R(izA = R180xAR(2<p)zA
=2il , (cos®@-[1]+isin®-2l,,)=cos®-2il , +isin®-(-2il ,)
= Rigoun COSP@ + Ry, SIND

We have used here 1,1, = —inA/2 which is a consequence of (E2)
and (F9).
Therefore we can write in general
R180ARA = R;1R180><A (H5)
On the other hand we have
R180ARX = Rx R180><A (H6)

since operators acting on different nuclei always commute.

A similar pattern can be followed to demonstrate
-1
RigoaRax = Rax Rigon (H7)

R180X RAx = R/;>1< R180X (H8)
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With these commutation rules we now can rearrange a string like the
one in (H1):

R= RARX RAx R180ARAX Rx RA = RARX RAx R;>1< Rx R;1R18OA
= R>2< R180A = R180AR>2(

Only the shift X is expressed in the final result, while shift A and
coupling AX are refocused. Since R, is the shift evolution for A/2,

R
is the operator for the full delay A.

If the 180° pulse is applied on both nuclei A and X, the
rearranging yields:

R= RA Rx RAX R180AR180X RAX Rx RA = RA Rx RAX R180AR;§( R)_(lRAR180X
= RARX RAx RAX R;(l Rgl R180A R18OX = Rf\x R180A R18OX = R18OAR180X Rf\x
Both shifts are refocused, the coupling only is expressed in the final

result. This confirms the refocusing rules stated in Section 11.8. There
is no difficulty in extending them to more than two nuclei.



