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Math 224 Exam 3
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d
1. Consider the linear system d—:f =BY = E g] Y.

(a) Find the eigenvalues of B.

(b) Find the corresponding eigenvectors.



(¢c) What form does the general solution to this system have?

Y
(d) Solve the initial value problem 4y = E g

~ ] Y and Y(0) = ﬂ .

0

(e) What is the long-term behavior of your solution as t — co? What about ¢t — —o0?



(f) Sketch the phase plane for this system. Make sure to include any straight-line
solutions, indicate direction of solution curves in time, and include the solution
curve you found above to the initial value problem.



2. (a) What does it mean to say that A is an eigenvalue of the 2 x 2 matrix A with
eigenvector V?

(b) Suppose that X is an eigenvalue of the 2 x 2 matrix A with eigenvector V. Show

dY
that Y(t) = eMV is a solution to the linear system T AY.



3. Recall the SIR Model of an epidemic:

as dal dR
where S is the portion of the population that is susceptible, I is the portion infected,

and R is the portion “recovered”; i.e., not infected or susceptible.

(a) Suppose a fraction v of the population is vaccinated when the first case of a disease
is discovered. What initial conditions would reflect this?

o — 07

(b) What initial conditions (in terms of o and 3) guarantee that at time 0, %

(c¢) Given a and (3, what proportion of the population should be vaccinated to prevent
an epidemic?



2

4. Recall the undamped harmonic oscillator md—t‘g = —ky.

(a) Verify that y(t) = sin (“/%) and y(t) = cos (t\/%) are solutions to this differ-

ential equation.

2
(b) Solve the initial value problem m% = —ky with y(0) = —1, /(0) = \/%



(c) Sketch your solution to the previous part. What is its long-term behavior?

(Suggestion: plot the points y(t) for t = 0,5 /%%, 2 /2 /% 35 /0L Tn. /7% o, /%)



