Math 423 Homework 1

1. A family of sets R C P(X) is called a ring if it is closed under finite unitions and
differences (i.e., if Fy,..., E, € R, then U}_, F; € R, and if £, F' € R, then F'\ E € R).
A ring which is closed under countable unions is called a o-ring. Prove the following
statements:

(a) Rings (resp. o-rings) are closed under finite (resp. countable) intersections.
(b) If R is a o-ring, then {E£ C X : E € R or £ € R} is a o-algebra.
(c) If Ris a o-ring, then {E£ C X : ENF € R for all F € R} is a o-algebra.

2. Show that an algebra A is a o-algebra if and only if whenever {£;}22, C A with
El QEQ g ,then U;ilEj e A.

3. Show that if M is the o-algebra generated by €, then M = UM(JF), where the union is
over F C &€ countable. Hint: Show that this last object is a o-algebra.

4. Tf (X, M, p) is a measure space and {E;}52; € M, then p(liminf £;) < liminf p(E;).
If 11 (U, E;) < oo, then p(limsup E;) > limsup p(E;).



