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Abstract

We answer in the negative a question by Griinbaum who asked if there exists a
finite basis of affine invariant points. We give a positive answer to another question
by Griinbaum about the “size” of the set of all affine invariant points. Related, we
show that the set of all convex bodies K, for which the set of affine invariant points
is all of R", is dense in the set of convex bodies. Crucial to establish these results,
are new affine invariant points, not previously considered in the literature.

1 Introduction.

In the study of convex bodies, it is the affine geometry of these bodies that has become
central in recent years. This is due to, on the one hand, rapid progress in core affine
areas directly linked to the very structure of convex bodies, like the L, Brunn Minkowski
theory (e.g. [2, 5, 7, 8, 11], [18] -[26], [30, 35, 36, 38, 39]) and the theory of valuations
[10], [12], [13], [15] - [17], [32, 33]. On the other hand, even questions that had been
considered Euclidean in nature, turned out to be affine problems - among them the
famous Busemann-Petty Problem (finally laid to rest in [3, 6, 41, 42]).

A key structural property of convex bodies is that of symmetry which is relevant in
many problems. We only mention the still open Mahler conjecture about the the minimal
volume product of polar reciprocal convex bodies (see e.g. [1, 14, 28] for partial results).
The affine structure of convex bodies is closely related to the symmetry structure of
the bodies. A systematic study of symmetry was initiated by Griinbaum in his seminal
paper [9]. A crucial notion in his work is that of affine invariant point. It allows to
analyze the symmetry situation. In a nutshell: the more affine invariant points, the
fewer symmetries.

In this paper, we address several issues that were left open in Griinbaum’s paper.
We start out by laying the groundwork and we develop appropriate notions and tools.
Then we answer some basic questions of Griinbaum. Firstly, Griinbaum asked whether
the space of affine invariant points is infinite-dimensional. We give a positive answer in
Theorem 1. Intuitively, this is clear since there should be a wealth of affine invariant
points. Griinbaum though lists only very few, like the centroid and the Santalé point.
Therefore, an important aspect in the proof is the construction of new affine invariant
points. Secondly, Griinbaum asked whether there are convex bodies such that their affine
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invariant points cover the whole space R™. We show something even stronger, namely
we show in Theorem 3 that such convex bodies are actually dense in the metric space of
convex bodies.

Clearly, the affine invariant points of a convex body are invariant under the sym-
metries of this body. Griinbaum asked whether the set of all those points, that are
invariant under all symmetries of the convex body, represent its affine invariant points.
We answer this in the case that the set of affine invariant points has codimension 1. In
fact, in Theorem 2 we construct explicitly a reflection with respect to a hyperplane that
leaves the body invariant. To address these problems, we have to construct new affine
invariant points. One of our tools to do that is the convex floating body.

Let IC,, be the set of all convex bodies in R™ (i.e., compact convex subsets of R with
nonempty interior). Then (see Section 2 for the precise definition) a map p : K, — R
is called an affine invariant point, if p is continuous and if for every nonsingular affine
map T : R™ — R” one has,

p(T(K)) = T(p(K)).

An important example of an affine invariant point is the centroid g. More examples will
be given throughout the paper. Let §3,, be the set of affine invariant points on /C,,,
PBn = {p: Kn — R"| p is affine invariant}.

Observe that 93, is an affine subspace of C'(K,,, R™), the continuous functions on C,, with
values in R". We denote by V*B,, the subspace parallel to 3,,. Thus, with the centroid

9,
V“Bn = (Bn -9

Griinbaum [9] posed the problem if there is a finite basis of affine invariant points, i.e.
affine invariant points p; € B,,, 1 < <[, such that every p € 3,, can be written as

l l
p= Z%’Pi, with a; € R and Zai =1.
i=1

i=1
We answer this question in the negative and prove:

Theorem 1. VB, is infinite dimensional for all n > 2.

In fact, we will see that, with a suitable norm, V*33,, is a Banach space. Hence, by Baire’s
theorem, a basis of 3, is not even countable.

For a fixed body K € K,,, we let
P (K) = {p(K) : p € Bu}.
Then Griinbaum conjectured [9] that for every K € IC,,,
P (K) = Fn(K), (1)

where §,(K) = {z € R" : T = z, for all affine T" with TK = K}. We give a positive
answer to this conjecture, when 9,,(K) is (n — 1)-dimensional. Note also that if K has
enough symmetries, in the sense that §, (K) is reduced to one point x, then P, (K) =

{zk}



Theorem 2. Let K € K,, be such that P, (K) is (n-1)-dimensional. Then

Griinbaum [9] also asked, whether B,,(K) = R, if §,(K) = R™. A first step toward
solving this problem, is to clarify if there is a convex body K such that 9, (K) = R".
Here, we answer this question in the affirmative and prove that the set of all K such that
PBr(K) =R", is dense in K, and consequently the set of all K such that ,,(K) = F,(K),
is dense in C,,.

Theorem 3. The set of all K € K,, such that B, (K) = R"™ is open and dense in
Here, dy is the Hausdorff metric on IC,,, defined as
dH(Kl,Kg):mln{)\ZOKl §K2+)\B§L,K2§K1+)\B§L}, (2)

where BZ is the Euclidean unit ball centered at 0. More generally, By (a,r), is the
Euclidean ball centered at a with radius r. We shall use the following well known fact.
Let K,,,, K € K,,. Then dy(K,,, K) — 0 if and only if for some ¢, — 0 one has

(1 —em)(K —g(K)) C K — g(Kp) C (1+em)(K — g(K)) for every m. (3)

To establish Theorems 1 - 3, we need to introduce new examples of affine invariant
points, that have not previously been considered in the literature.

2 Affine invariant points and sets: definition and
properties.

Let K € K,,. Throughout the paper, int(KX) will denote the interior, and 9K the
boundary of K. The n-dimensional volume of K is vol,, (K), or simply |K|. K°={y €
R™: (z,y) < 1Vz € K} is the polar body of K. More generally, for = in R™, the polar of
K with respect to x is K* = (K — x)°. Note that K* is only bounded if = € int(K). We
will only consider such situations.

A map p: K, — R" is said to be continuous if it is continuous when KC,, is equipped
with the Hausdorff metric and R™ with the Euclidean norm || - ||.

Griinbaum [9] gives the following definition of affine invariant points. Please note
that formally we are considering maps, not points.

Definition 1. A map p : K,, — R is called an affine invariant point, if p is continuous
and if for every nonsingular affine map T : R™ — R™ one has

p(T(K)) = T(p(K)). (4)
Let B, the set of affine invariant points in R™,
B, ={p: K, — R"| p s affine invariant}, (5)

and for a fized body K € Ky, P (K) = {p(K) : p € P}



We say an affine invariant point p € B,, proper, if for all K € IC,,, one has
p(K) € int(K).

Examples. Well known examples (see e.g. [9]) of proper affine invariant points of a
convex body K in R" are
(i) the centroid

o) = L2, ©)

(ii) the Santald point, the unique point s(K) for which the volume product |K||K*|
attains its minimum,;

(iii) the center j(K) of the ellipsoid of mazimal volume J(K) contained in K, or John
ellipsoid of K;

(iv) the center I(K) of the ellipsoid of minimal volume L(K) containing K, or Léwner
ellipsoid of K.

Note that if T(K) = K for some affine map 7' : R” — R™ and some K € I,,, then
for every p € B, one has p(K) = p(T(K)) = T(p(K)). It follows that if K is centrally
symmetric or is a simplex, then p(K) = g(K) for every p € B,,, hence B,,(K) = {g(K)}.

The continuity property is an essential part of Definition 1, as, without it, pathological
affine invariant points can be constructed. The next example illustrates this.

Example 1. Let P,, be the set of all convex polytopes in K,, and define for P € P,,
1 m
p(P)= > u(P),
i=1

where v1(P),...vy,(P) are the vertices of P. For K € K, \ Py, let p(K) = g(K), the
centroid of K. Then p : K,, — R"™ is affine invariant, but it is not continuous at any
point.

Indeed, let K € K,,. We approximate K by a polytope P, and, in turn, approximate
P by a polytope P, by replacing one vertex v of P by sufficiently many vertices vy, ..., v
near v. When [ — oo, p(P,) — v € OP. P, is near K, but p(K) = g(K).

Next, we introduce the notion of affine invariant set mappings, or, in short, affine
invariant sets. There, continuity of a map A : KC,, — KC;, is meant when K, is equipped
on both sides with the Hausdorff metric. Our Definition 2 of affine invariant sets differs
from the one given by Griinbaum [9].

Definition 2. A map A : K, — K, is called an affine invariant set mapping, if A is
continuous and if for every nonsingular affine map T of R™, one has

A(TK) = T(A(K)).

We then call A(K), or simply the map A, an affine invariant set mappings. We denote
by S, the set of affine invariant set mappings,

Sn ={A:Kn — Kn|A s affine invariant and continuous}. (7)

We say that A € &,, is proper, if A(K) C int(K) for every K € IC,,.



Known examples (see e.g., [9]) of affine invariant sets are the John ellipsoid and the
Lowner ellipsoid. Further examples will be given all along this paper.

Remarks. (i) It is easy to see that if A € R, p,q € P, and A € &,,, then po A € B,
and (1 — A)p + Ag € PB,,. Thus, P, is an affine space and for every K € IC,,, P, (K) is
an affine subspace of R™. Moreover, for A, B € &,,, the maps

K — (Ao B)(K), (1-MNA(K)+AB(K) and conv[A, B](K) = conv[A(K), B(K)]
are affine invariant set mappings.

(ii) Properties (2) and (4) imply in particular that for every translation by a fixed
vector xg and for every convex body K € IC,,,

p(K + z¢) = p(K) + xg, for every p € B, (8)

and
A(K + ) = A(K) + x9, for every A €6, (9)

(iiii) Unless p = g, it is not possible to compare two different affine invariant points
p and ¢ via an inequality of the following type

Ip(K) = p(L)|| = ¢ [la(K) — q(L)]], (10)

where || - || is a norm on R™ and ¢ > 0 a constant. Indeed, by (ii), p(K — p(K)) = 0 and
q(L — q(L)) = 0. Therefore, if (10) would hold, then

0 = |p(K =p(K)) = p(L =p(L)[| = ¢ lg(K = p(K)) = o(L = p(L))]|
= clla(K) = p(K) —q(L) +p(L)[|.
Choose now for L a symmetric convex body. Then ||¢(K) —p(K)| = 0, or p(K) = q(K).

Remark (i) provides examples of non-proper affine invariant points: once there are
two different affine invariant points, there are affine invariant points p(K) ¢ K, i.e. non-
proper affine invariant points. An explicit example is the convex body C,, constructed
in [27], for which the centroid and the Santalé point differ.

The next results describe some properties of affine invariant points and sets.

Proposition 1. Let p,q € B,, and suppose that p is proper. For K € IC,,, define
¢q(K) =inf{t 2 0: q(K) — p(K) € t (K — p(K))}.
Then ¢q : K, — Ry is continuous and
(i) there exist ¢ = c(q) > 0 such that

q(K)—p(K) €ec (K—p(K)) for every K € Kp,.
(ii) If moreover q is proper, then one can chose ¢ € (0,1) in (i).

Proof. Since p(K) € int(K), R" = Uyt (K — p(K)). Therefore ¢, is well defined. Now
we show that ¢, is continuous. Suppose that K,, — K in (K,,dn). By definition, we
have

(Km) — p(Kim) € ¢g(Kp) (Km — p(Ky,)) for all m.



By continuity of p and ¢ it follows that
q(K) — p(K) € lim inf ¢4 (Kp) (K —p(K)),
and thus
¢q(K) < liminf ¢y (K,y,).

Since p is proper, there exists d > 0, such that BY C d(K — p(K)). Since K is bounded,
there exists D > 0 such that d(K —p(K)) C DBY. Let n > 0 and fix ¢ = n/d > 0. Since
K,, — K, and by continuity of p and ¢, there exists mg > 0 such that for every m > my,

K —p(K) C Ky — p(Kp) +eBy € Ky, — p(Kon) + (K — p(K))

and
q(Km) — p(Km) € ¢(K) = p(K) + By C (¢q(K) +n)(K — p(K)).

Now we observe that, if two convex bodies A and B in R" satisfy A C B + tA for some
0<t<1,then AC B/(1—t). It then follows that for every m > my,

K —p(K) g 1fln(l{m _p(Km))'
Hence K
(o) ) € P8 (1, ),
and thus

¢q(K) = limsup ¢q(Km),

and the continuity of ¢, is proved. Assertions (i) and (ii) follow from the continuity of
¢q. Indeed, by affine invariance, we may reduce the problem to the set {K € K,, : By C
K C nB¥}, which is compact in IC,,. O

Lemma 1. Let p,q € B, and suppose that p is proper. Then there exists a proper
r € P, such that q is an affine combination of p and r.

Proof. By the preceding proposition, there is ¢ > 0 such that ¢(K) —p(K) € ¢(K —p(K)
for all K € K,,. Put r = %52 +p. Then r € B, and ¢ = 2cr + (1 — 2¢)p is an affine
combination of p and r. Since p(K) € int(K),

r(K) € %(K+p(K)) Cint(K), forall K € K,. O

Analogous results to Proposition 1 for affine invariant sets are also valid. We omit
their proofs.

Proposition 2. Let A € &, p,q € P, and suppose that p is proper. Then there ezists
a constant c¢; > 0 such that for every K € ICp,,

AK) = q(K) Cer (K —p(K)).

If moreover A is proper and p = q, one can choose ¢; < 1.



Lemma 2. Let A € 6, and p € PB,, be proper. Then there exists t > 0 such that
K — t(A(K) = p(K)) + p(K) = tA(K) + (1 — t)p(K)

is a proper affine invariant set mapping.

The next proposition gives a reverse inclusion for affine invariants sets. We need first
another lemma, where, as in the proposition, g denotes the center of gravity.

Lemma 3. For every D,d > 0 andn > 1, there exists ¢ > 0 such that, whenever K € IC,
satisfies K C DBY and |K| > d, then ¢BY C K — g(K).

Proof. Suppose that K € K, satisfies the two assumptions. Define
cxk =sup{c>0: ¢By CK —g(K)}.

Then cx > 0, and there exists x € K such that ||z — g(K)|| = cx. Since K — g(K) C
n(g(K) - K), the length of the chord of K passing through ¢g(K) and x is not bigger
than (n+ 1)ck. Let u € S"~1 be the direction of the segment [g(K),z] and let P,K be
the orthogonal projection of K onto u™, the subspace orthogonal to u. Then,

d<|K| < |l(g+Ru)NK| |P.K| < (n+1)cxg D" 7'By 1.

The second inequality follows from a result by Spingarn [37]. Thus we get a strictly
positive lower bound c for cx which depends only on n, d and D. O

Proposition 3. Let A be an affine invariant set mapping. Then there exist ¢ > 0 such
that
c(K —g(K)) C AK) — g(A(K)), for every K € K.

Proof. We first prove that there exists d > 0 such that |[A(K)| > d|K| for every K € K,,.
By affine invariance, it is enough to prove that

AK
inf A > 0.
{KeK.:ByCcKCnBy} |K]|
Since K — A%l s continuous and since {K € K, : By C K C nBY} is compact in IC,,,
|K] 2 2

this infimum is a minimum and it is strictly positive. By Proposition 2, applied with
q = g o A, there exists ¢ > 0 such that

A(K) — g(A(K)) C¢(K — g(K)), forevery K € K,,.

Therefore,
A(K) — g(A(K)) C 2ncBg, for every K € K.

By Lemma 3, there is ¢g > 0 such that
coBy C A(K) — g(A(K)), for every K € K.

Now, since K — g(K) C 2nBY for every K € K,, with Bf C K C nBj, we get the result
for K € K,, with B C K C nBy, and thus for all K € K,, by affine invariance. [



3 Several questions by Griinbaum.

We now give the proof of Theorems 1 - 3. To do so, we first need to introduce new affine
invariant points.

3.1 The convex floating body as an affine invariant set mapping.

Let K e K, and 0 <4 < (niﬂ) .ForueR"and a e R, H={2z e R": (z,u) = a} is
the hyperplane orthogonal to w and H* = {z € R" : (z,u) > a} and H~ = {z € R" :
(x,u) < a} are the two half spaces determined by H. Then the (convex) floating body
K5 [34] of K is the intersection of all halfspaces H' whose defining hyperplanes H cut

off a set of volume at most §| K| from K,

Ks = N H. (11)
{H:|H-NK|<5|K|}

n

Clearly, Ko = K and K5 C K for all § > 0. The condition § < (#_1) insures that

g(K) € int(Ks) # 0 (see [34]). Moreover, for all invertible affine maps T', one has
(T(K))s =T (Ks) - (12)

To prove that K — Kj is continuous from K, to K,, we need some notation. For
u € S"71, we define as x (u) to be unique real number such that

vol, {z € K : (z,u) > as x(u)}) = & vol, (K). (13)

Then
Ks = ﬂ {r e K:(z,u) <asg(u)}.

uesSn—1

n+1
Let a € R satisfy f(:roo ft)ydt = 5fj;o ft)dt. Then one has

Lemma 4. Let K € K,, ue S" 1, 0<4 < <L>n and f(t) = |{z € K : {(z,u) = t}|.

n—1

fla) > 67 max f(t).

teR

Proof. By the Brunn-Minkowski theorem (see [4, 31]), f7T is concave on {f > 0}. Put
M = f(m) = maxer f(t).
We suppose first that m < a. Let g be the affine function on R such that g"~!(m)

f(m) and g""1(a) = f(a). As F77 is concave on {f # 0}, one has g"~! < f on [m,a
and g"~* > f on {f # 0}\ [m, a]. Thus there exists ¢ < m and d > a, such that g(c) > 0,

g(d) >0,
/d g " (t)dt = /+OO f(t)dt and /dg"‘l(t)dt = /+Oo f(t)at.

— 00



Let g1 = gl[c,q- Since g is non increasing on [c, d, g t(e) > M = f(m). Moreover, by
construction, g7 (a) = f(a). We replace now g; with a new function go that is affine
on its support [¢/,d'], ¢ < a < d', and satisfies g5 ' (a) = f(a), g5~ (d') =0

/pdlgé’l(t)dtz/mf(t)dt and /ad/gg%)dt:/:“ﬂt)dt

o/ —o0

One still has g5 '(a) = f(a) and clearly g5 '(¢') > g '(c) > M. Now, an easy
computation gives

n—1 —1

fla) =gt Ya) =6, g5 '(c)>d8" M.

We suppose next that m > a. The same reasoning, with 1 — § instead of §, gives
n—1
f(a) > (1—6)"= M. Since 0 < § < %, the statement follows. [

Proposition 4. Let 0 < r < R < oo and let K € K, satisfy, rBY C K C RBY. Let
0<d< % and n > 0. There there exists € > 0 (depending only on r, R,n,d) such that,
whenever a convex body L satisfies di (K, L) < &, one has for every u € S~ !

ag, i (w) =1 < as,p(u) < ag,re(u) +1.

Proof. Let p > 0. With the hypothesis on K, we may choose £ > 0 small enough such
that whenever dg (K, L) <e¢, then (1—p)K C L C (1+ p)K. Fix u € S"! and define

fr(t) =vol,—1 ({z € K : (x,u) =t}) and fr(¢t) = vol,—1 ({x € L: (x,u) =t}).

Then a5,k := a5,k (u) and as 1, = as (u) satisfy

+o0 too
/ Fe(t)dt = 6|K|  and / Fut)dt = 6|L].

as K as, L

Let 8 > 0. For p > 0 small enough one has,
[KAL| < (L4 p)" = (1= p)") [ K| < 6.
For such a p one has also
/ |fx(t) — fo()dt < /voln_l ({z € KAL : (z,uy =t})dt = |KAL| <9,
R R

so that

‘ / Frc(t)dt
las, K ,a5,1]

For o > 0 given, let 0 = @ Then

<

/+OO fr(t)dt — /+OO fo(t)dt

as, K as, L

+o00
+/)L&w—ﬁww§w

5,L

+oo
/ Fe ()t — 0|K|| < a 3K,

5, L




1
For some 3 € [—a, ], one has hence that as = a@4p)5,x. Concavity of fz=" on
{fx # 0} implies that

/ fr(t)dt
las, i as,1]

If M = maxer fx(t), we get by Lemma 4,

> |as,x — asa+p),x | min (fx (a5.x), fx(a@4p),Kx)) -

min <fK(a5,K),fK(a(1+a)5> > <min(1 + 8, 1)6) > ((1 — a)é) M.
Since K C RBZ, we estimate M from above by
M <, =R By,

which is an upper bound independent of u. It follows that if & > 0 is small enough, then

n—1

lasx —asL| <207, (L—a)d) ™ <n.

The next proposition shows that the map K +— K as defined in (11), is an affine
invariant set mapping.

Proposition 5. For0 < < (n%rl)n, the mapping K — Ky is is an affine invariant set
mapping from IC,, to IC,, .

Proof. We take 0 < § < (niﬂ)n so that K5 # (). It is clear that K — Kj is an affine

invariant mapping and it is clear that g(K) € K5. We now fix a body K € K,, and we
verify the continuity of the mapping K — Kj at K. We may suppose that 0 is the center
of mass of K. For some 0 < r < R < oo, one has

rBy C K5 C K C RBY.

By the choice of §, a5 x(u) > 0 for every u € S"~!, where as i (u) is as in (13). Let
n,nm" > 0 satisfy n < nr <7 min,cgn-1 a5k (u). We use the notation of the preceding
proposition to find € > 0 such that for any L with dg (K, L) < &, one has

asx(u) =1 < asp(u) < asx(u) +17',

(1 —=mas,x(u) < as,r(u) < (1 +n)as x(u),

whence

(1-n)Ks C Ls € (1+n)Ks.
Since rBy C K5 C RBY, it then follows that, given p > 0, for n > 0 small enough, one
has dy(Ls, K5) < p. O

As a corollary, we obtain new affine invariant points.

10



Corollary 1. Let 0 < 6 < (niﬂ)n and let p : I, — R™ be an affine invariant point.
Then K — p(Ks) is also an affine invariant point. In particular, for the centroid g,

K — g(K\ Kjs) is an affine invariant point.

Proof. Affine invariance follows from Remark (i) after Definition 2 and continuity from
Proposition 5. The second statement follows now from the trivial identity

_ | K| K\ K|
g(K) = WQ(KS) + WQ(K \ Ks),
which gives K| )
K Ks
Q(K\Kcs) = m 9(K) — m 9(K5)7

as an affine combination of continuous affine invariant points. [J
The next lemma is key for many of the proofs that will follow.

Lemma 5. Let m > n+1 and for 1 <i < m, let v; € R™ be the vertices of a polytope
P in K. Then for all e > 0 there is z € P with |ju1 — z|| <€ and 0 < r < & such that
BY(z,7) C P and if K = conv (By(z,7),v2,...,0m), then K satisfies

(i) K C P, vy,...,v, are extreme points of K and dy (K, P) <e.
(i1) For sufficiently small 0, vy — g (K \ Kjs) || < 2¢

Proof. There exists a hyperplane H that strictly separates vy and {vs,..., v}, such
that for all x € H~ NP we have that ||x —v1|| < e. Let z € int(H ) Nint(P). Then there
exists 0 < r < e such that By (z,7) C H- N P. Let K = conv (BY(z,7),v2,...,0m) .

(i) By construction of K, vy...,v,, are extreme points of K. Also, for all z € KN H™,
one has || — v1]| < e. Therefore K C P C K +eBY and thus dg(K, P) < e.

(ii) We have for 6 > 0,

(KN HT)\ K|

g(K\K;) = WQ((KQH+) \ Ks)
e (e i)\ i), (1)

Since g (KN H ™)\ K;) € int (K) Nint (H ), one has
[lv —g((KﬂH‘) \K(;) | <e.

Observe that K contains a cap of 9B(z,1), so that

C= H? dpg > 0.
OK
By Theorem 4, one has for § sufficiently small,

C 2
K\ Kol = K] = |l > - (6[<]) 7 (15)

11



Let R = max{||z| : « € P}. As the Gauss curvature is equal to 0 everywhere on the
boundary @ (K N HT), again by Theorem 4, one has for sufficiently small §,

|}(f71{+|—>(}(f7]{+) 5|K|

[KNHT| Ce
Cn 3 < —.
(1) R
As
(KNHY)\Ks C (KNH)\ (KNH") s,
|[KNHT |
we get
Ce _2_
KNH")\ Ks| < S| K|)=FT . 16
I J\EKs| < = GIKD (16)
It folllows from (15) and (16) that for 6 small enough one has
KNnHY)\K,
[ K\ K| R

We get thus from (14) and (17)
lg (K\ Ks) —g (KNH™)\ Ks) |

|
= o (0 0 )\ K)o (K0 ) V1) |

+
<(Kgﬁﬁakﬂ0w«KnHw\Kan+M«KﬂHﬂ\KﬂW
< %(R+R) <e

Altogether,
lo1—g (K \ Ks) || < lvi—g (K NVH™) \ Ks) [l+]lg (K \ K5)—g (KN H™) \ Ks) || < 2.
O

3.2 Proof of Theorem 1: ‘B, is infinite dimensional.

Here, we answer in the negative Griinbaum’s question whether there exists a finite basis
for B,,, i.e. affine invariant points p; € B,, 1 < i < [, such that every p € B, can be

written as
1 l

b= Z%Pi, a; € Rfor alli and Zai =1
=1 i=1

Recall that 9, is an affine subspace of C(K,,,R™), the continuous functions on I,
with values in R™ and that we denote by V3,, the subspace parallel to %3,,. Thus, with
the centroid g,

VB, =P —g. (18)
The dimension of B, is the dimension of V3,,. We introduce a norm on VB,
o]l = sup  |v(K)], for v € V3, (19)
Keky
B} CKCnBY
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Please note that the set {K € K, : BY C K C nBY} is a compact subset of (ICp,, dpr).
Therefore (19) is well defined and it is a norm: v = p — g # 0 implies that there is C'
with v(C) # 0. By John’s theorem (e.g., [40]), there is an affine, invertible map 7" with
By CT(C) C nBY. Thus,

v(T(C)) = (p = 9)(T(C)) = p(T(C)) — g(T(C)) = T(p(C)) = T(9(C))-

Since T' = S + zy, where S is a linear map,

o(T(C)) = S(p(C) = ¢g(C)) = 5((p = 9)(C)) # 0.

Hence
[v]lg = [[o(T(C))[| > 0.

For the proof of Theorem 1 and Theorem 3, we will make use of the following theorem
by Schiitt and Werner [34]. There, px is the usual surface measure on JK and for
x € 0K, k(z) is the generalized Gauss curvature at z, which is defined px almost
everywhere.

2
Theorem 4. [34] Let K be a convez body in R™. Then, if ¢, = 2 <Ui+1 ‘) w , one has

K| - |K
climil | |6|:

n - K (2) dpg ().
0=0 (§|K|)»+T /6K

Proof of Theorem 1. We show that the closed unit ball of V*,, is not compact. For
K € K, and § > 0, let K5 be the convex floating body of K. Let g be the centroid and
let g5 : IC;, — R™ be the affine invariant point given by

9s(K) = g(K \ K5).
The set of vectors {vs = g5 — g: ¢ > 0} is bounded. Indeed, since g(K) € K and
g(s(K) eK
[vsllg < sup  ([[g(E)| + [lgs(K)[]) < 2n.
KeK,
BI'CKCnBY
Now we show that there is a sequence J;, j € N, of strictly positive numbers such that
for all j, k with j # k
10 < s, — v5k||tp?
ie. 1
sup  [|vg; (K) — v, (K)|| = 10
Kekn
B} CKCnBY
As K we consider the union of the cylinder D = [—1,1] x Bgfl and a cap of height h of

a Fuclidean ball,
K(h)=DuU C(h), (20)

where, with e; = (1,0,...,0) € R™,

h?+2h—1 1+ h?
C(h>< +2h e1+ ;h Bg)ﬂ{x(asl,...,:zzn)e]R”:g:lzl}_

13



We show that there are two sequences ¢;, j € N, and h;, j € N, such that for all
7=2,3,... and all ¢ with 1 <14 < 7,

[vs, (K (hj)) — vs, (K (hy))|| >

NG

We show this by induction. We choose h; so small that for all A with 0 < h < hy

1
lo( () < 5.

This is possible because K (h) — D for h — 0 and because, by Corollary 1, g(K(h)) —
9(D) = 0.

Then we choose 61 so small that

=W

Hg51 (Khl)ll > (21)

This is possible by the same argument as in the proof of Lemma 5: Let H be the
hyperplane such that

K(h)nH™ =C(h) and K(h)NnH'T =D.
Then as in (14),
_ D\ K(h)s| [C(h) \ K(h)s
sl K(1) = ey geey9 (P \ K ()s) + et (O \ K1),
Since
g(D\ K(h)s) € D and g(C(h)\ K(h)s) € C(h)
we get
lg(D\ K (h)s)]| < V2 and lg(C(h) \ K (h)s|| = 1.
Therefore, by triangle inequality,
|C(h) \ K(h)s| |D\ K (h)s|
o KO = (e Rmysl ~ VTR Ka] .

By Theorem 4, for § small enough, with

o = [ wiGduxon,
0K (h)

we get as in (15),

> KON [y = QRN
K (h)

[K(h) \ K(h)s] K (h) 2en

(h).

2¢cy,

Moreover,
[D\ K(h)s| < |D\ Ds|.

We apply Theorem 4 to D. The curvature of the boundary of D is almost everywhere
0. Therefore, for ¢ sufficiently small

[D\ K (h)s|
(0| D[)+r

14



is as small as we want. Altogether, there is d; such that (21) holds.

Suppose that we have already chosen hq,...,h; and dq,...,0;. We choose h;iq so
small that for all ¢ with 1 <7 < j

| =

||g(51 (Khj+1 ) H S

Again, this is possible as K(h) — D for h — 0 and as gs(K(h)) — gs(D) = 0 by
Corollary 1. Now we choose d;41 so small that

3
||g5j+1 (Khj+1 ) H 2 Z
|

The argument here is the same as for choosing ¢ .

3.3 Proof of Theorem 2.

It was also asked by Griinbaum [9] if for every K € K,,,

mn(K) = &n(K),

where §,(K) = {z € R" : Tz = z, for all affine T with TK = K}. Observe that it is
clear that B, (K) C §,(K). We will prove that B, (K) = §,(K), if B,(K) is (n — 1)-
dimensional. To do so, we, again, first need to define new affine invariant set mappings.

Actually, in the proof of Theorem 2 we show that the group of isometries of K equals

{I,,S} ={T : R" — R" affine one to one, TK = K},

where S is reflection about a hyperplane, i.e. S : R®™ — R"™ is bijective and there is a
hyperplane H and a direction £ ¢ H such that S(h+t£) = h —t£ for all h € H.

Lemma 6. Let p € P, and let g be the centroid. For 0 < € < 1, define A, ¢, Bp.c :
K, — K, by

Ay () = {x € K| (e = (K))") = sup o, ((K — 9(K))) - } .

and

B e(0) = {i € €|t p(( = 900 < i (K = D))+ }.

Then A, ¢ and By . are affine invariant set maps.

Please note that 0 € P, ((K — g(K))°) since 0 is the Santalé point of (K — g(K))°.
Therefore, P, ((K — g(K))°) is a subspace of R™.

Proof. Let T be an invertible, affine map and T' = S + a its decomposition in a linear
map S and a translation a. Then for any convex body C that contains 0 in its interior,

(8(C))° =8"71(C?).

15



Moreover,

p(T(K) = g(T(K)))*) = p((S(K —g(K)))°)
p(STH(K — g(K))%)) = 8" (p((K — g(K))*)).

Since S*~1* = §—1,

Ap (T (K))

= {fc € T(K) [{z, p(T(K) — g(T(K)))*)) = sup (y,p((T(K) —g(T(K)))*)) = 8}

yeT(K)

= {fﬂ € T(K) '<S_1w,p((K —g(K))?)) = sup (S7ly,p((K — g(K)))) - 6}

yeT(K)

and one verifies easily that A, (T(K)) = T(Ap(K)). Please note that A, (K) is
convex, compact and nonempty.

We have to show that A, . and B, . are continuous. We consider A,  first.

We shall show that for every K and a > 0 there is 8 > 0 such that for all C' with
dy(K,C) < 8 we have
di(Ape(K), Ap(C)) < au

We consider two cases. First,
p((K —g(K))®) =0.
We claim that there is 8 such that for all C with dy(K,C) <
A, (C)=C.
We verify this.

{z,p((C = g(C))%))
> inf (2 p((C=9(C)))) 2 —sup 12[l2]lp((C = g(C))%)l2

= sup(z, p((C — g(C))°)) — 2 sup [|z[2[lp((C = 9(C))°)l2
zeC z€K;

Since p((K — g(K))°) = 0 and since p and g are continuous, we may choose [ so small
that

2 sup |[z]l2[[p((C = g(C))°)[l2 < e.
z€K;

Now we consider the case
P((K = g(K))%) # 0.
Let K and C be convex bodies with di (K, C) = p. Moreover, we denote

pr =p(K —g(K))°) and pc =p(C —g(C))°).
We have

(z,pr) = (x,pc) + (x,px —pc) < (x,pc) + ||z|l2|lpx — pell2

16



and

sup (y, px) = sup ((y,pc) + (Y, px — pc)) = sup(y, pc) — sup ||yll2|lpx — pcll2-
yeK yeK yeK

Therefore, for all x with

(z,pK) = sup(y,pi) — €
yeK

we have

(x,pc) > sup(y,pc) — sup ||yll2llpx — pelle — |z|l2llpx — pell2 — €.
yeK yeK

Since dy (K, C) = p we have C C K + pBZ and

sup(y,pc) < sup  (z,pc) < sup(y,pc) + pllpc|lz.
yel 2EK+pBy yeK

Therefore
sup(y, pc) — plipellz < sup (y, po)-
yel yeK

Altogether, we have for all x with (z,px) > sup,cx (Y, Px) — €

(x,pc) = sup(y,pc) — pllpclle — sup |lyll2llpx — polle — l|zll2llpx — polls — €
yel yeK

Therefore,
Ap(K) € Aps(C)

where

§ <e+pllpell2 + sup lyllzllpx — pollz + zll2llpx — pelle-
ye

This means that for all a > 0 there is 8 > 0 such that for all C' with dgy(K,C) <
AP&(K) c Ap,eJra(C)'

Now it is left to observe that for every nn > 0 and every § > 0 there is € > 0 with € < §
and
Aps(C) C Ap (C) +nBy.

d

Lemma 7. Let K € K,, and let P : R™ — R™ be the orthogonal projection onto B, ((K —
9(K))°). Then the restriction of P to the subspace P, (K — g(K)) is an isomorphismn
betueen P (K — g(K)) and Fu((K — g(K))°).

In particular,

dim (P, (K — g(K))) = dim(Pn (K - 9(K)))°).

Proof. On the hyperplane B, ((K — g(K))°), P(K — ¢g(K)) has an interior point. This
holds because otherwise, by Fubini, vol, (K) = 0.

Let k = dim (P, (K —g(K)))°). We choose u1 € P, ((K—g(K))°). Then g(Ay, ) is
a proper affine invariant point. Now we choose uz € B, ((K —g(K))°) that is orthogonal
to P(g(Au, ;). Then P(g(Ay, e )) and P(g(Ay,.e,)) are linearly independent.

17



Eventually,
P(g(Aur,er)), - -+, P(9(Aup,er)

are linearly independent, and therefore

g(Au1751)? e ,Q(Auk,ek)

are linearly independent. Therefore,

dim (P, (K - g(K)))°) < dim(Pn (K — g(K)))-

Now we interchange the roles of B,,(K — ¢g(K)) and B,,((K — g(K))°) and get the inverse
inequality.

Let @ denote the restriction of P to the subspace P, (K—g(K)). 9(Au,e1)s-- -5 9(Auy er)
is a basis of P, (K — ¢g(K)) and P(g(Au,.e,)),- -, P(g(Au, e.)) is a basis of P, (K —
g(K)))°. Q is a bijection between the two bases, thus @ is an isomorphism. O

Lemma 8. Let K € K,,. Then for every point x from the relative interior of K NP, (K)

there is a proper affine invariant point q with q¢(K) = x.

Proof. We use the same notation as in Lemma 7 and its proof. We may assume that
g(K) = 0. Suppose that there is an interior point = of §,,(K) N K in the hyperplane
B, (K) for which there is no proper affine invariant point ¢ with ¢(KX) = x. The set

{p(K)|p is a proper affine invariant point}

is convex. P : R™ — R™ is the orthogonal projection onto ,,(K°). Then P(P,(K)NK)
is a convex set in the hyperplane 9B, (K°). Since P is an isomorphism between the
hyperplanes ,,(K) and P,,(K°) we have

P(z) ¢ P({p(K)|p is a proper affine invariant point}).

Moreover, P(z) is an interior point of P(,(K) N K). By the Hahn-Banach theorem
there is u € P, (K°) such that for all proper affine invariant points p we have

(u,2) = (u, P(p(K))).

On the other hand, there is an affine invariant point ¢ with ¢(/K°) = u. Then go A, (4 1)
is a proper affine invariant point with

(u, ) < (u, 90 Ag (u,z))
which is a contradiction. O

Lemma 9. Let K € K,, and suppose that dim(B,,(K)) = n —1. Then S : R® — R"
with
Sly+z)=y—a

for all y € P, (K — g(K)) and z € B,,((K — g(K))°)* is a linear map such that

S(K —g(K)) =K - g(K).

18



Proof. By Lemma 7, the orthogonal projection onto B, ((K — g(K))°) restricted to
B, (K — g(K)) is an isomorphism. Therefore,

R" = P, (K — g(K)) ® B (K — g(K))°)*.

By Lemma 8 for every y € P, (K — g(K)) Nint(K) there is a proper affine invariant
point g with y = ¢(K). Let uy,...,u,—1 be an orthonormal basis in 3, (K — g(K))°).
The map A, : K,, — K, with

A,(K) = (€ KN a(K) us) — e < () < (), wi) + ¢}
=1

is an affine invariant set map. Moreover,
lim A (K) = K 0 (¢(K) + B ((K — g(K))*)")

in the Hausdorff metric. go A, is a proper affine invariant point. Since all affine invariant
points are elements of 3, (K)

lim(g 0 A.)(K) = g(K).
On the other hand, ¢(K) is the midpoint of K N (¢(K) + P, (K — g(K))°)*). O

Proof of Theorem 2. Theorem 2 now follows immediately from Lemma 9. Indeed,
Lemma 9 provides a map T' = S — S(g(K)) + ¢g(K) with T(K) = K and such that for
all z € B,,(K) and for all z € B, (K — g(K))°)+,

T(z+x)=2z—=x.

Consequently, if w ¢ 9B, (K), then T(w) # w, which means that the complement of
P (K) is contained in the complement of F, (K).

Remark. As a byproduct of the preceding results, it can be proved that if K € IC,
satisfies P, (K) = R™ and if 6,,(K) = {A(K) : A € 6,,}, then 6,,(K) is dense in IC,,. It
might be conjectured that for general K € K,,, 6,,(K) is dense in {C € K,, : §,n(C) C
Sn(K)}.

3.4 Proof of Theorem 3.

In this subsection we show that the set of all K such that 9,,(K) = R", is dense in I,
and consequently the set of all K such that B,,(K) = §,(K) is dense in K,,. A further
corollary is that, for every k € N, 0 < k < n, there exists a convex body Qj such that
PB(Qr) is a k-dimensional affine subspace of R™.

It is relatively easy to construct examples of convex bodies K in the plane such
that 9,(K) = R%. To do so in higher dimensions is more involved and we present a
construction in the proof of Theorem 3 below. First, we will briefly mention two examples
in the plane.

Example 1. Let S be a regular simplex in the plane and let J(S) be the ellipsoid of
maximal area inscribed in S. We show in the section below that the center j(S) of J(5)
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is an affine invariant point. We can assume that 7 (S) = B3, the Euclidean ball centered
at 0 with radius 1. Then e.g. S = conv ((—1,—v/3),(—1,v3),(2,0)).

Let 0 < A < 1 be such that H((1 + A)ey,e1) Nint(S) # @ and consider the convex
body S; = SN HY((1+ Aey,e1) obtained from S by cutting of a cap from S. Then
still j(S1) = 0 but the center of gravity has moved to the left of 0. Next, let v > 0 be

such that H((14v)u,u) Nint(Sy) # 0, where u = (_%ﬁ) and consider the convex body
Sy = S1 N HT((1 + ~u),u) obtained from S; by cutting of a cap from S;. Then still
j(S2) = 0 but the center of gravity ¢g(Ss2) of Sy has moved and it is different from the
Santal6 point s(S2) of Sa. j(S2), g(S2) and s(S2) are three affinely independent points
of R2, hence span R2.

Example 2. Let S be the equilateral triangle in the plane centered at 0 of Example 1
with vertices a = (2,0), b = (—=1,v/3) and ¢ = (=1, —+/3). Then, as noted in Example
1, B? is the John ellipse J(S) of S. Let by,c; be two points on the segments [a, b] and
[a,c], such that the segment [by,c1] does not intersect B3. Then B3 is still the John
ellipse of the quadrangle conv (b, by, ¢1,c¢). Now the Lowner ellipse £(T') of the triangle
T = conv (by, b, ) is centered at 1 (by +b+c) # 0, if by # a. L(T) intersects the segment
[a,c] at ¢ and at some point ¢’. When b; — a, one has £(T) — 2B2 and thus ¢’ — a.
So we may choose by such that [by, '] does not meet B3, and thus for some ¢’ € [a, ],
[b1,c1] does not meet B3 for any ¢; € [¢/,c”]. Finally, let P(c1) be the quadrangle
P(cy) = conv (b, by, ¢1,c¢), with ¢ € [¢,’]. Since by, b, c and ¢; are the vertices of P(cq)
and ¢; € L(T), L(T) is also the Lowner ellipsoid £(P(cy1))of P(c1). Altogether,

The John ellipse of P(c1) is B3 which is centered at 0, so that the affine invariant
point j(P(c1)) = 0.

The Léwner ellipse of P(cy) is centered at 3(b1 + b + ¢), so that the affine invariant
point {((P(c1)) = +(b1 + b+ c¢) # 0.

An easy computation shows that the centroid of P(c¢1) moves on an hyperbola when
¢y varies in [/, ¢”].

So, in general, these three points are not on line. [

Proof of Theorem 3. The set of n-dimensional polytopes is dense in (IC,,,dy). Let
P be a polytope and let n > 0 be given. Then it is enough to show that there exists a
convex body @ with dy (P, Q) < n and such that 9, (Q) = R™.

We describe the idea of the proof. For a properly constructed convex body @ we will
construct A; € PB,,, 1 <4 < n+1, in such a way that the A;(Q) are affinely independent.

The construction of such a @ is done inductively: we first construct Q1 very near P
and such that A;(Q) is near an extreme point v; of Q1. Then we construct Qo very
near @1 and P and such that A1(Q3) is near the extreme point v of Q2 and As(Q2) is
near an extreme point vg # v1 of Q.

Let P = conv (v, . .., Uy, ) be a polytope with non-empty interior and with m vertices,
m > n+ 1. We pick n + 1 affinely independent vertices of P. We can assume that these
are vy,...,Up+1. Let 0 < 1y < n12 be given. By Lemma 5, there exists z; € P,

|lvr — z1]] < m, and 0 < r; <y such that BY(z1,71) C P and such that

Q1 = conv (B3 (z1,71),V2, ..., Um)
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has vo,...,v,, as extreme points,
du(Q1, P) < m, (23)
and for sufficiently small 41,
[v1 =g (@1 \ (Q1)s,) || < 2m1. (24)
We let €1 < m; and choose an €1-net P, on 9 (B%(z1,71)) and put
Py = conv (P, 02,03, ..., Um) -

Then Py C Q1 C P and dy(P1,Q1) < e1 < n1. By Corollary 1, for a given K € K,,, for
a given 0 < § < (#)n and e > 0, there exists v(K, d, €) such that if

dg(K,L) <v(K,d,e), for L € K, then |g(K\ Ks)—g(L\ Ls)| <e. (25)
As dy(P1,Q1) < e1, we get that
19(Q1\ (Q1)5,) — g(Pr\ (P)s)ll <,
if we choose in addition &7 such that €1 < y(Q1,01,11). Thus, together with (24),
[or = g(Pr\ (P1)s,)]| < 3 1. (26)

Please note that va,...,v,, are extreme points of P;. Now we apply Lemma 5 to P;.
Let ny < min{ey,y(P1,1,m)}. By Lemma 5 there exists zo € Py, |Jva — 23] < 72, and
0 < ro < 1y such that Bf(z2,72) C Py and such that

Q2 = conv (P, By (z2,72),03, ..., Um)
has vs,...,v,, as extreme points,
du(Q2, P1) < m2, (27)
and for sufficiently small 5,
v — g (Q2\ (Q2)s,) || < 212. (28)

As |lvg — #z1]] < m1 and |Jva — 22| < 72, we have that dy(Q2, P) < n1. Moreover, as
dr(Q2, P1) <ne < y(P1,01,m1), we get by (25) with € = n; and by (26) that

)
o1 = 9(Q2 \ (Q2)s,)I| < llox = g(Pr \ (Pr)s))I+[1g(Pr\ (P1)s,) — 9(Q2 \ (Q2)s)[| < 4m1-
Now we let 2 < min{ng,v(Q2,91,11)}, choose an eo-net P, on 9 (BY(z2,72)) and put

Py = conv (Pey, Pey, U, .-, V) -

Then P, C Q2 C P and dy (P2, Q2) < e3. By (25), with £ = 79, and if we choose in
addition g9 < n(Q2,d2,m2), we get

19(Q2\ (@2)5,) — 9(P2 \ (P2)s,) || < m2
and thus, together with (28),

[z = g(P2 \ (P2)s,) || < 3 7. (29)
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Please note that vs,...,v,, are extreme points of P,. Now we apply Lemma 5 to Ps.
Let n3 < min{eq, v(Pa2,02,12)}. By Lemma 5 there exists z3 € Pa, |lvs — 23] < 13, and
0 < r3 < n3 such that B (z3,73) C P> and such that

Q3 = conv (P, , Pe,, By (23,73), V4, . .., U)
has vy, ..., v, as extreme points,
du(Qs, ) < ns, (30)
and for sufficiently small d3,
[vs — g (@3 \ (Q3)5,) || <2 m3. (31)

As [lor = 21|l < i, [Jvz = 22| < 72 and s — 23]| < 73 we have that dy(Qs, P) < n1.
Moreover, as dg(Qs, P2) < n3 < ¥(P2,d2,m2), we get by (25) with € =y and (29) that

[v2 = 9(@3\ (@3)s.)|| < llva — g(Pa \ (P2)s.) [ +19(P2 \ (P2)s,) — 9(Q@3\ (@s)s,) ]| < 412
As dg(Q2,Q3) < e3 < v(Q2,01,m1), it follows from (25) with e = 7 that

19(Q2\ (Q2)s,) — 9(Q3\ (@3)s,)Il < M-
By (30), it also follows from (25) with e = n; that

lg(Pr\ (P1)s,) — 9(Q2\ (Q2)s,) Il < m1-
This, together with (26) gives

[v1 = g(Q3\ (@3)s)l < [lvr —g(Pr\ (Pr)s,)|| + lg(Pr\ (P1)s,) — 9(Q2\ (Q2)s,)]
+119(Q2 \ (Q2)5,) — 9(Q3 \ (@3)s,)
< 5n.

We continue to obtain @ = @,+1 and affine invariant points A; = g(Q \ Qs,), 1 < i <
n + 1, such that for all 7,

lvi = As(Q)I] < (n+2)m <.
As for 1 <i <n+1, the v; are affinely independant, so are the A;.

It remains to show that O,, = {K € K, : P, (K) =R"} is open in (K, dpr). Observe
that K € O,, if and only if for some p; ...,pp+1 € Py (depending on K),

voly, (conv (p1(K) ..., pas1(K)) > 0.

Since L — vol(conv(p1(L) ..., pn+1(L)) is continuous on K,, it follows that O, is open.
(]

Corollary 2. For every k € N, 0 < k < n, there exists a conver body Qy such that
PB(Qx) is a k-dimensional affine subspace of R™.

Proof. For k = 0, we take a centrally symmetric body. For k& = n, we take the body
Q@ of Theorem 3. For 1 < k <n — 1, we take the intermediate bodies @y constructed in
the proof of Theorem 3. [J
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