Appendix S1: Derivation of the optimality condition

Here I derive expressions for the resident and invader seed density distributions and
use these to derive an expression for (Cov(\;, 1)z )¢

First, we convert eq. 1, the equation for the dynamics of n(z,t), into an equation
for the relative population density v(z,t) = n(z,t)/(n),(t). 1 distinguish between the
resident and the invader populations by using subscripts r and ¢, respectively, or j if the
equation holds true for either population. Dividing eq. 1 by (n;),(t + 1) and replacing
(nj).(t + 1) with Xj (t)(n;).(t) on the right hand side, we obtain

J J

Vj(x’t—i_ 1) = kj * <%Vj> (x>t) + (%Vj> (x>t)v (Al)

where * represents convolution (i.e., (f* g)(z) =372 f(z —y)g(y)).

Assume that fecundity, and therefore variation in population density and local growth
rate, is of small amplitude so that we can write F(x,t), n;(z,t), and \;(z,t) in terms of
their spatiotemporal averages plus perturbations of O(c)!. Assume also that the devia-
tions of spatial averages from spatiotemporal averages are O(c). We first write F(x,t),
nj(z,t), and Ag;(z,t) in terms of perturbations away from their spatial averages:

F(z,t) = (F).(t)(1 + e(z, 1)) (A2)
nj(z,t) = (ne)2(8) (1 + u;(z, 1)) (A3)
Akj(mv t) = <)‘k]>fc(t)(1 + ij(x>t))= k= 1,2, <A4)

where (-), denotes an average over space and the perturbations €, u;, and (;; are O(o) and
all have spatial and temporal averages equal to zero. We then write the spatial averages
in terms of perturbations away from the spatiotemporal averages:

(F)a(t) = (Fau(1+€Q(2)) (A5)

<nj>z(t) = <nj>:c,t(1 +n; (t)) (AG)

(Mej)a(t) = Akj)aa(L+ hiy(t), k=12, (A7)
g(x)

!By g(x) = O(0), I mean that |~ | can be made less than or equal to some positive constant K for

g

o small enough.



where (-),; denotes an average over time and space and €2;, n;, and hy; are O(o) and
have temporal averages equal to zero. To O(c), then,

F(z,t) = (F)z (1 + e(z, t) + Q(t)) (A8)
nj(z,t) = (ng)es(1 +uj(z,t) +n;(t)) (A9)
)\kj(l’, t) = <)\kj>ac,t(1 + ij(l’, t) + hkj(t)), ]{Z = 1, 2 (AlO)

Note that \j(x,t) = A\ (z,t) + Aoy (2, 1) and so (j(z,t) = Cir(2,t) + Cor(x, t) and hj(t) =
hr(t) + ho(t).

To O(o), the relative population density v;(z,t) equals 1 4+ u;(x,t). Using eq. A10 to
substitute for Ay, and Ay, we can rewrite eq. Al as

14+uj(z,t+1) = </;1’4'(1“’;%1 + kj o (uj + Cij) (2, t) + he;(2)) (A11)
(Agj )i

+ —=
Ai(t)

(1+ Gy, t) + uy(x,t) + hay(t)) + O(®).

As noted in the main body, Xj(t) = (A\j)2(t) + Cov(Aj,v5)x(t). Because €, u;, and (;
are O(c), the covariance is O(c?), and so to O(c), we can replace \;(t) by (\;).(t) =
(A\j)at(L+ h;(t)). This gives us

1 + Uj(.CE, t+ 1) — <<>;\1j>>$,t (1 + k’j * (Uj + Clj)(x, t) —+ hlj(t) — h](t)) (A12)
+ <<);\2'j>>z;t (14 uj(z,t) + Coj(z,t) + hoj(t) — hyi(t)) + 0(0?).
<>‘1j>x,t ()\gj)m

Noting that + =1 and <)\lj>z,th1j (t) -+ <)\2j>z,t)h2j(t) = <)\j>z7th]’(t>, all of
<)‘j>z,t <)‘j>z,t

the purely temporal dependence on the righthand side cancels out, as indeed it must, and
we are left with

(A1)as
(Aj)at

<)\2j>x,t

)/,

(uj + Coj)(w, 1) + O(0?). (A13)

kj o (uj + Cij)(z,t) +

Only the dispersal kernel distinguishes the invaders from the residents, and so both
populations have the same local growth rate components: Aj; = A, Adgj = Ao. Because
the invader is rare, only the residents have a competitive effect and so

F(z, )G = F(z,t)G

MED =G0 T G ) )

(A14)



Assuming that > U(z) = 1 and using eqs. A8 and A9,

z

A (z,t) = <<£>>zi(1 +e(x,t) + Q) — (U xu,)(x,t) —n(t)) + O(c?)
so that ()
<>\1>$,t - <nr>x’,t
G(x,t) =€(x,t) — (U xu,)(x,t).
Similarly,
Xo(z,t) = s(1 — G)
so that

(Ao)zt =s(1—G)
Gz, t) = 0.

(A15)

(A16)

(A17)
(A18)

(A19)
(A20)

The average values of A, and Ay depend on the average resident population density, (1) ;.
We can use egs. A8 and A9 to Taylor expand eq. 1, the equation for the population
dynamics. Taking a spatiotemporal average, all of the O(o) terms vanish, so that to

o (F)
e e L
yielding
(e = — 0t
T s(1-G)
Thus,
M)zt =1-5(1-G)
(Ao)as = 5(1 - )
and

(Nt = (A)ay + (Mo)or = 1.

To O(o), therefore, the dynamics of species j are governed by
uj(x, t+1) = (A)wik; * (uj + e —Uxu,)(z,t) + (No)oiuj(z, t),
where (A1), and (A2),; are given by eqs. A23 and A24.

(A21)

(A22)

(A23)
(A24)

(A25)

(A26)

At this point it is useful to take the discrete spatial Fourier transform, where for an

infinite domain, the spatial transform is given by

N/2

flg,t) = lim > f(x,t)e ™,

N—oo
x=—N/2

(A27)



where ¢ = s(27/N), s € {—N/2,—N/2+1,...,N/2}, and the inverse transform is given

by
N/2

- zqw _ zqw
Flat) = Jim % 3 Flater =5 [ fla.ner g (A25)
s=—N/2
Similarly, the temporal transform is given by
oo 4 1 T 4
— t —wwt 1) = — zwtd ) A2
9= 30 S S0 =5 [ Tt (A29)

The spatiotemporal transform is achieved by taking both a spatial and a temporal trans-
form. The Fourier transform of a convolution is the product of the Fourier transforms of
the convolved functions ((f * g)(q) = f (9)g(q)), and so, taking a spatial Fourier transform
of the resident dynamics,

ﬂr(qv t + 1) = |:<)\l>z,t%r(q)(1 - ﬁ(q» + </\2>z,t ﬂr(% t) + <)‘l>z,t/kvr(q)€(qv t) (A30)

The population in year ¢, u,(q,t), depends on the previous year’s population which de-
pends in turn on populations still further back in time. Assuming that w,(q,t) reaches a
stationary distribution independent of its initial condition, u,(q,t = 0), we can write

t—1

Ur(q,t) = Z B, "7 (q)Be, (q)e(q, t = j), (A31)

where N N
Bu(q) = (M)adhr(@)(1 = U(q)) + (A2)u (A32)
Be,(q) = (M) itk (q). (A33)

Eq. A31 can be expressed as a discrete convolution in time:

t) = Z M(q,t — 5)e(q,7), (A34)
where
M(q,n) :{ (1)33 (4)Ber(4) Z;g . (A35)

Taking the temporal Fourier transform, we reach the pleasingly simple form

ur(q,w) = M(q,w)e(q,w), (A36)



where

M(gw) = > M(gs)e ™ =Y By '(g)B(g)e ™" (A37)

S=—00

B, (9)(e™™ — Bu(q))
14 B2(q) — 2B.(q) cosw’

Switching to polar notation, we can rewrite M (q,w) as R(q,w)e®@%) where

W)= eN w 2 IIlN w 21/2: BET(Q)
R(q, )—[R (M(CL )) +I (M(Q> ))] \/l—i—BS(q)—QBu(CDCOSW

= tan~! w —tan ! . Tsnw
o) = <Re<M<q7w>>> t (cosw—Bu<q>) (A39)

and where we extend the range of tan™! to [—m,m) by declaring ¢ to be in the third
quadrant (—7 < ¢ < —n/2) if both numerator and denominator of tan~'’s argument
are negative, the fourth quadrant (—m/2 < ¢ < 0) if the numerator is negative and the
denominator positive, the first quadrant (0 < ¢ < 7/2) if both the numerator and the
denominator are positive, and the second quadrant (7/2 < ¢ < ) if the numerator is
positive and the denominator negative.

(A38)

We can follow the same procedure with the invader dynamics (eq. A26 with j = i)
finding

ui(q,t +1) = By, (q)ui(q, 1) + Be,(q)€(q, t) + Bu,(q)u.(q, 1), (A40)
where
Buz(Q) = <>\1>I,tEZ(Q) + <)‘2>:c,t (A41)
Be,(q) = (M)aiki(q) (A42)
Bu,(q) = —(M)aiki()U (q) (A43)
so that -
Ui(g,t) = Z B, "7 (q) [Be (9)€lq, t = j) + Bu,(Q)ur(q,t = j)]. (A44)
Taking the temporal Fourier transform, we arrive at
(g, w) = M, (0, 0)e(q,w) + My, (g,0) R(q, )e*“e(g, w), (A45)
where ,
M'(q’w) BEi(Q) (e_z - Buz(q)) (A46)

' Rt B2 (q) —2B,,(q) cosw



v B, () (™ = Bu(q) _ Bu(d) 57
Mur(Q? ) 1 4 B2 (Q) ( )COSW - Bei(Q) Mei(q7w> (A47)
)

and where I have substituted R(q,w exp(zgzﬁ(q, ))é(q,w) for u,(q,w). We can rewrite
M., (g,w) in polar notation:

M, (q,w) = G(g,w)e™ @), (A48)
where B..(a)
e\qd
Glq,w) = i A49
) T B 2Bu(ens A
—sinw
= tan™"' A
Hlaw) =t (=) (A50)
and the range of tan™! is again extended to [—m, 7). Thus,
| B, | _
0.) = Gla.)e ) |14 T D pig e [ Tow). (50

Turning to the covariance,

(Cov(Ai, ¥i)a)t = (M) 2 {COV(T+ iy T+ ui)e)e = (Ni)et{(Gis wi)a)t = (Ni)ai(Citli)a, (AD2)
where we have used the fact that the spatial averages of (; and u; are zero. A multi-
dimensional corollary of the Wiener-Khinchin theorem [Nisbet & Gurney(1982), App.
F] states that if (f).: = (9)zx = 0, (fg)z+ equals the inverse Fourier transform of
WMy oo S (q,w)§™ (g, w) /N2, where f®)(g,w) is the spatiotemporal Fourier transform
of f taken with the sums running from the —N/2 to N/2 and superscript * denotes the
complex conjugate. Thus,

(Cov(Ai, i)zt = limﬁ ;);/ Gi(q, w)ui(g, w) dg dw. (A53)

Using eq. A17 to substitute for (; and eq. A51 to substitute for u;, noting that B, (¢)/ B, (q)
—U(a),

(Cov( i, Vi)z)e = lim (2)7\:;\? /7r /:r [(1 - ﬁ(N)(Q)R(%W)e_M(qM)) E(N)*(q,w)} (A54)

. [G(q, w)eiw(qw) (1 _ ﬁ(N)(q)R(q, w)ew(qw)) eM(q, )] dg dw,

where R(q,w) is real by definition and U™ is real assuming that the competition kernel
is symmetric. Only the even portion of the integrand survives, so that

(Cov(Ai, vi)e)e = lim <)\i>wét /_w _W G(q,w) cos(q,w) (A55)

N—oo (271')

L+ DR, w) ~ 20(0)Rlg. ) osolg, )] LD gga



and

aii (Cov( N, vi)e)e = ]\}l_r)noo %ﬁ;; /_7; /_7; (G(aqc;:’) cos (g, w) — G(q,w) sin(q, w) aﬁﬁ@(ibd))
[€[*(q,w)

: [1 +U*(q)R*(q,w) — 2U(q) R(q, w) cos 6(q, w)] 2z dgdw.
(A56)

In the main text, I have identified the term associated with OG/Ja; as the smearing effect
of dispersal, and the term associated with 0v)/d«; I have identified as the delay reduction
effect of dispersal.

We have assumed that the autocorrelation of F' decays exponentially in space and time

Ja _ _
(eq. ), so that Cov(e,€),: = \2?52 )exp< ‘;|) exp (ﬂ) The Wiener-Khinchin
T

x,t

theorem then implies

i @) i VarlF) oo (—M) exp (ﬁ) emilatet) (A5

N—oo N2 2 t——00 <F>92ct §
_ Var(F') ( 1 —exp(—2/7) )
(F)2, \1—2exp(—1/7)cos(w) + exp(—2/7)

. < 1 — exp(—2/¢) )
1 — 2exp(—1/) cos(q) + exp(—2/¢) )
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