A BRIEF INTRODUCTION TO GROUP REPRESENTATIONS AND
CHARACTER THEORY

MARK W. MECKES

ABOUT THESE NOTES

When I teach the abstract algebra sequence for first-year graduate students, I finish with a short
unit on group representations and character theory, for two reasons:

e Representation theory brings together many of the topics that appear throughout the alge-
bra course.

e Representation theory is one of the parts of algebra most likely to turn out to be useful for
students who don’t specialize in algebra.

Unfortunately, many of the standard textbooks for a first graduate course in abstract algebra
don’t cover representation theory. On the other hand, many of the excellent brief introductions to
the subject develop as much representation theory as possible using only elementary linear algebra
and the bare rudiments of group theory, which doesn’t fit well with my first reason for covering the
topic. Hence these notes, which take advantage of the efficiencies offered by the reader’s assumed
familiarity with groups, rings, fields, modules, and canonical forms — but not any special preparation
1 Reflecting my personal taste, these brief notes
emphasize character theory rather more than general representation theory.

for representation theory in any of those topics.

1. DEFINITION AND EXAMPLES OF GROUP REPRESENTATIONS

Given a vector space V', we denote by GL(V') the general linear group over V, con-
sisting of all invertible linear endomorphisms of V', with the operation of composition.
The following is our basic object of study in these notes.

Definition 1.1. Let G be a group and F be a field. An F-representation of G consists
of an F-vector space V' and a group homomorphism p : G — GL(V).
The dimension of a representation (V) p) is the dimension of V.

This definition simply says that a representation of G is a group action of G on some
vector space V, in which each element of G acts as a linear map on V. For brevity, a
representation (V, p) will frequently be identified by either V' or p alone, with the other left
implicit. We will also write p, € GL(V') for g € G to avoid a profusion of parentheses. The
fact that p is a group homomorphism then says that p,p;, = pgp for each g, h € G.

Group representations are important partly because they simply come up throughout
mathematics. Unless you're studying group theory for its own sake, if you're working with
a group, it’s probably because it’s acting on some structure you’re more directly interested
in. More often than not, that structure is a vector space, or is a subset of a vector space,
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IFor example, chapters I-V and VII of Hungerford’s Algebra contain more than enough background.
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and the group acts via linear maps. (As some of the examples below demonstrate, even
group actions which are defined without mentioning vector spaces are closely associated
with representations.) Moreover, as we will see later on, group representations are useful
even if you are studying group theory for its own sake.

Example 1.2. Any multiplicative group of n X n matrices has a natural representation on
F™; pg in this case is just the linear map given by the matrix g. Examples include:

(1) GL,(F) = {A € M,,(F) | A is invertible}.

(2) SL,(F) ={A € M,(F) | det A =1}.

(3) The group of upper triangular matrices in M, (IF) with diagonal entries all equal to

1.

(4) The orthogonal group O(n) = {A € M,(R) | A'A = I,,}.

(5) The unitary group U(n) = {A € M,(C) | A*A =1,}.

(6) The group of n x n permutation matrices. (Here F can be any field.)

This last example also gives a representation, called the natural representation, of the

symmetric group Sy, over F: the action of S, on F" is given by ps(ei) = e, (;).-

Example 1.3. Suppose that G acts on a set X. Denote by FX = {f : X — F} the
free vector space on X, with basis elements e, given by e;(y) = d;,. Then the map
p: G — GL(FX) given by py(e;) = egs is a representation.

The simplest instance of this is again the natural representation of S,,, induced by the
standard action of S,, on the set {1,...,n}.

Example 1.4. The symmetric group S,, acts on the polynomial ring Flzq,...,z,] in the
following way: if o € Sy, then o(zi, -+ Zi,) = To(;,) " To(s,)- This action then extends to
a representation on F[zy, ..., x,]| (which is, in particular, the free F-vector space on the set
of monomials in z1,...,z,).

Example 1.5. Recall that the dihedral group Da, of order 2n is the group of symmetries
of a regular n-gon. If the n-gon is centered at the origin of R?, then these symmetries can
be extended to be linear endomorphisms of R?. This defines a representation of Ds, on RZ.

cost —sint

Example 1.6. Define p : R — GL2(R) by pr = [Sint cost

} That is, p; is a coun-

terclockwise rotation of R? by ¢ radians (deliberately blurring the distinction between an
endomorphism of R? and the matrix representing it). Then ps;¢ = psp;. Thus p defines a
representation of the additive group R on the vector space R2.

Definition 1.7. The trivial F-representation of G is given by 7(¢9) = Idp, on the 1-
dimensional vector space F.

Note that the trivial representation is not defined on the trivial vector space {0}. The
unique representation on the zero space is too degenerate to have a standard name.

Example 1.8. The symmetric group 5, also has a nontrivial one-dimensional representa-
tion £ (at least when F doesn’t have characteristic 2), give by (o) = sgn(o), the sign of the
permutation o.

In the rest of these notes we will mostly restrict attention to finite-dimensional represen-
tations of finite groups, always on nonzero vector spaces. Eventually we will also restrict
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attention to F = C, for reasons that will be explained, but for now we will allow F to be
arbitrary.

Exercises.

1.1. If f: G; — G5 is a group homomorphism and p : Go — GL(V) is a representation
of G4, the pullback of p by f is the representation

ffpi=pof:Gi — GL(V)
of Gl.
Recall that (the proof of) Cayley’s theorem involves the homomorphism f : G —
S (the symmetric group on the set G) given by ( f (g)) (h) = gh. Describe explicitly
the pullback of the natural representation of Sg on FE by this homomorphism.

1.2. Let (V, p) be an F-representation of G, and let V* = Homp(V,F) be the dual vector
space of V. Define p* : G — End(V*) by

p*(g9) = (pg-1)" € End(V"),
where the latter denotes the adjoint of the linear map p,—1 € End(V'). Show that p*
is an F-representation of G. This representation is called the dual representation

to (V, p).

1.3. Show that if H < (G is an abelian subgroup and p is a one-dimensional representation
of G, then p|g is the trivial representation of H.

2. REPRESENTATIONS AS MODULES

Recall that if G is a group and F is a field, the group algebra F(G) is the free F-
vector space FC spanned by elements eg, equipped with a multiplication operation given by
egen = €gn. That is, elements of F(G) are sums of the form } . agey, where a4 € F is
nonzero for only finitely many g € G, and

(z ageg) (z bheh> = 3 (aghi)egn.

geq heaG 9,heq

This multiplication operation makes F(G) into both a ring and a vector space, with com-
patible structures, hence an algebra.

(Because of the frequent use of e to denote basis vectors in vector spaces, we will use 1
to denote the identity of multiplicative groups.)

Proposition 2.1. An F-representation of G is “the same as” a module over the ring F(G).
More precisely, there is a one-to-one correspondence between F-representations of G and
F(G)-modules, given as follows:

Let (V,p) be an F-representation of G. Then V can be given an F(G)-module structure

by:
<Z ageg>v =Y agpg(v).

geG geG
Conversely, if V' is an F(G)-module, then V' is in particular an F-vector space via av :=
(alg)v, and we can define a representation p: G — GL(V') by

pg(v) = (1pg)v.
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Sketch of proof. What needs to be checked here is:

(1) in the first case, that V is in fact an F(G)-module;
(2) in the second case, that p is in fact a group homomorphism;
(3) finally, that these associations are inverse to each other.

All these follow easily from definitions; checking the details yourself is a far more valuable
experience than seeing them written down. ([l

The equivalence in Proposition 2.1 is a great example of the value of introducing multiple
viewpoints on a mathematical object. The reasons for thinking about group representations
in the first place mostly have to do with the original definition (group action by linear maps);
coming from that perspective, considering modules over the somewhat exotic-seeming ring
F(G) may sound like a strange thing to do. But once we realize that group actions by linear
maps are really the same thing as modules over group algebras, we can use our knowledge
of modules to clarify lots of basic facts and constructions that may seem more mysterious in
terms of the group action perspective. A first instance is the following fundamental example
of a representation, which is immediately suggested by the module-theoretic perspective.?

Example 2.2. The regular representation of G over F is given by the F(G)-module
F(G) itself. Thus V = F(G) has a basis {e; | g € G} and p : G — GL(V) is defined by
pg(€n) = €gh.

As we will see, the regular representation of G turns out to play a central role in the
general theory of representations of G.
The module perspective also helps to make the following notions a bit more transparent.

Definition 2.3. A subrepresentation of an F-representation of G is an F(G)-submodule.
Equivalently, a subrepresentation of (V, p) is an F-subspace of V' which is invariant under
all the linear maps {p, | g € G}.

Example 2.4. V) = {z € F* | >_"" | z; = 0} is a subrepresentation of the natural represen-
tation of .S, referred to as the standard representation of S,,.

Definition 2.5. The direct sum of two F-representations of G is their direct sum as
F(G)-modules.

Equivalently, the (external) direct sum of (Vi, p1) and (Va, p2) is (V1 @ Va, p1 @ p2), where
p1 @ p2: G — GL(V1 @ V3) is defined by (p1 @ p2)g = (p1)g D (p2)g; that is,

(p1 @ p2)g(v1,v2) = (p1(v1), p2(v2)).

The notation can start to get a bit hairy, but notice that in essence, everything is the
simplest thing it possibly could be.

Notice in particular that if Vi = F" and Vo = ™, so that (p1)4 is given by an n xn matrix
and (p2)g is given by an m x m matrix, then (p1 @ pa), is given by the (n +m) x (n 4+ m)

block matrix
[(Pl)g 0 ]
0 (PQ)g

2Exercise 1.1. suggests a more group-theoretic way to arrive at the regular representation.
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Definition 2.6. An intertwining operator between F-representations V; and V5 of G is
an F(G)-module homomorphism.

Equivalently, if (V1, p1) and (Va, p2) are F-representations of G, an intertwining operator
(or intertwiner) is a linear map ¢ : Vi — V5 such that
(1) (p2)g oo =@o(p1)g
for each g € G.

The set of intertwining operators is denoted Hom% (V7 V3).

The idea of (1) is that ¢ “commutes with the action of G”. The scare quotes are there
since there are in general actually two different actions of G on two different spaces; this
commutation is in the sense of the commutative diagram

Vvl (Pl)g Vl

ol
v 2y v,

as opposed to the sense of elements of a group or ring commuting with each other. We some-
times abuse notation and write g for the linear map p, when working with a representation
p; by a further abuse of notation we may then write (1) more simply as
ge = ¥g.
The next lemma gives a useful way to produce intertwining operators.

Lemma 2.7. Let (Vi,p1) and (Va, p2) be two F-representations of a finite group G and let
@ : Vi — Vo be an F-linear map. Define ¢ : V1 — Vo by

= (p2)goTo(pr),".

geG
Then @ € Hom%(Vy, Va).
Proof. Let g € G. Then, making the substitution k = ¢~ 'h,
Folp)g= > (p2)nowo (p)n-1g=> (p2)gr oo (pr)y-1 = (p2)go &
heG keG
since p; and pg are group homomorphisms. (Il

If char F = 0, or more generally if charF { |G|, we often work with

(2) va=1GI7'> (p2)go T o (p1)y ",
geG

which in the characteristic 0 case is an average over G. This technique of averaging over G
is indispensable in this subject.

Definition 2.8. Two F-representations (Vi,p1) and (Va, p2) of G are isomorphic if the
corresponding F(G)-modules are isomorphic.

Equivalently, (V1, p1) and (Va, p2) are isomorphic if there is an intertwining isomorphism
@ : V1 — Vs of F-vector spaces.
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The following proposition gives a practical criterion for isomorphism. The proof is left
as an exercise.

Proposition 2.9. Let (Vi,p1) and (Va, p2) be two F-representations of G, and let B; be a
basis of Vi for i =1,2. Then Vi and V, are isomorphic representations of G if and only if
there exists a matriz S € GLy,(F) such that for every g € G,

[(p1)gl, = S(p2)glz, S~

(Here [T']g denotes the matrix of a linear operator 7' € End(V') with respect to the basis
BofV.)

Example 2.10 (Complex representations of finite cyclic groups). Let’s classify all finite-
dimensional complex representations (V, p) of all finite cyclic groups up to isomorphism. It
is more convenient to use multiplicative notation for groups here, so let G = (g), where g
has order n. Up to isomorphism we can assume that V' = F"™, so that p, is represented by
a matrix A € My, (F). Since pgr = (pg)¥, it is enough to determine the form of A.

Since ¢g" = 1, we have pj = I, so A" = I,. Therefore the minimal polynomial p of A

divides
n—1

2" 1= H(x o 627rik/n)’
k=0
and thus p is a product of distinct linear factors. This implies that the Jordan canonical
form of A is diagonal, with eigenvalues of the form e2™®/"  Therefore p is isomorphic to a
representation given by

27rzk1/n’ ) e?ﬂzkm/n)

pg = diag(e
for some ky,...,ky, €{0,...,n—1}.
That is, any complex representation of a cyclic group G = (g) of order n is (isomorphic
to) a direct sum of 1-dimensional representations, which are each given by p, = e2mik/n
some k € {0,...,n—1}.

ey

for

It’s important not to get too carried away by the module perspective, however. The next
definition involves introducing an F(G)-module structure after tensoring modules only over
F. This is different from what you would get by, say, tensoring F(G)-modules over F(G).
(A similar phenomenon is illustrated by the dual representation V* introduced in Exercise
1.2.; the vector space V* is Homp(V,F), not Homgq)(V,F(G)).)

Lemma 2.11. Suppose that (V1, p1) and (Va, p2) are F-representations of G. Then the map
p1 ® p2: G — End(Vh ®F V3)
given by

(p1 @ p2)(9) = (P1)g @ (p2)g

defines an F-representation of G on Vi Qf V.
Equivalently, if Vi and Va are F(G)-modules, then the F-vector space Vi ®p Vo has an
F(G)-module structure such that

3) (S a9) 01 900) = S aglgm) & (902

geG geG
for any v1 € V1 and vy € V5.
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Proof. Here it’s easier to prove the first statement and use Proposition 2.1 to conclude the
second. (The difficulty with proving the second statement directly is the same one that
always arises with tensor products: since not all elements of V; ®p Vo are simple tensors
v1 ® vg, and representations of arbitrary elements as sums of simple tensors are not unique,
the well-definedness of the operation given in (3) is not obvious.)

To verify the first statement, given g, h € G,

(p1 @ p2)(gh) = (m)gh ® (p2)gh
W ((p1)g(p1)n) @ ((p2)g(p2)n)
((p1)g @ (p2)g) ((P1)n @ (p2)n)
(( )(9)) ((p1 ® pa2)(h)),

by the definition of p; ® p2, the fact that p; and po are homomorphisms, and general
properties of the tensor product of linear maps. By the last three lines in (4), it also follows
that

) 1

((r1 @ p2)(9)) (71 @ p2)(g71)) = ((P1)g(p1)g-1) @ ((p2)g(p2)g-1) = Idy; @ 1dy, = Idv;vs -

It follows from (5) that p; ® p2 maps into GL(V; ®f Va), and then from (4) that p; ® pg is
a group homomorphism. ]

P1®P2

Definition 2.12. The tensor product of two F-representations (V7, p1) and (Va, p2) of G
is the representation (Vi ®p Va, p1 ® p2) defined as in Lemma 2.11.

A different but related kind of tensor product of representations is introduced in Exercise
2.9..

Exercises.
2.1. Check the details in the proof of Proposition 2.1.

2.2. Prove in detail the equivalence of the two definitions in Definition 2.6.
2.3. Prove in detail the equivalence of the two definitions in Definition 2.8.
2.4. Prove Proposition 2.9.

2.5. Let G = (g) be a cyclic group of prime order p. Show that, up to isomorphism, any
finite-dimensional Q-representation of G is a direct sums of trivial representations
and the representation on QP~! given by

(0 0 -~ 0 —1]
10 -~ 0 —1

pg = o1 --- 0 -1 e M, 1(Q).
00 -+ 1 —1]

Hint: For an arbitrary representation p, consider the rational canonical form of
pg, Where g, and recall that 2P~ + ... + 2 4 1 is irreducible over Q.

2.6. An F-representation V of G is called indecomposable if V' is not (isomorphic to)
the direct sum of two nonzero subrepresentations.
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Let G be cyclic group of prime order p. Classify up to isomorphism all indecom-
posable finite-dimensional representations of G over [F,,.
Hint: In this case consider the Jordan canonical form of p,.

2.7. Show that the natural representation of .S, is (isomorphic to) the direct sum of the
standard representation Vj defined in Example 2.4 and the trivial representation.

2.8. A real or complex representation (V, p) of a group G is called a unitary represen-
tation if V is an inner product space and for each g € G, the linear map p, € GL(V)
is unitary.

Prove that if G is finite and (V, p) is any finite-dimensional real or complex rep-
resentation of GG, then there exists an inner product on V such that V is a unitary
representation of G.

Hint: Start by picking any inner product on V (you can do this by picking any
basis and declaring it to be orthonormal) and then average the inner product over
G in a suitable way.

2.9. Let (V;, p;) be an F-representation of G; for i = 1,2. Define p; ® p2 : G1 X G2 —
End(V;) ®F V2) by
(1 ® p2)(91,92) = (P1) g @ (P2)g, € End(V1 ®F V2).

(a) Show that p; ® py is a representation of G x Gs.

(b) Explain how this type of tensor product representation relates to the tensor
product of two representations of a single group G as in Lemma 2.11 and
Definition 2.12.

2.10. Prove that if V' is an F(G)-module, then the F-vector space V* = Homp(V,F) has
an [F(G)-module structure such that

(Sas)n|@=1((Tas)w

geG geG

forany feV*andv e V.
Hint: See Exercise 1.2..

3. IRREDUCIBILITY

From this point on, we will assume that all representations are finite-dimensional.

Definition 3.1. A representation is irreducible if it has no proper nonzero subrepresen-
tations. It is completely reducible if it is (isomorphic to) a direct sum of irreducible
representations.

Notice that in particular, all 1-dimensional representations are irreducible.

Example 3.2. Example 2.10 showed that every complex representation of a cyclic group
is, up to isomorphism, a direct sum of 1-dimensional representations. Thus all irreducible
complex representations of a cyclic group are 1-dimensional, and all complex representations
of a cyclic group are completely reducible.

Theorem 3.3. Suppose that G is finite and charF t |G|. If W is a subrepresentation of a
representation (V, p) of G, then there is a subrepresentation W' C 'V such that V. =W aW’.
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Proof. Let P : V — V be a projection onto W; that is, an F-linear map such that P2 = P
and P(V) = W. Such a map can be constructed using bases: let (vi,...,v,) be any basis
of W, and extend it to a basis (v1,...,v,) of V. The linear map P : V — V defined by

P(v) = {”i prsrsm,
0 ifi>m
is a projection onto W.

Now given any projection P onto W, ker P is a subspace of V', and dim W 4 dim ker P =
dim V' by the Rank—Nullity Theorem. Furthermore, if w € W, then for some v € V, we
have w = P(v) = P?(v) = P(w); thus W Nker P = {0}. Therefore V=W @ ker P.

So we would be done if we could take W’ = ker P. The trouble is that ker P is only an
[F-subspace of V', and not necessarily an F(G)-submodule. Put another way, P is an F-linear
map, but not necessarily an F(G)-module endomorphism of V; that is, an intertwiner. To
remedy this problem, we use Lemma 2.7.

Specifically, we define

Q=G P=1GI"" Y pyo Popy".
geG
Then Q € Hom%(V, V) by Lemma 2.7.

Since W is a subrepresentation of V', if w € W then p;l(w) € W for every g € G, so
P(pg_l(w)) = pg_l(w). It follows that Q(w) = w. Moreover, for each v € V and g € G,
P(p;*(v)) € W, and so pgo Pop,t(v) € W. It follows that Q(v) € W; thus Q* = Q and
QV)=W.

We now let W/ = ker@. Since @ is an intertwiner, W’ is a subrepresentation of V.
Moreover, the arguments above show that V =W & W’ ([l

(Did you see where we needed the assumption that charF 1 |G|?)
Applying Theorem 3.3 iteratively yields the following result.

Corollary 3.4. If G is finite and charF 1 |G|, then every representation of G is completely
reductble.

In particular, if charF = 0, then every representation of every finite group is completely
reductble.

The next result is almost trivial to prove, but turns out to be immensely important.

Theorem 3.5 (Schur’s lemma). Let F be algebraically closed. Suppose V is an irreducible
F-representation of G, and ¢ € Hom®(V, V). Then ¢ = A1dy for some \ € F.

Proof. Since F is algebraically closed, ¢ has an eigenvalue A € F. Then the eigenspace
E = ker(¢ — A1Idy) is a nonzero F(G)-submodule of V. Since V' is irreducible, we must
have E =V, and thus ¢ = Aldy. ([l

Corollary 3.4 and Schur’s lemma indicate that representation theory works most smoothly
over an algebraically closed field of characteristic 0. When restricted to finite groups, we
may as well work over the smallest such field, namely the field Q of algebraic numbers (the
algebraic closure of Q). But it does no harm to say we’re working over the larger but more
familiar field C.

For the rest of these notes, we will always assume that F = C.
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Corollary 3.6. Suppose that V and W are irreducible representations of G. If V and
W are isomorphic representations, then HomG(V, W) is 1-dimensional, and every nonzero
intertwiner is an isomorphism. Otherwise, Hom®(V, W) = {0}.

Proof. Let ¢ € HomG(V7 W). Then kerp and o(V) are subrepresentations of V, so by
irreducibility, either ¢ = 0 or else kerp = {0} and ¢(V) = W. So if there exists any
nonzero intertwiner, then it is an isomorphism.

Now suppose that 0 # ¢ € Hom%(V,W). For any » € Hom®(V,W), Schur’s lemma
implies that ¢! ot = \Idy for some A € C, and so ¥ = A\p. Thus HomG(V7 W) is spanned
by . O

Corollary 3.7. Let (V,p) and (W, o) be irreducible representations of a finite group G, and
let o : V. — W be linear. Define pg as in (2). Then:
(1) If V and W are irreducible and not isomorphic, then pg = 0.

(2) If (V,p) = (W,0), then pg = 724 1.

Proof. Recall that by Lemma 2.7, pg € HomG(V, W). The first statement follows from
Corollary 3.6.

Now if V' = W, then Schur’s lemma implies that g = AI. Taking traces, tr o = Adimy .
Furthermore,

1 B 1
tree = i > tr(pgepy ) = @l D tro=tro,
geG geq

which proves the second statement. [l

Corollary 3.8. If G is finite and abelian, then every nonzero irreducible complex represen-
tation of G is 1-dimensional.

Proof. If (V, p) is a representation of a finite abelian group G, then p, € Hom®(V, V) for
every g € G. If V is irreducible, then by Schur’s lemma, each p, is a scalar operator on
G, which implies that every subspace of V' is invariant under {p, | g € G}. That is, every

subspace of V is a subrepresentation. By irreducibility, this implies that dim V' < 1. (|
Exercises.
3.1. Show that p, = [(1) ﬂ defines a representation of Z on C? which is not completely

reducible.

3.2. Let f: G1 — G2 be a group epimorphism and p : Gy — GL(V) be a representation
of G3. Prove that the pullback representation f*p (defined in Exercise 1.1.) is
irreducible if and only if p is irreducible.

3.3. Let H < G and let p: G — GL(V) be a representation of G.
(a) Show that if p|g is an irreducible representation of H, then p is irreducible.
(b) Show that the standard representation of Ss is irreducible.
(c) Show that the converse of part (a) is false.

3.4. Determine all irreducible finite dimensional representations of the group Z, over the
field IF),.
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3.5. Suppose that G is a finite group and A < G is abelian. Prove that each irreducible
representation of G over C of G has dimension at most [G : A].

Hint: If (V, p) is an irreducible representation of G, then p|4 defines a represen-

tation of A. For an irreducible subrepresentation W of A, consider the subspaces

p(g)(W).

3.6. Show that if (V,p) is an irreducible representation of G and g € Z(G) (the center
of G), then p, is a scalar transformation of V.

4. CHARACTERS

Definition 4.1. Let (V,p) be a representation of G. The character of V is the function

XV = Xp G — C given by xv(g) = tr p,.
If V is an irreducible representation of G, then yy is called an irreducible character.

Lemma 4.2. If Vi and Va are isomorphic representations of G, then xv, = xv,-

Proof. By Proposition 2.9, if V; and V5 are isomorphic, then (p1)4 and (p2)4 are represented
by similar matrices with respect to any bases of V1 and V. (|

Remarkably, the converse of Lemma 4.2 is also true, as we will see in Corollary 5.6 below.
Thus, in a sense, the character of a representation, which is a scalar-valued function on G,
contains all of the information about the representation.

Note that if p is a 1-dimensional representation of G, then x, = p.

Lemma 4.3. Let V be a representation of G. Then:

(1) xv(hgh™") = xv(g) for every g,h € G.
(2) xv(lg) =dimV.
(3) If G is finite, then xv (97 ") = xv(g) for every g € G.

Proof. The first two parts are immediate consequences of basic properties of the trace. For
the third, observe that since g € G is of finite order, py' —I = 0 for some m, so the
eigenvalues Ai,..., A, of p, are all roots of unity. Therefore

xvig™h) =trp,’ ZY =Y X =xv(9) m
j=1

Recall that a class function on G is a function ¢ : G — C such that ¢(hgh™!) = ¢(g)
for every g,h € G. So Lemma 4.3(1) says that characters of G are class functions.

The next two results show that characters algebraic operations on the level of represen-
tations in a particularly simple way. The proof of Lemma 4.4 is left as an exercise.

Lemma 4.4. Let V and W be representations of G. Then xvew = Xv +Xxw ond Xvew =
XVXW -

In Lemma 4.5, V* denotes the dual representation defined in Exercise 1.2..
Lemma 4.5. If (V,p) is a representation of a finite group G, then xy+ = Xv .

Proof. Let g € G. Since g is of finite order, say m, pg' = Idy, which implies that each

eigenvalue A of py is a root of unity. Therefore A1 = . The claim follows since v (g) is
the sum (with multiplicities) of the eigenvalues of p,. O
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Exercises.
4.1. Prove Lemma 4.4.

4.2. Prove that if y is any character of a finite group G, then x is a linear combination
of irreducible characters with nonnegative integer coefficients.

4.3. Let V and W be representations of groups G and H respectively, and let V @ W
be the representation of G x H defined in Exercise 2.9.. Show that xygw(g,h) =
xv(g)xw(h) for every g € G, h € H.

4.4. Let G be a finite group. Show that the following two statements are equivalent.
(a) Every (complex) character of G is real-valued.
(b) For every g € G, g is conjugate to g~ .

4.5. Let G be abelian, and define G to be the set of all irreducible characters of G.
Show that G is an abelian group, with the binary operation given by pointwise
multiplication.

5. ORTHOGONALITY OF CHARACTERS

From this point on we will always assume that G is finite.

Definition 5.1. For ¢, : G — C, define
Z #(9)0(9):
gEG

This is an inner product on the space of functions G — C.

Observe that if ¢, : G — C are class functions, then

(,0) = ,G‘Zlclw ¥(0),

where the sum is over the conjugacy classes C of G, and that if V and W are representations
of GG, then

(xv,xw) = ZXV 9)xw(g) ’G|Z><v xwig™).
HGG geG

Theorem 5.2 (First orthogonality relation for characters). If (V,p) and (W, o) are irre-
ducible representations of G, then

1 if V and W are isomorphic,

(xv,xw) = {

0 otherwise.

Proof. Since isomorphic representations have equal characters, we may assume that (V, p)
and (W, o) are either equal, or else nonisomorphic.
Pick bases (v1,...,vs) of V and (w1,...,wn) of W, and let [pg] and [0, 11 denote the

matrices representing p, and og_l with respect to the appropriate bases. Denote by E;; the
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m X n matrix whose 4, j entry is 1 and whose other entries are all 0. Then

(xv,xw) = ZXV 9xwlg™)

gEG
Ztrpg tra )
gEG
ZZZPM [og s
gEGz 1 j=1

m n

:ZZ Z pg]EZ][U; ])”
=1 j= geG

Now Ej; is the matrix, with respect to our bases, of the linear map ¢ : V' — W defined by

o(vg) = dpwy,

Zpg 7,j 71

gEG

and then

is the matrix of g, as defined in (2). If V and W are not isomorphic, then this matrix is
0 by Lemma 3.7. On the other hand, if (V,p) = (W, o), then Lemma 3.7 implies that

trE 0;
Zpg iilog '] LIy = LI,
gEG m m

and so (xv,xw) = 1. O
Theorem 5.2 has a multitude of important applications.

Corollary 5.3. The number of distinct (up to isomorphism) irreducible representations of
G is less than or equal to the number of conjugacy classes in G.
In particular, there exist only finitely many distinct irreducible representations of G.

Proof. Theorem 5.2 implies that distinct irreducible characters are linearly independent
elements of the vector space of class functions on G. The dimension of that vector space is
clearly equal to the number of conjugacy classes in G. U

We will see in Corollary 6.6 that the number of irreducible representations of G is actually
equal to the number of conjugacy classes in G.

Fix a complete list V1, ..., V,, of distinct (up to isomorphism) irreducible representations
of G. If V is any representation, then since V' is completely reducible,

m N
(6) V=DV
k=1 j=1
for some nq,...,nE > 0. (A term in which ny = 0 is understood to be omitted.) We

abbreviate this as V' = @), n;Vj. This is called a canonical decomposition of V,
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and the summands ngVj = @;i 1 Vi are the isotypical components of V. Note that by
Lemma 4.4,

(7) XV = kv
k=1

Corollary 5.4. Let W be an irreducible representation of G, and let V' be any representation

of V.. Let
V=W,
k=1

be any decomposition of V' as a direct sum of irreducible representations. Then (xv, xw) is
equal to the number of k such that Wi, = W.
In particular, if V.= @ n Vi is a canonical decomposition of V', then ni = (xv, xv;)-

Proof. This follows directly from Lemma 4.4 and Theorem 5.2. g

Corollary 5.4 shows that the numbers ny in a canonical decomposition of V' depend only
on V. The canonical decomposition is unique in this sense.

We call the quantity (xv,xw) in Corollary 5.4 the the multiplicity of V in W. The
following result is immediate.

Corollary 5.5. The multiplicity in V' of the trivial representation of G is ﬁ deG xv(g).
Corollary 5.4 allows us to prove the converse of Lemma 4.2.

Corollary 5.6. Let V and W be representations of G. Then V and W are isomorphic if
and only if xv = xw -

Proof. Let V = 37" ng Vi and W =2 30" | n) Vi, be canonical decompositions. If xy = xw,
then Corollary 5.4 implies that n, = n)for every k, and hence V = W. U

Corollary 5.7. Let V = @," | ngVi be a canonical decomposition of V.. Then (xv,xv) =
Dbt M-

Proof. This follows immediately from from Theorem 5.2 and (7). O
Corollary 5.8. A representation V' is irreducible if and only if (xv,xv) = 1.

Proof. If V is irreducible, the (xv,xv) = 1.

Now suppose (xv,xv) = 1. Let V = )", niVi be a canonical decomposition of V.
Corollary 5.7 implies that > ;" n% = 1, which implies that and so V = V}, for some k.
Hence V is irreducible. g

Example 5.9. We will use Corollary 5.8 to show that the standard representation Vj of
Sy (defined in Example 2.4) is irreducible.

The case n = 3 of this, which is easy to do without characters, is Exercise 3.3.. The
general case can also be done without characters, but Corollary 5.8 reduces it to an easy
computation.

First, by Exercise 2.7., the natural representation of S, is the direct sum of V and the
trivial representation 7. Therefore the character y of the natural representation satisfies
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X = Xr+Xv,- The trivial character x, is always equal to 1, and x () is equal to the number
f(m) of fixed points of w. Hence

Xvp(m) = f(m) — 1.

Now
<XV0>XV0>:<f_1>f_1>:<f7f>_2<f71>+1
Now
<fa1>:n| Zf 'Zzékﬂk) 'Zz(skﬂr
TES, 'freS k=1 k=1m€S,
= |Z\{7r€5n|7r n'Zn—l
and
2 n n
1 1
if)=— > fm)? = — Z (Zfslmk)) = SO 6wk
TESK TESK = TESy j=1 k=1
= ,ZZZ% VOkom(k) = ,ZZy{weSnm (j) = j and (k) = k}|
j=1k=17m€eS, j=1 k=1
= 'Zn—l'—i- ZZn—Q (n—l)'—i—ln(n—l)( —2)=2.
" =1 kA

It follows that (xv;,Xxv,) = 1, and therefore Vj is an irreducible representation.

Corollary 5.10. A representation V is irreducible if and only if the dual representation
V* is irreducible.

Proof. This follows from Corollary 5.8 and Lemma 4.5. O

Exercises.

5.1. Use Schur’s lemma to give another proof of the uniqueness of the canonical decom-
position without using characters.

5.2. Show that if (V, p) is an irreducible representation of G and (W, o) is a 1-dimensional
representation of G, then the representation V@ W of G is irreducible.

5.3. Show that if V' and W are irreducible representations of G and H, respectively, then
the representation V ® W of G x H (defined in Exercise 2.9.) is also irreducible.

5.4. Use character theory to prove both of the following statements.
(a) For a function f :{0,1,...,n — 1} — C, the discrete Fourier transform is
the function f:{0,1,...,n — 1} — C defined by

|
—

n

f(j)eQMjk/”.

S|
.
Il
()
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Then for any such function f,

n—1
_ Z J’c\(k)efZWijk/n.
k=0

(b) For a function f : {0,1}" — C, the Walsh-Hadamard transform is the
function f defined on subsets J C {1,...,n} by

> T (-xeern,
z€{0,1}"
Then for any such function f,
fay= Y FnTer
JC{1,...,n}
6. THE NUMBER AND DIMENSIONS OF IRREDUCIBLE REPRESENTATIONS

We next consider the decomposition of the regular representation into irreducible repre-
sentations.

Lemma 6.1. The character of the regular representation of G is given by

val) = {IG\ if9=1a,

0 otherwise.

Proof. Letting (F, p) denote the regular representation, with respect to the basis {e,} of
FY, pg is represented by the matrix [p,]p p = Onr g-1p- The |G| diagonal entries [pg]nn =
Op,g-1p are all 1if g = 1 and all 0 otherwise. O

Theorem 6.2. Let V' be any irreducible representation of G. Then V is isomorphic to a
subrepresentation of the reqular representation R of G, with multiplicity equal to dim V.

Proof. By Lemma 6.1,
1 .
(Xv,XR) = @XV(lc)XR(lc) =xv(lg) = dimV,

so the theorem follows from Corollary 5.4. O

Corollary 6.3 (Frobenius’s theorem). Let Vi,...,V,, be a complete set of representatives
of isomorphism classes of irreducible representations of G. Then

> (dimV;)? = |G|,
k=1

Proof. By Theorem 6.2,

m

Xk =Y (dim V;)xv,
k=1
and so

Z dim Vi)* = (xr, xr) = |G
1

by Theorem 5.2 and Lemma 6 1. O
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Although it’s tempting on first exposure to module theory to think that it’s just like linear
algebra, only with more general sorts of scalars, Frobenius’s theorem shows how radically
differently module theory can be depending on the scalar ring. In ordinary linear algebra
over a field F, every module (vector space) is a direct sum of copies of F. On the other
hand, Frobenius’s theorem shows that each irreducible module over the group ring C(G) is
contained in the scalar ring C(G)!

Example 6.4. Let dy,...,d,, be the dimensions of the distinct irreducible representations
of S3. These satisfy d2 + --- + d2, = 6 by Frobenius’s theorem. We already know the
trivial representation with d; = 1, the sign representation with ds = 1, and the standard
representation with ds = 2. Since 12 + 12 4 22 = 6, these are all of the distinct irreducible
representations of S3.

Theorem 6.5. Let x1,...,Xxm be the distinct irreducible characters of G. If ¢ : G — C is
a class function, then

=D () Xk) Xk

k=1
Proof. Let

v=0—> (0 Xk) Xk-

=

Then ¢ is a class function and (xg, ) = 0 for every k. Let (V, p) be any representation of
G, and define & : V — V by

(8) Z Wy

gEG

Then & € Hom%(V,V) (the proof is left as an exercise — notice that we’re averaging
again!). If V is irreducible, then by Schur’s lemma, £ = AIdy for some A € C. But

1
tréy = |G‘Z¢ )xv(g) = (¥, xv+) =0,

geG

so A = 0 and hence & = 0. By complete reducibility, it follows that &, = 0 also when V is
not irreducible. In particular, when V is the regular representation of G,

0=¢ye; = Z@Z) 6’97

geG
which implies that ¢ = 0. U

Corollary 6.6. The number of distinct irreducible representations of G is equal to the
number of conjugacy classes of G.

Proof. Clearly the dimension of the space of class functions of G is equal to the number
of conjugacy classes. Theorem 5.2 implies that the irreducible characters of GG are linearly
independent, and Theorem 6.5 implies that they span the space of class functions, so that
they form a basis of that space. O



18 MARK W. MECKES

Example 6.7. Since S3 has three conjugacy classes (given by the distinct cycle types,
which are themselves given by distinct partitions of 3: 3 =241 =141+ 1), this gives
another way to see that the three irreducible representations of S3 that we’ve already seen
are in fact all of them.

Example 6.8. S, has five conjugacy classes (4 =34+1=242=2+1+1=14+1+1+1+1),
and therefore five distinct irreducible representations. Their dimensions dy,...,ds satisfy
2+ + d?) = 24. We already know the one-dimensional trivial and sign representations,
and the three-dimensional standard representation. That means there are two additional
representations whose dimensions satisfy d% + dg = 13. The only way to write 13 as a
sum of two squares is as 22 4+ 32, so the other two irreducible representations are two- and
three-dimensional.

We can actually identify the other three-dimensional representation. If € denotes the sign
representation and 1 denotes the standard representation, then by Exercise 5.2., ¥ ® € is
a three-dimensional irreducible representation. We can verify that 1 ® ¢ is not isomorphic
to ¢ by considering the character. As observed in Example 5.9, xy(7m) = f(7) — 1 for a
permutation 7. Therefore x,((12)) = 1, but x<((12)) = sgn(12) = —1, so xye:((12)) =
—1 # xy((12)).

We also have enough information to describe the two-dimensional representation o. Re-
call that V' = {¢, (12)(34), (13)(24), (14)(23)} is a normal subgroup of Sy. Then S4/V is a
group of order 6, which must be noncyclic because every element of Sy has order at most
4. Thus S4/V = Ss3, so there exists a group epimorphism ¢ : Sy — S3. By Exercise 3.2.,
the pullback by ¢ of the standard representation of Ss is an irreducible two-dimensional
representation of Sjy.

Recall that the commutator subgroup of G is the subgroup G’ generated by all ele-
ments of the form ghg~'h~!. The commutator subgroup is normal and G/G’ is abelian.

Theorem 6.9. The number of one-dimensional representations of G is [G : G'].

Proof. Write m = [G : G']. Since G/G’ is abelian, it has m distinct one-dimensional
irreducible representations, and their pullbacks (via the canonical projection G — G/G’)
give m distinct one-dimensional representations of G.

On the other hand, if p : G — GL(C) = C* is a one-dimensional representation of G, then
p=1on G, and so p induces a representation p : G/G' — C* whose pullback to G is p.
Thus the m representations given above are all the distinct one-dimensional representations

of G. O

Notice that the proof of Theorem 6.9 implicitly describes all the one-dimensional repre-
sentations of G: they are all pullbacks via the canonical projection of representations of the
abelian group G/G’, which are easy to describe (Exercise 6.3.).

Exercises.
6.1. Prove that the linear map £y € End(V') defined in (8) is an intertwiner.

6.2. Show that every irreducible representation of G x H is isomorphic to one of the form
V®@W (as defined in Exercise 2.9.), where V' and W are irreducible representations
of G and H, respectively.



A BRIEF INTRODUCTION TO GROUP REPRESENTATIONS AND CHARACTER THEORY 19

6.3. Let G be a finite abelian group. Describe all irreducible representations of G.
Hint: Decompose G in terms of invariant factors or elementary divisors, and use
Exercise 6.2..

6.4. Prove that if every irreducible representation of G is one-dimensional, then G is
abelian.

6.5. The quaternion group Qg is the set {1, —1,4, —i, j, —j, k, —k} with multiplication

defined by
2= 2=k =1,
ij = k= (=1)ji,
jk =i = (=1)kj,
ki=j=(-1)ik,

with 1 as the identity and —1 behaving as you’d expect ((—1)? =1, (=1)i = —i =

i(—1), etc.).
Determine the dimensions of all the irreducible representations of Qg.

6.6. Find an explicit group epimorphism ¢ : S; — S3, and use it to give an explicit
description of an irreducible representation of Sy on the two-dimensional space
{(1’1,$2,x3) e C? ‘ T+ 29 + 13 = 0}.

6.7. Show that for any n > 2, the trivial representation 7 and the sign representation &
are the only one-dimensional representations of S,.

6.8. Determine all the one-dimensional representations of Aj.

6.9. A conjugacy class C in G is called self-inverse if, for every g € C, g7! € C as
well. Show that the number of real-valued irreducible characters of G is equal to
the number of self-inverse conjugacy classes C.

7. CHARACTER TABLES

Definition 7.1. The character table of a group G is a two-dimensional array with rows
corresponding to the irreducible characters y of G and columns corresponding to the con-
jugacy classes C' of G, whose entry in row x and column C'is given by x(C).

Note that by Corollary 6.6, the character table has equal numbers of rows and columns.

Since every character of G is a linear combination with nonnegative integer coefficients
of the irreducible characters of G (Exercise 4.2.), the character table completely describes
all the characters of G.

Example 7.2. If G = (g) is cyclic of order n, then each conjugacy class contains a single
element, and we’ve seen that there is a one-dimensional (hence irreducible) representation
given by p;(g*) = p;(g)* = €*™*/™ for each j = 0,...,n — 1. Thus the character table for
G is the n x n matrix whose (j, k) entry is e2™7k/m,

Example 7.3. We saw in the last section that the irreducible representations of S3 are
the trivial representation 7, the sign representation e, and the standard representation
1. Recalling that xy(7) = f(m) — 1, where f(7) is the number of fixed points of v, we
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get the following character table for S3 (we designate each conjugacy class by a single
representative):

v (12) (123)
1 1 1
ell -1 1
Ypl2 0 —1

Theorem 7.4 (Second orthogonality relation for characters). Let x1, ..., Xm be the distinct
irreducible characters of G. Then
m |G| .
ifg~h
> (G0 = { s
j=1

0 otherwise,

where g ~ h means that g is conjugate to h, and C(g) denotes the conjugacy class of g.

Proof. By Corollary 6.6, G has m conjugacy classes C1, ..., Cy,. Since characters are class
functions, Theorem 5.2 states that

. IQI |Gl 1Cel

m
That is, the m x m matrix [ ||Cf‘|X](C’k)} i has orthonormal rows, and is therefore a
Jk=1

unitary matrix and also has orthonormal columns. That is,

\@ |Ce|
i(Cr) X;(Ce) = e,
Z @

which is equivalent to the claim. ]

The two orthogonality relations for characters (Theorems 5.2 and 7.4) and the numerical
information in Frobenius’s theorem (Theorem 6.3) and Corollary 6.6 together are enough
to determine a great deal of information about the characters of a finite group. For small,
groups, they often give enough information to determine the character table completely.

Example 7.5. We already saw the character table for Ss, constructed using previous
knowledge of what the representations are. Let’s see how we could come up with it without
any knowledge of the representations themselves.

First, S3 has three conjugacy classes, represented by ¢, (12), and (123), of sizes 1, 3,
and 2, respectively. Therefore S3 has three irreducible characters whose dimensions satisfy
d? + d% + d% = 6. The only possibility, up to reordering, is d; = dy = 1 and dy = 2. One of
the one-dimensional representations must be the trivial representation 7 (which is defined
for every group), for which x, = 1. Since also xy(:) = dim V for any representation, this
gives us the partial character table:

|« (12) (123)
|1 1 1
p1 |1
p2 |2
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If we now write x and y for the second and third entries in the p; row, applying the first
orthogonality relation to the first two rows implies that 1 + 3z + 2y = 0. Moreover, since
p1 is one-dimensional, p1 = x,,, and 50 X,, (7¥) = (x,, (7). Thus 22 = 1 (since (12)2 = 1)
and y? = y (since (123)% = (132) ~ (123)). So x = £1 and y € {0,1}. The only such values
satisfying 1 +3x + 2y =0 are x = —1 and y = 1.

We now have:

. (12) (123)
7|1 1 1
p1|1 -1 1
p2 |2
We could fill in the last row using the first orthogonality relation to determine two linear
equations satisfied by its two missing entries, but it’s simpler to use the second orthogonality
relation to determine them one at a time. First,

1— 14 2x,,((12)) = 0,
S0 X, ((12)) = 0, and then
1414 2x,,((123)) =0,
S0 X, ((123)) = —1. This fully recovers the character table we found above.

Example 7.6. In the last section we gave an almost complete description of the irreducible
representations of S4. Exercise 6.6. asked for an explicit description of the two-dimensional
irreducible representation o, but using the second orthogonality relation and the information
we already have:

1 (12) (123) (1234) (12)(34)
T 1 1 1 1 1
€ 1 -1 1 -1 1
o 2
v |3 1 0 -1 -1
ey |3 -1 0 1 -1
we can trivially determine at least the character x,:
1—-142x,((12))+3-3=0,
1+142x,((123))+04+0=0,

1—1+42y,((1234)) =3+ 3 =0,
1414 2x0((12)(34)) —3 -3 =0,

giving us the complete character table:

1 (12) (123) (1234) (12)(34)
T |1 1 1 1 1
e |1 -1 1 ~1 1
o |2 0 -1 0 2
v |3 1 0 ~1 -1
e@v |3 -1 0 1 -1
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Example 7.7. A4 has conjugacy classes represented by ¢, (12)(34), (123), and (132). There
are three one-dimensional representations (Exercise 6.8.) which are all pullbacks of repre-
sentations of the abelianization A4/V. The remaining irreducible representation must have
dimension /12 — 3 = 3. We therefore have the partial character table

|1 (12)(34) (123) (132)

1[)1 1 1 eQT(’i 3 6471'1' 3
o | 1 1 e47rz'/3 627r/3
v |3

The second orthogonality relation allows us to trivially complete the last row:
|1 (12)(34) (123) (132)
® ‘ 3 -1 0 0

Exercises.
7.1. Let GG be a finite group. Show that

S (dim V) (g) = {'G‘ fg=1,

% 0 otherwise,

where the sum runs over all distinct irreducible complex representations of G.
7.2. Determine the character table of the quaternion group Qs.
7.3. Determine the character table of the dihedral group of order 8.

7.4. Show that two groups with the same character table need not be isomorphic.
Hint: See the last two exercises.

7.5. (a) Determine the “multiplication table” for irreducible representations of Sy. That
is, for each pair pi1, po of irreducible representations of Sy, find the canonical
decomposition of p; ® po.

(b) Do the same for S3, A4, Qs, and Ds.

7.6. Prove that the three-dimensional irreducible representation ¢ of Ay is the restriction
to Ay of the standard representation of Sy.

8. A SAMPLE APPLICATION: THE 5/8 THEOREM

In addition to its importance for applications to other fields (only vaguely hinted at in
these notes), representation and character theory is an important tool for understanding
the structure of groups. The results of section 6 already give a hint of how this can be, since
they relate basic properties of G to basic properties of the family of irreducible characters
of G. Here is one simple consequence, whose statement makes no reference to characters or
representations.

Lemma 8.1. Let G be a group with n elements and m conjugacy classes, and let k = [G : G']
be the index of the commutator subgroup. Then

n + 3k > 4m.

Proof. By Corollary 6.6, G has m irreducible representations. By Theorem 6.9, exactly k of
them are one-dimensional, and so the others have dimensions dy,...,d,,_r > 2. Therefore
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by Frobenius’s theorem (Theorem 6.3),

m—k
n=k+ Y & >k+4(m—Fk),
j=1
which is equivalent to the claim. O

The following further consequence has a more appealing, less technical statement. (Al-
though this result is also not hard to prove without character theory, there are other theo-
rems in group theory whose only known proofs use character theory.)

Theorem 8.2 (The 5/8 theorem). Let G be a finite group. If
Jh) €G? | gh=h

[el
then G is abelian.

5
87

This theorem has a simple probabilistic interpretation: If the probability that two ran-
domly selected elements of G commute is greater than 5/8, then the group must be abelian.

Proof. Recall that the subgroup Cg(g) = {h eG ‘ g= hgh_l} is the centralizer of g in
G, and that [G : Cg(g)] = |C(g)| (where C(g) is the conjugacy class of G). Therefore

{(9.h) € G* | gh=hg}| =D [{h € G|gh=hg}| = |Calg)|
geG geqG

G|
2 1C(9)]

where m is the number of conjugacy classes in G. In the notation of Lemma 8.1, the

hypothesis therefore says that 7 > %. By Lemma 8.1, this implies that n + 3k > %n, SO

k > n/2, and therefore
n
G'=-=<2.
o] ="
Hence G’ is trivial, so G is abelian. O

Exercises.
8.1. Give an example of a nonabelian group for which the left hand side of (9) is equal
to 5/8.

8.2. Let p be the probability on the left hand side of (9). Show that 1/p is the average
value of the dimension squared of an irreducible representation of G.
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