
MATH 322-422, Spring 2022 Assignment #11 : additional problem.

Additional Problem The objective of this problem is to show that any norm ‖·‖′ on Rn is equivalent
to the Euclidean norm ‖ · ‖, that is, there exist constants C, c > 0 such that

∀x ∈ Rn c‖x‖ ≤ ‖x‖′ ≤ C‖x‖. (EQ)

The constants C, c may depend on n and on the particular norm ‖ · ‖′, but they must be independent
of x.

You may follow the steps indicated below. From this point on n and ‖ · ‖′ are considered fixed.

1◦ Let S := {x ∈ Rn : ‖x‖ = 1} (the unit sphere, often denoted Sn−1). Show that S is compact.

2◦ Let (ek)nk=1 be the standard unit vector basis. To prove the second inequality in (EQ), we need to
show that, for any sequence of coefficients (tk) we have∥∥∥ n∑

k=1

tkek

∥∥∥′ ≤ C( n∑
k=1

|tk|2
)1/2

Show this by applying first the triangle inequality for the norm ‖·‖′ (in the form ‖
∑N

i=1 zi‖′ ≤
∑N

i=1 ‖zi‖′,
for any finite sequence (zi) in Rn) and then the Cauchy-Schwarz inequality (in the form |

∑N
i=1 αiβi| ≤

(
∑N

i=1 |αi|2)1/2(
∑N

i=1 |β|2)1/2, for any sequences of scalars (αi), (βi)).

3◦ Deduce that f(x) := ‖x‖′ is a continuous function on Rn and hence that f attains its minimum and
maximum on S.

4◦ Show that if m := minx∈S f(x), then m > 0 (f is the same as in step 3◦; remember that ‖ · ‖′ must
satisfy the conditions in the definition of a norm).

5◦ Show that c = m (the same m as in step 4◦) works in (EQ). Consider separately the case x = 0 and
x 6= 0; in the latter case consider u := x

‖x‖ ∈ S.
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