
Math 423 Extra problem 2

Let µ be a measure on BR such that

1. µ(E + x) = µ(E) for all x ∈ R and all E ∈ BR;

2. for some bounded interval I, µ(I) <∞.

Prove that there is an a > 0 such that µ = am, where m denotes Lebesgue measure on R.
That is, up to rescaling, Lebesgue measure is the unique translation-invariant Borel measure
on R.
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