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PL, STRUCTURAL STABILITY

David Singer

It Kk is a finite polvhedron and f,g:K —> RY are PL maps,

then we say g is a C' O-approximation to f if the following two
conditions are satisfied:
1) |f&x)-g&®)|| < 6 for all x € K, | || the usual metric on
rR™.
2) If K’ subdividés K such that f,g:K' —> R™ are both linear,
and if b € K, then | (£(x)-f(0))-(g(x)-g®))| < 6x-bl
for all x € St(,K') = u {cl(o)|b € c1(o)}. Here K is
assumed to inherit a linear metric as an embedded subcom-
plex of some Euclidean space.
If PL(K,Rn) denotes the space of PL maps f:K —> R™ with
the topology derived from this notion of approximation, it is
easily seen that this topology is independent of the particular
choices of metrics. (See Munkres [2] for details.)

Two maps, f and g, are structurally equivalent if there is a

commutative square

K £ > R

P < Q
K £ > R

where P and Q are PL homeomprphisms. A map f € PL(K,Rn)‘is

structurally stable if there is a neighborhood N of f in

PL(K,Rn) such that each map g € N is structurally equivalent to

f and the equivalence is canonical, i.e., there is a diagran
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1. XF

NXK —N > N xgrY

P Q
E n

NXK ——— > NXR

where E(g,x) = (g,g(x)), Q(g,y) = (g,Qez(y)), P(g,x) = (g,Pg(x)).

The result I wish to indicate in this paper is that the set
of structurally stable maps is dense and open in PL(K,Rn) and
such maps are of a particularly simple geometric nature.

The proofs of the following theorems may be found in [3].

THEOREM 1. For any positive integer S, there exist points
S ERRREE ™ in R™ with the following property: Let Pl”"’Pt be
affine subspaces of Rn each of which is'spanned by some subset
of {xl,...,xs}. Let ﬁi denote the subset of P; whose complement
is the union of all affine subspaces of Pi spannedtby points in
the spanning set of P;. Then dim(ﬁir\... P\ﬁt) Siza dim P; - (t-=1)n.
Geometrically, this condition for planes is that of minimal
intersection; note that Plr\... r\Pt may have larger dimension

due to the overlap of spanning sets.

THEOREM 2. The set of s-tuples of points (xp,...,%3) € (R™)S

satisfying Theorem 1 is open and dense.

COROLLARY 3. Let f:K —> Rn be a PL map and let K' subdivide
K such that f:X' —> Rn is linear. Then there is a linear map
k
f :K' —> R™ such that

1. 1If o .,0, are simplices of K', f(cl) r\...r\f(ét) is

-°: t

either empty or a convex linear cell of dimension
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(dim 01+...+dimotm(t—1)n)

*
2, f is a 0-approximation to f, 0 > O arbitrarily small.

Proof. Choose points KqseeosXg in R® arbitrarily close to
the points {f(vi), 1 < i¢s}, where {Vl,...,vs} are the vertices
of K'. Define f* to be the unique linear extension of the map
A —_ x5 . Then Theorem 1 assures the desired geometrical result.

*
Remark. f may be thought of as a map in general position,
and the geometrical properties of the map are stronger than the

usual ones for general position, since simplices meet ''nicely".

*
Main Theorem. f is structurally stable.
I will present here an outline of the proof, which is concep-
tually simple; the main omission will be the deluge of epsilontics

required at every stage of every induction argument.

Step 1: Assume K' is the (n-1)-skeleton of an s-simplex.
Let K' be linearly independent, Thus K' lies on the boundary
of an s-simplex, s the number of vertices of K'. There is a

sk e
canonical extension of f to the n-1 skeleton K of this simplex.

Lemma. If K' is a subcomplex of K and £f:K —> Rn is a PL
map, and if € > 0, ¥6 > O such that if g:K' —> R™ 6-approximates
f|K', g can be extemded to an €-approximation E to £, furthermore,
the process is continuous in g.

This lemma allows us to assume K = K'.

Step 2: Any small perturbation of a simplex in Rn can be

extended to a small perturbation of the plane spanned by this
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simplex in a canonical way (after appropriate preparation). If
we view fék as mapping a family of codimension 1 planes into Rn
(corresponding to the (n-1)-simplices of K'), then any approxima-
tion g to f* also can be viewed as mapping these planes into R™.
In order to construct the equivalence maps for f* and g, we try
to find a map Rn —_— Rn which matches these configurations of
planes. This will in particular match f*(K') and g(K') simplex
for simplex.

Thus we have the following geometric problem: if a family
of planes arising in the above manner is perturbed slightly (in
the ¢? sense - in fact, we are able to assume everything happens
in a compact portion of Rn), does the new configuration of planes
resembel the old configuration?

Here the crucial lemma is needed.

Lemma 4. If two planes meeting transversely in R" are each

perturbed slightly, the intersection is also perturbed slightly.

Proof. The idea of this proof is as follows: by perturbing
all of R" slightly, we may bring one of the planes back to its
original position. This allows us to assume one plane is kept
pointwise fixed. Then projection in a direction parallel to the
fixed plane can be made to project the other plane to its original
position (setwise) with the new intersection automatically project-

ing to the old intersection.

Step 3: Inductive application of the preceding lemma shows
that each intersection of a family of perturbed planes can be

matched up with the original intersection of the planes before
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perturbation. The collection of codimension-one planes gives a
cell~decomposition of Rng After perturbing these planes, the new
cell decomposition of r" is exactly the same, and although the
new cells are not convex, they will be starlike about appropri-
ately chosen interior points.for small’ enough perturbation. The
homeomorphism of r" may now be construced skeletally, matching up
corresponding cells by taking the join of the map inductively
defined on the boundary of the cell with the identity map on

the center point.

This inductive process depends on a conjugation process for
maps. When the (kK~1)-skeleta have been matched up, the k-skeleta
are matched up in the following way: let P be a k-plane, P be the
perturbed version. LL is the intersection of the (k~1)-skeleton
with P, and L' is the intersection of P with therperturbed (k-1)-
skeleton. We have a map . —> WW'. Projecting P back onto P
gives a map of LL —> P which is close to the inclusion. Extend
this map to a homeompwphism P —> P and follow by the inverse
P —> P of the projection. It is the construction of the map

P —> P which uses the technique of matching up cells.

Step 4: The final map from Rn to Rn automatically carvies
f*(o) to g(0) setwise, so the map K —> K is constructed by the
composition o —£j> f*(o) —> g(0) By

The set of structurally stable maps of the type described
above has been shown to be dense in PL(K,Rn). Structural sta-
bility is by definition an open condition.

If h is a structurally stable map, then we may find a structurally
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equivalent map h of the type constructed in the Main Theorem.

(since any approximation of h will be structurally equivalent to

h.)

Therefore, every structurally stable map has the geometric

character of a map which embeds simplices linearly with minimal

intersections.
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