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Abstract

Let K be a convex body in R™ and § > 0. The homothety conjecture
asks: Does K5 = ¢K imply that K is an ellipsoid? Here Kj is the (convex)
floating body and c is a constant depending on § only. In this paper we prove
that the homothety conjecture holds true in the class of the convex bodies

B}, 1 < p < oo, the unit balls of [}}; namely, we show that (By)s = cB) if

and only if p = 2. We also show that the homothety conjecture is true for a
general convex body K if § is small enough. This improvs earlier results by
Schiitt and Werner [16] and Stancu [20].

1 Introduction

Floating bodies appear in many contexts and have been widely studied (see e.g.
[1,2,4,5,6,8,13, 14, 15, 19, 20, 21, 23, 26]). The homothety conjecture is among
the problems related to floating bodies that was open for a long time. It asks:

Does K have to be an ellipsoid, if K is homothetic to Kg for some 6 > 0%

In [16], Schiitt and Werner obtained a (partial) positive solution to this conjec-
ture. They showed that if there is a sequence d; — 0 such that K, is homothetic
to K for all k € N (with respect to the same center of homothety), then K is an
ellipsoid.

Stancu [20] (see also [19]) proved that if for a convex body K with boundary
of class C? there exists a positive number §(K) such that K; is homothetic to K
for some § < 0(K), then and only then K is an ellipsoid.

These results are not completely satisfactory for different reasons. The first one
requires a sequence K, of convex bodies to be homothetic to the body K. The
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second one needs smoothness assumptions on K and, in addition,  has to be
sufficiently small, but no estimates are given how small. Moreover, these results
do not work even in the case of very basic convex bodies, such as B}, 1 < p < oo,
the unit balls of [}.

If 6 = 7 vol,,(K) for some 0 < 7 < 3, and if K is centrally symmetric, Milman
and Pajor [9] showed that the Banach-Mazur distance of K to an ellipsoid is
bounded (with constants depending only on 7, but not depending on n, which
explode when 6 — 0). This shows, in some sense, that if a centrally symmetric
convex body is far from being an ellipsoid, then Kj is not homothetic to K.

In this paper, we give a positive solution of the homothety conjecture. Namely
we prove

Theorem 2 Let K be a convex body in R™. There exists a positive number §(K),
such that the following are equivalent:

(i) Ks is homothetic to K for some 0 < 6 < §(K);
(ii) K is an ellipsoid.

Our proof is different from Stancu’s proof. No smoothness assumptions are
required. In fact, the main ingredient in our proof is to show that the homothety
assumption implies that 0K is C_%. This is done in Lemmas 2 and 4.

In addition, our proof of Theorem 2 gives a possibility to estimate the threshold
d(K) for convex bodies K in R™ that have sufficiently smooth boundary. This is
done in Section 5.

We also show the following theorem, which provides a positive solution of the
homothety conjecture for the By balls, 1 < p < oo, and their affine images without
any requirements on the size of 9.
|85 ]

3 Then

Theorem 1 Let By,1 < p < oo be the unit ball of Ij. Let 0 < 4 <
(Bp)s = cB,, for some 0 < ¢ <1 if and only if p = 2.

Throughout the paper we will use the following notations. For 1 < p < oo,
By ={z € R": [|z||, < 1} is the unit ball of [} = (R™, || ||,) where for 1 <p < oo

"\
ol = (Z m\p) ,
i=1

and for p = oo
[2]loo = maxi<i<n|Ti.



Let u € S"~! = 9BY, the boundary of the Euclidean unit ball BY. Then H(x,u) =
{y € R", (y,u) = (z,u)} is the hyperplane through x with outer unit normal vector
u. The two half-spaces generated by H(z,u) are H (z,u) = {y € R",(y,u) >
(z,u)} and HY (z,u) = {y € R", (y,u) < (z,u)}. || || is the Euclidean norm on R™.

For a convex body K in R™ and x € K, the boundary of K, Ni(z) denotes an
outer unit normal vector to K and ki (z) the Gauss curvature of K at x. Ng(x)
exists almost everywhere (see[11]). int(K) is the interior of K. We write |K| or
vol,(K) for the volume of K. We say that K is in C%, if K is C? and has
everywhere strictly positive Gauss curvature. Without loss of generality, we will
assume throughout the paper that 0 is in the interiors of K and Ky, and that K
homothetic to K is meant with 0 as the center of homothety.

The paper is organized as follows. In Section 2 we provide background and
prove some properties of the convex floating body that are needed in the next
sections. In Section 3 we prove that the homothety conjecture holds true for By,
1 < p < 0. In Section 4 we prove Theorem 2. Moreover, we give (partial) positive
solutions of a generalized homothety conjecture. In Section 5 we give estimates on
the threshold §(K).

2 The convex floating body and homothety

Let K be a convex body with 0 € int(K) and ¢ be a positive number such that

d < @ The convex floating body is defined as follows [15].

Definition 1 [15] Let K be a convex body in R™. The convex floating body Ky is
the intersection of all halfspaces H' whose defining hyperplanes H cut off a set of
volume at most 6 from K,

K5 = ﬂ HT.

|H-NK|<6

Clearly, Ko = K and K5 C K for all § > 0. Moreover, the convex floating body has
the following property: for all (invertible) affine maps 7' on R™ and for all § > 0

(TK)s =T <K 5 ) : (1)

[det(T)]

Here |det(T")| is the absolute value of the determinant of 7'. In particular, for an
affine map T with |det(7)| =1, (T'K)s = T'(Ks) for all § > 0.

An ellipsoid & is the affine image of By, £ = T'(B%), for some invertible affine
map T on R”. It is easy to see that (B%); = cBj for all § > 0 and for a constant



¢ = ¢(d6,n) < 1 depending on § and n only. Hence one gets with (1) that for all
ellipsoids &

for all § > 0 and for some constant c (‘ deté(T)|) < 1. In other words, if the

homethety conjecture holds true, then K5 = cK for some § > 0 and some constant
0 < ¢ < 1if and only if K is an ellipsoid in R™.

Now we make some general observations concerning homothety of K with one
of its convex floating bodies. First, only a strictly convex body can be homothetic
to one of its convex floating bodies. This is a consequence of the flowing lemma
proved in [16].

Lemma 1 [16] Let K be a convex body in R™, and let 0 < 6 < |K|/2. Then Kj is
strictly conver.

Thus, in particular, no polytope can be homothetic to one of its floating bodies.
The next lemma and its proof are almost identical to Lemma 3 of [16]. We give
the proof for completeness.

Lemma 2 Let K be a convex body in R™, and let § > 0. If Ks is homothetic to
K, then 0K is of class C.

Proof. Suppose that 0K is not of class C'. Then there is zp € 0K so that 0K
has two different supporting hyperplanes, H; and H», passing through xy. We may
assume that there are two sequences (.CC}C)]CEN and (xi)keN on 0K converging to g
so that we have:

(i) the supporting hyperplanes H,i through x}%, k €N, i =1,2 are unique;

(ii) the hyperplanes Hj converge to H;, i = 1,2;

(iii) limg 0o Nk (%) is orthogonal to H;, i = 1,2.

See the proof of Lemma 3 in [16] for the construction of these sequences. We
choose a coordinate system such that xg = 0,

Hy={zeR":2z(n)=azx(n—1)},

and
Hy ={zx € R":2z(n) =bx(n—1)},

with b < a where (1) denotes the [-th coordinate of the vector x € R™. Let x5 be
the point on 0K that corresponds to zyp by homothety. We can assume that in



the chosen coordinate system x5 = (0,...,0,25(n)) with z5(n) > 0. Let

<H—{x+xgewﬂxm)—a;bﬂn—n}.

By homothety, one sees that H is a support hyperplane of 0K;. For a, 8 € R, let
M(a, ) = {x eER":ze KNH ,z(n—1) = a,z(n) :ﬁ},
and let M* be such a set for which the (n — 2)-dimensional volume is maximal
volp,—2(M™) = max(, g)eg2voln—2 (M(a, 3)) .

We consider the set in the (x(n — 1), z(n))-plane that consists of all points («, [3)
so that M («, 3) # 0. This set is contained in the triangle 7" bounded by the lines
z(n) =azx(n—1), z(n) =bx(n — 1), and z(n) = “Ter:E(n — 1) 4+ z5(n). Therefore

SS|IKNH™| = M (o, B)d(c, ) < vol,—o(M™)vola(T)
R2
9 2
= volng(M*)M. (2)

Now we consider the sets K N (x5 + H;)~, i = 1,2. It follows from (i), (ii) and
Lemma 2 of [16] that

KN (z5+ H)"| =6, i=1,2.

This is because x5+ H;, 7 = 1,2 are tangent hyperplanes of Ks. Let € > 0 be given.
By (iii) we may choose 1 and x3 in OK such that for i = 1,2

Qmm—n—fmuMn—nf+umw—ﬂm@mmﬁgs

1
2

5<Wm@mn—UF+Wm@MMP>, 3)

where Pp, denotes the orthogonal projection onto H;, i = 1,2. As K5 C K, we can
choose z1 and x in 0K such that for i = 1,2, Py, 44;(x;) € K and (3) still holds.

Moreover, as K is strictly convex, by Lemma 1 and homothety, we have that
fori=1,2

1
2

Qmm—n—Pm@mn—mﬁ+umw—aﬁmmmﬁ > 0.
It follows that there is a constant ¢ > 0 depending only on K so that

1
2

o) < (st = 1) = Praa)n = D+ Jas() - Paaof) "
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For i =1 or i = 2 the convex hull
[M*, (i, Pr,1as(2i)]] € KN (z5+ H;)~.
We may assume that ¢ = 1. Then

5= |K N (a5 + H) | > \[M*, [:cl,PHﬁm(xi)H\

1 *
> —voly—o(M") d(wr, Har) d (Pity s (@), H) . (5)

where Hy« is the (n — 2)-dimensional flat containing M* and H is the plane con-
taining M* and x;. If € is sufficiently small, we obtain by elementary computation

dor, ) 2 e (| P o) D+ [P (o))

and }
d (PH1+z5(fC1), H) > C2|x5<n)|>

where ¢1, co depend only on K. Therefore we obtain by (2) and (5)

=

2|zs(n)| S e

(1P, (@) = D + | Py ) (m)[*)

a—b T n?

By (3) we get with a new constant ¢ > 0

o=

|z5(n)| =

[N

2 2
(o1t =1) = Pa o) = D + s () = Pa o)) )
If we choose ¢ sufficiently small we get a contradiction to (4).

The following symmetric matrix is closely related to the curvature of the floating
body [4] (see also [16]). For z € int(K), ¢ € S*~!, and an orthonormal coordinate
system in the plane H(z,§) with origin z, let I(n) be the line through z with
direction n and y = I(n) N OK. Let r(n) = ||z — y|| and 3(n) be the angle between
I[(n) and a tangent line to 0K through y whose orthogonal projection onto H(z,¢)
is I(n). Define for 1 <i,5 <n—1

1

Qi j) = KO H@.9)] Jsns ning "' (n) cot(B(n)) don—2(n), (6)

where 0,5 is the surface measure on S"~2. For x5 € K3, we will use H(xs,6)
to denote the hyperplane through x5 cutting off a set of volume § from K. Such
hyperplanes always exist by Lemma 2 of [16].

Then we have the following lemma [4] (see also [16])



Lemma 3 [/] Let K be a conver body of class C' and let 6 >0. Suppose that for

every x5 € OKs and every H(xs,d) the matriz Q is positive definite. Then 0Ky is

of class C?. Moreover, the Gauss curvature of K at x5€ 0Ky can be calculated by
1

KK (T5)

= det(Q),

and hence, Ks is of class Ci.

If K is strictly convex, C' and symmetric, then Kj is C’JQF. This was shown in [6].
In the next lemma we show that this also holds in the non symmetric case, if § is
small enough. We will also use the following.

For every x € 0K, we define p(z) to be the radius of the largest Euclidean ball
that is contained in K and whose center lies on the line through x with direction
Nk (z), {x + tNg(z) : t € R}. p(z) is well defined because K is of class C?.
Let t(z) > p(x) be such that x — t(x) Nk () is the center of the ball with radius
p(x) that is contained in K. p(z) is a continuous, strictly positive function on 0K
because 0K is of class C'!'. By compactness there is py > 0 so that we have for all
x € 0K,

0 < po < p(z). (7)

Lemma 4 If K € C! is strictly convex, then there exists 69 > 0, s.t., for all
0 < 6§ < 6o, the matriz Q is positive definite for every x5 € 0Kg5. Hence, K5 € Ci
for all 0 < § < ég.

Moreover, if K is in addition in C_QH then the threshold dg can be taken as

n—1 n—1 1qn
_po RIBy | (1 _ (PO2\2

L T (1 iR ) ’ ®
where R > 0 (independent of 6 and x) is such that K C By (x — RNg(x), R) for
all x € OK.

Proof. We want to show that there exists §g > 0, such that, for all 0 < § < dy,
cot(B(n)) > 0 for all 25 € OK; and for all n € S"2. This implies that (6) is a
positive definite matrix and by Lemma 3 we get that 0Kj is of class Ci.

Let po be as in (7). We first prove the following claim: Assume that K is
strictly convex. Then there exists d; > 0, such that, for all x5, € 0Ks, and all
H(zs,,61), diam(K N H(zs,,61)) < 2.

Suppose the claim does not hold. Then for all § > 0, there exist x5 € 0Ks and
H(xzs,0), such that, diam(KﬂH(az(g, 5)) > 2. We denote by N; the normal vector



of the hyperplane H(zs,6). In particular, for all j € N, there exists z; € 9K} ;,
such that,

diam (K N H(x;,1/5)) > %.

Therefore, for all j € N, there exist ¢ and ¢; in 0K N H(x;,1/7), such that,
1€ — ¢l > 2. Let y; = 2(&; + ;). The sequences {y;}, {&;} and {(;} are in K
and K is compact. Therefore, there exist subsequences (which we call again {y;},
{53} and {C]}), such that, limj_wo Yi = Yo, limj_,oo é-j = 50 and limj_wo Cj = Co.
Clearly, yo, &0,C0 € 0K, & # mo # yo and yg = %(50 + np). This is a contradiction
to the strict convexity of K. Hence the claim holds.

Let § > 0. Let z5 € 0Ks. Let H(wxs,0) be a hyperplane through x5 that
cuts off exactly ¢ from K and let Ny be the unit outer normal vector to H(zs,0).
Let x = x(0) € OK be such that Ng(z(d)) = Ns. We now claim: Assume that
K is C' and strictly convex. Then there exists 6o > 0, such that for all TSy s
dist (x(d2), H(x5,,02)) < £. This second claim follows again by compactness.

Similar to above, we assume that the claim does not hold and find sequences
{zj}jen C 0Ky 0 H(xj,%) and {z(j)}jen C 0K with limj_xz; = 9 € 0K
and lim; .o (j) = x1 € OK respectively. Let N; be the outer unit normal vector
to H(zj,1). By assumption, [lz; — «(j)|| > dist (x(j),H(g;j,;)) > £ for all j.
Therefore, ||zo—x1| > &, hence 29 # x1. Passing to a subsequence if necessary, we
get that Nj — No, No € S"L. As 0K is C! and as Nk (z(j)) = Nj, No = N (1)
and H(x1,No) is a support hyperplane of K. H(z;, %) — H(xg,Ny), which is a
hyperplane through z( that cuts off 0 of K. As K is strictly convex, xg ¢ H(z1, No).
Therefore, H(xg, No)Nint(K) # ) and hence |H (xg, Ng) " NK| > 0, a contradiction.

The claims then imply that for all 6 < dp = min{d1,d2} the orthogonal projec-
tion of K N H(xs,6) is contained in

B3 (2(6) = (2(9)) Nic ((0)), ) 0 H (2(6) = 1(w(8)) Nic(@(0)), Nic (2()))

From Figure 1 (with z = z(d)), it follows that cot(58(n)) > cot(a) > 55 > 0.
This proves the first part of the lemma.

If K is in addition in C?H there exists R > 0, independent of § and x, such that
1
for all x € 0K, K C BY (x — RNg(z), R) . If we choose s = R [1 —(1- (%)2)5},
then for all x € K, the orthogonal projection of

By (r — RNk (z),R) N H (x — sNg(z), Nk (z))

is contained in BY (z — t(z)Ng (), 22) N H (x — t(x) Nk (z), Nk ().
We take &g as in (8). Then for all § < §y, one has

|H™ (z — sNg(z), Ng(z)) N K| > 6.

8



B (1~ ()N (1), 2)

Figure 1:

Indeed, for z € 0K, let
C (t(z), po) = conv |z, H(z — t(x) Nk (z), Nk (x)) N By (z — t(x) Nk (z), po)].
Then,

|H™ (z — sNg(z),Ng(z))NK| > |H™ (z—sNk(z), Ng(2)) N C (t(z), po)|

L I el

nt(z)"~t T np2n-lRn-1

n—1 n—1 1qn
_ p RIBYT L o) ] s o
= et | (1 (43)) .

Similar to above, with By (x — RNk (z), R) instead of K in Figure 1, it follows that
po _ro

cot(a) > % > 0 for all 0 < § < dp. From Figure 2, it follows that 8(n) < v < «

and cot(B(n)) > cot(y) > cot(a) > 3 ’Z(()x) > 0. This proves that @) is positive

definite, and hence K € Ci for all 0 < § < dp.

Thus we have the following Proposition as a consequence of Lemmas 1, 2, 3,
and 4.



N.(x) 4

EB,(x—RN, (V-"'——

H(x—SN, (). N ()

Figure 2:

Proposition 1 A convex body K in R™ can only be homothetic to one of its floating
bodies Kg for small enough §, if K is strictly convex and of class C_%.

3  Homothety conjecture in the class B={B, :1<p<+oc}

In this section, we show that the homothety conjecture holds true in the class of
the bodies By for all 1 < p < oo and their affine images.

Theorem 1 Let Bg,l < p < oo be the unit ball of l;j. Let 0 < § < @. Then

(Bp)s = ¢ By for some 0 < c¢ <1 if and only if p = 2.

Remark. By (1), the same holds true for affine images T (BI’,L) of B under an

invertible linar map T on R™: Let K =T (B;}), 1<p<oo. Let0<d< @ be a
constant. Ks = c K for some constant 0 < ¢ < 1 if and only if K is an ellipsoid.

Proof of Theorem 1. For the “if” part, it is enough to consider p with 1 < p < oco.

Indeed, B} and B[, are polytopes and it was observed above that polytopes cannot
be homothetic to any of their floating bodies.

10



We first consider the case when 1 < p < 2. Then 9By is of class C' but not
of class C* at e, = (0,---,0,1). If B? were homothetic to (Bj')s for some 4, then
Lemma 3 would imply that (B})s is C?. Indeed, for all z € d(By)s, 0 < B(n) < §
for all n € S"~2 and thus cot(3(n)) > 0 or all n € S"~2. Therefore the matrix Q of
(6) is positive definite and by Lemma 3 (B})s and thus, by homothety, B} is C?,
a contradiction.

Now we consider the case 2 < p < oco. Then 9B, is of class C? and thus,
assuming that B}, is homothetic to (Bg) 5 for some § > 0, (Bg) 518 Cc?.

It was shown in [18], that the curvature xkpy at © € 9B} is

D | e
opp(a) = P L - Q
(30iy |zg2-1)2
Thus for e, = (0,---,0,1), IiBg(en) =0, if p > 2 and Ky(e,) = 1, if p = 2.
Consequently, as we assume that (B]’;) ;= cBy for some § > 0, the curvature at

cen €0 (B;‘)é is different from 0 only when p = 2 and for all p > 2

K(Bp) (cen) = 0. (10)

5
o 1 . . . . _
By Lemma 3, /ﬁ(Bg)é(cen) = det@)’ which is 0 if and only if det(Q) = co.
By (6), the matrix @ has entries

1

Qi,j) = KA Hcenen)] Jons r"(n) cot(B(n)) don—2(n),

1<i,7<n—1. Again, foralln € S" 2 0 < 8(n) < %. Therefore, det(Q) < oo
and thus the curvature at ce,, € 0 (B;L) 5 1s strictly positive which contradicts (10).

We point out that (By)s € C? for all p € (1,00) and all § > 0 can be obtained
from results in [6].

More generally, in the same way as Theorem 1, one can prove

Proposition 2 Let K be a conver body in R™. If K has a point on the boundary
where the Gauss curvature is either 0 or oo, then K is not homothetic to Ky for
any (sufficiently small) § > 0.

Proof. Let zp in 0K be such that ki (xg) = oo and suppose that K is homothetic

to Ks for some § > 0. Then, by Proposition 1, K is strictly convex and in C’i.
By Lemma 3, kg, (czo) = m, where czq is the point on dKs corresponding to

xo by homothety. This is oo if and only if det(Q) = 0. But by Lemmas 3 and

11



4 (respectively Proposition 1), K is in C_%, thus @ is positive definite and thus
det(Q) > 0, a contradiction.

The case ki (xg) = 0 is treated similarly.

4 Homothety conjecture for general K

In Section 2 we proved the homothety conjecture for By, 1 < p < oo and their affine
images. The proof uses the fact that one only needs to examine one properly chosen
direction in order to be able to conclude. In this section, we will use two directions
to give a positive answer to the homothety conjecture. Moreover, our approach
is robust and can be used to obtain (partial) positive solutions for generalized
homothety conjecture.

Theorem 2 Let K be a convex body in R™. There exists a positive number 6(K),
such that the following are equivalent:

(i) Ks is homothetic to K for some 0 < 6 < §(K);
(ii) K is an ellipsoid.

In the next section we provide estimates for the threshold §(K).

To prove this theorem, we need the following results. Proposition 3 was proved
by Petty in [10] and Lemma 5 was proved in [15]. See also [26] for similar results.

Proposition 3 [10] Let K € C'JQr be a convex body with boundary of class C? and
everywhere strictly positive Gaussian curvature. Let c¢(K,n) be a constant only
depending on K and n. Then

kg (z)(z, N (x)) ") = ¢(K,n), VzedK

holds true if and only if K is an ellipsoid.

Lemma 5 [15] Let K € Ci be a convexr body with boundary of class C? and
everywhere strictly positive Gaussian curvature. Then, for any x € 0K,

i 22 ()] -

6—0 n §n+l

2
|B£L—1\ n+l
n+1

where {xs} = 0(K;5) N[0, z] and ¢, =2 <

12



Proof of Theorem 2. Suppose that K is homothetic to K5 for some 0 < § < §(K).
d(K) will be determined precisely in Section 5. By homothety and Lemmas 1, 2,
3, and 4, K € C2. Define, for z € 9K,

1
Lemma 5 implies that for all z € 9K, fs5(x) — f(z) = % as 0 — 0. If K is
not an ellipsoid, then by Proposition 3, f(z) is not constant. It follows that for &
small enough, fs(x) is not constant, which is impossible if K is homothetic to K.

Therefore, K must be an ellipsoid.

Note that, following the above proof, one gets

Remark. Let K be a convex body in R™. Suppose that there are two points
x,y € 0K, such that, both ki (x) and ki (y) exist and are finite, and

rrc(x) (@, Nic(@) ™" # ke (y) y, Nk ()=,

Then there is a constant §(K,x,y) depending on K,z and y such that Kj is not
homothetic to K for all § < 6(K, z,y).

Analogously, we can ask the following generalized homothety conjecture.

Generalized Homothety Conjecture: Let K be a conver body in R™. Does
Ky = cK for some 0 < s and some ¢ > 0 imply that K is an ellipsoid? Here
{Ks}s>o0 is a family of convex bodies constructed from K.

Besides the convex floating body Kj§, examples of such K include

1. the illumination body [22] K° = {z € R™ : |conv(xz, K)| — | K| < 6};

2. the convolution body [3, 12] C(K,t) = {2 € R": |[K N (K +z)| > 2t}, de-
fined for a symmetric convex body K in R™ and t > 0;

3. the Santalé-regions [7] S(K,t) = {z € K : |K*| <1}, where K* = (K —
) ={z € R": (z,y — ) <1,Vy € K} is the polar body of K with respect
tox € K.

We refer to [23, 24, 25] for more general constructions.

The following theorem provides (partial) positive solutions of the generalized
homothety conjecture. Theorem 3 (i) was proved with a different method in [20].

13



Theorem 3 Let K be a convex body in C’i.

(i) [20] There exists a positive number 6(K) such that K9 is homothetic to K for
some 0 < 0 < 0(K), if and only if K is an ellipsoid.

(ii) There exists a positive number t(K) such that C(K,t) is homothetic to K for
some 0 <t < t(K), if and only if K is an ellipsoid.

(iii) There exists a positive number t(K) such that S(K,t) is homothetic to K for
some 0 < t < t(K), if and only if K is an ellipsoid.

Remark. The proof of this theorem is same as the proof of Theorem 2. The proof
of (i) also relies on Lemma 3 in [22]. For the proof of (ii), we refer to results similar
to Lemma 5 in [12]. For (iii), one uses Lemma 13 in [7].

Estimates on the thresholds 0(K), ¢(K) and #(K) can be obtained similar to
the one for §(K). This is treated in the next section.

5 Estimates on the threshold §(K)

Our proof of Theorem 2 gives a possibility to estimate the threshold §(K) for a
convex body K in R™.

1

Let f(x) = % be the function introduced in the previous section. We

define points xps, £, € 0K and numbers Ty, T}, and 7 as follows.

Tar = flea) = mgg S, T = Slom) = i J@), 7=

Note that the points z,,, and xj; may not be uniquely determined. We just choose
any two points satisfying the conditions. Let

__1 _ 1
Tm = KK (Tm) "1, v =kKr(Tpm) 1

9 ntl 3 ntl
n—1 n—1
a=min{1— N — —1%. (12)
1+7 1+27

Theorem 4 Let K be a convex body in R™ with everywhere on 0K strictly positive
Gauss curvature and such that OK is C3. Let a be as in (12). Then §(K) of
Theorem 2 can be chosen to be

and

_ n .n n 1— noen | BN
6(K) = min{5076175275m76M7 Q= a) r |B5] (= a)” vy | 2|},

2 ’ 2

where &g is as in (8), and the expressions for d1,02,0m,dpnr are in the proof.
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Proof. We first rewrite the proof of Theorem 2 in a more quantative way. Suppose
hence that K is homothetic to K for some 0 < § < §(K), 6(K) < dp with dp given
by Lemma 4, and suppose that K is not an ellipsoid. Then, by Proposition 3,
7> 1. By Lemma 5, there exists d;(K) > 0, such that,

f(;(:L'M) > Ty <1 — 7—3_ 1> =Ty <2T3+ 1) , forall 0<d< 51(K), (13)
T T

with f5 as in (11). Again by Lemma 5, there exists d2(K) > 0, such that,

fslzm) < Tm<1+7;1)::rm (T‘gl),forau 0< 6 < 8(K). (14)

Let 6(K) = min{dp,d1(K),d2(K)}. Then formulas (13) and (14) together with
the homothety condition imply that T}, (23—‘:1) < Tm (TTH) or, equivalently, that
7 < 1, which is a contradiction.

Thus, to estimate §(K), it is enough to estimate d1(K) and do(K) which we
will do now.

For a = (ai,...a,) € N? and an |a|-times continuously differentiable function
g, let D} be the o times product of D;, and

dlelg

As determining 6(K) is invariant under affine transformations of determinant 1,
we can assume that the ellipsoid approximating 0K at x,, is a Euclidean ball and
then have (see [17]): For a > 0 given as in (12) above, there exists A, ,, such that
for all A < Agm

BY (zy, — T Nk (), ) NVH ™ (X4, — ANg (2m), Nk (2m))
CKNH™ (xm — ANg(zm), Nk (zm)), (15)

where 7, = (1 — a)ry,. In addition, we also choose Ag, < 7.

Assume now that x,, = 0, Nx(z,) = —ep, and the other (n — 1) axes of
the approximating ellipsoid coincide with the remaining (n — 1) coordinate axes.
Let Ppn(K) be the orthogonal projection of K onto R™™! and p,, be such that
B0, pm) C int (P (K)), the interior of Py, (K). Locally, we can describe 9K
by a convex function f, : Bg_l(O,pm) — R, such that ¢t = (t1,...,tp—1) —
(t, fm(t)) € OK.

As OK € C3, Taylor’s theorem implies that for all t € Bgil(O, Pm),

(n—1)

: L, (n=1)
Dl = 5

3
DIt|3 16

(t, At) +

DN | =

fm(t) <

15



. 2 -1 . .
with A = (gti‘gtnj (O))Zj:1 = %mldn_l is the Hessian of f,, at 0.

In our chosen coordinate system, 0B% (:cm — N K(xm),fm) is described (for
gm(t) < F) by

Im(t)

m{1_ 1—(||t\|/Fm)2] P — A\ 72, — |[]]°

As b <1-/T—Dforallbe[0,1], we get for all £ with [[¢]| < 7y,

£

02 3 gy

(17)
Thus by (16) and (17), g (t) > fin () for all ¢ with ||t]| < tqm =min {pm, 7, %}

We then let Ay, = T — /T2, — 12, and thus condition (15) holds true for all
A < Agm. We further let
m
O =By~

F'm_Aa,m

n—1

(F?n - y2) 2 dy. (18)

Denote by Az, the height of a cap of 7, By of volume exactly J. Recall that

{ms} = OKs N[0, 2. Put A, = <H§Z”,NK(azm)>||xm — Zp sl By (15) and
(18), one has A, < Ay, for all 6 < 6,,,1. Thus
c T — Tm,5 cn Ay, cn Ar,,
gt llwmll 57T (T Nig(m)) 07T (2, Nic(zm))
Let 0 < %. Then Ay, < 7, and by definition of Az ,
n—1 Pm _ n=1 ,_ n—1
b = |BQ | (Tm —y) 2 (PTm+y) 2 dy
meAFm
n—1 _ o1 [Tm n—1
> By | (2rm — Ar,) 2 (Tm —y) 2z dy
meAFm
1 n—1 |Bn_1| A nd n+1
S ( 2, m

2Tm

. . Aa.m 1 — tgm tim
In particular, using (1 — 5= ) >sand Agp =T [ 1— /1 — = > &

tn+1 Bn—l
Oy > —— 1Bz | = . (20)
272 (n+1) 7y

16



Similarly,
n—1 ’ nal

n—1 n—1 F"L n—1 n+1 ==
6< anl 2T’F2 T _ Td :27’[72 _2
<|By"| m Fm_Am(m y) * dy m e B
r»n B7L
Hence for all § < w,
_n—-1 _n—=1 n—1
= n+1 = n+1 — o1
T Ar T Ay n+l
- < =z < = (1— _””> . (21)
Cn, Swrt Cn 27 m,
n —
Recall that = and x,, s are colinear. Therefore, 1 — <H‘T;"’5HH> < n W

Together with (19), (20) and (21), we get for all § < min{%,ém},
1—1

n—1

f;’bm A’F T ht1 _n—1 AF T ntl
m) < 1-—= =T, (1— ntl (] — —2 .
folom) < (T, Nic(2m)) ( r ) ( a) < 27”m>

2T m,

Hence (14) will hold for all 6 < min{ds, ‘B%'m, m ), if we choose 2 so that

<1—A’“’H>M§(1—a)ﬁf (T;rl) (22)

27
By (21) and (22),

n—1

_n— n—1
e | ~ —n=
T <1_Arm> T sk Tm (1— o)

2 Ty
Cn 27 m

To have (22), it is enough to have that

5L 1 -1 1 ntl
n+1 n—1 n—1
(1— G )(1—a>n+l) <a-o (7))
ey 4 2
CnTm
Hence, we can let
n+1
ntl - ntlq 5
) (1—a) 2 1By _ 2\
5y =2 nl2 1 1—-(1—a) ! . (23
=2 (1) o P e aa (G (23

1 —
Now we consider zps. We let ryr = ki (xpar) =7, 7ar = (1 — a)rar, and Ry =
(1+a)rps. Similar to the case of z,,, we can describe 0K locally at z); by a convex

function fys : By (0, par) — R, such that t = (t1,...,tn—1) — (¢, fu(t)) € OK.

17



Here, pyy is such that By (0, pas) C Pur(K), the corresponding orthogonal pro-
jection of K onto R" ™! at z)s. As in inequality (16), fas(t) > %% — @D\\t“?’.
Let

fars = mind Fag, 0 d Apy =ra — /72, — 2
M,1 = 1NN 4§ T'pf, DfM(n—l)S’pM , an M1=TM Ty M1

We repeat the previous argument and get for all A < Ay 1, that
Bg (zM — fMNK(Q?M),fM) NH™ (acM — ANK(?L‘M),NK(xM))
CKNH™ (:cM—ANK(xM),NK(:cM)). (24)

In our Ch?Sen coordinate system, 0B% (a: v — RyN x(xar), RM) is described (for
gm(t) < Rar) by

one(0) = Rar |1 =1 = (1 Rar)”| = s = [ R, = 1o,

Let { = 1+ 3. Clearly, 1 — V1 -5 < %b for all b € [0, 4(?1)]. Thus, for [|t|| <
2(6-1) < gl
¢ 2

Ry, we have gy (t) <

:U\‘

Let tyr2 = min{g(le)z’ R, 2DRz\5)?nl)3’pM}' Then, for ||t|| < tar2, we get
that fas(t) > gar(t) which implies that

Bg (acM — RMNK(CL'M),RM) NH™ (:CM — ANK(l'M),NK(l'M))
ODKNH™ ({L‘M—ANK({EM),NK(.%‘M)), (25)

for all A < AM72 with AM,Q = RM - R%W - t?\/[,Q'

We let Aa,M = min{AMyl, AMQ}, and

M 1
Saia = B / (73— 7" T dy. (26)
T a,M

In particular, as above,

71| n—1 n+1

B? nl ongl
Sna > 2|n2+ : Tf i = 0, (27)

t2 t2
. M,1 M,2
where A, ys can be taken as min { S—a)rm > 3(01—a) Rnr }

Let Ap = be the height of a cap of Ry By of volume exactly 8. By (24), (25), (26),
and (27), for all § < 6y, Ap,, < Agy, = <||xM|\7NK(xM)> lzar — xar5)|- Recall

{wr15} = [0,20] N K. Similar to (21), for all § < min{ 3L 5,1,

_n—1 __n—=1 n—1

RMn'H < ARM RM”+1 <1_A£?M>_"+1.
Cn o 5%4—1 Cn 2Ry

18



Again, similar to above, this implies that, for all § < min{w, o},

fi(aar) > (14 @) 71Ty (1_ (n — )Ty dmit )

Q%ch(l + a)%

Thus, to have (13), it is enough to have

_2
(14032 (1_ (n—1) Tyy 6741 ) L 2rtl

Q%ch(l-}-a)% 3T

or, equivalently,

§< ST (=61). (28

Now we let the threshold §(K) be

6(K) = min{50761a52a6m35]\47 ( a) Tm’ 2‘ ( a) TM| 2’}5

2 ’ 2
where dg, 1, 02, 0m, dpr are as in (8), (28), (23), (20) and (27) respectively.
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