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Abstract

An affine invariant point on the class of convex bodies I, in R", endowed with
the Hausdorff metric, is a continuous map from K, to R™ which is invariant under
one-to-one affine transformations A on R", that is, p(A(K)) = A(p(K)).

We define here the new notion of dual affine point ¢ of an affine invariant point
p by the formula q(Kp<K>) = p(K) for every K € K., where KP®) denotes the
polar of K with respect to p(K).

We investigate which affine invariant points do have a dual point, whether this
dual point is unique and has itself a dual point. We define a product on the set of
affine invariant points, in relation with duality.

Finally, examples are given which exhibit the rich structure of the set of affine
invariant points.
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1 Introduction.

While convex bodies have been the topic of extensive research for more than a century,
it is the affine geometry of these bodies that has been a main focus of study in recent
years. We only mention the rapid progress in the L, Brunn Minkowski theory (e.g.,
[2, 4, 8, 10, 21, 22, 26, 27]) and the theory of valuations e.g., [5, 6, 7, 19]. The resulting
body of work has proved to be a valuable tool in fields such as harmonic analysis,
information theory, stochastic geometry and PDEs (e.g., [9, 14, 15, 25]).

Specific points associated to a convex body, like the centroid and the Santal6 point,
satisfy an affine invariance property: The point of an affine image of a convex body is
the affine image of the point. More formally, if IC,, denotes the set of all convex bodies
in R™ a mapping p : K,, — R" is an affine invariant point if p is continuous for the
Hausdorff topology and satisfies

P(T(K)) =T (p(K))
for every one-to-one affine mapping 7' : R® — R™.

Even though this notion is intriguing in its simplicity, little is known about affine
invariant points. At the same time, these are fundamental invariants of convex sets.
They are, for instance, useful to characterize properties of symmetry or of non symmetry
of convex bodies (e.g., [12] and [13]). The more different affine invariant points a convex
body has the less symmetric it is. The task of computing an affine invariant point of a
convex body can be formidable, even to show that two affine invariant points of a convex
body are different can be nontrivial.

Affine invariant points were first defined by B. Griinbaum in 1963 in his seminal
paper [3], where he also posed several open problems. In two preceding papers, [12] and
[13], we answered some of Griinbaum’s questions: The dimension of the space of affine
invariant points is infinte and there are convex bodies K in R™ such that every point in
R™ is an affine invariant point of K. More importantly, we showed in some cases that the
presence of many affine invariant points means that the convex body lacks symmetry.

However, many structural questions are still open. In this paper we address them
through the study of duality. We introduce the new notion of dual affine invariant point.
In short, the point ¢ is a dual affine invariant point to p if

g(K"™M)) = p(K)

for all convex bodies K. Here, K* = {y e R" : (y — z,x — 2)) < 1 for every z € K} is
the polar of K with respect to the point z. The motivation for our definition, given in
Section 3, comes from the duality relation between the center of gravity and the Santald
point of a convex body. Further examples of dual affine invariant points are the center of
the John ellipsoid and the center of the Lowner ellipsoid. All this is explained in Section
5.

We start our study by addressing a number of basic questions. First, does every affine
invariant point p have a dual p°? The answer, surprisingly, is: No. This is the content
of Theorem 2. In Theorem 1, we show that if a dual affine invariant point exists, it is
unique. Theorem 3 establishes a reflexivity principle for affine invariant points, namely
that the double dual p°° of p equals p. The proofs of the theorems require a number of
technical results. Those are presented in Section 3.



In Section 4 we give the proof of the main theorems. We also define there a product
[p, q] of two affine invariant points p and ¢ as a mapping from from the set P, of all
affine invariant points into itself. This product has a nice duality property,

[¢°,p°] o [p,q] = I,

where I,, is the identity on P,.

Finally, Section 5 is devoted to a list of useful examples of affine invariant points
and a related notion, that of affine invariant sets (also defined in Section 2), many new
ones among them. Moreover, we investigate how to extend the affine invariant points
on KCy, i, the set of compact convex subsets in R™ whose affine span is k-dimensional, to
affine invariant points on /C,,.

The authors would like to thank the American Institute of Mathematics in Palo Alto
where, in the course of the workshop “Invariants in convex geometry and Banach space
theory”, much of the paper was produced.

2 Notation and Background material.

We denote by K,, the set of all convex bodies in R™, that is the set of all convex compact
sets with nonempty interior. For K € I, int(K) is the interior of K and 0K is its
boundary. We say that K € K, is in C2, if 0K is C? with strictly positive Gaussian
curvature.

The Euclidean ball centered at a with radius r is BY(a,r). We write in short BY =
B7(0,1) and S"~! = 9BZ. We endow R" with its canonical scalar product, and for
x € R", we denote |z| = \/(z,z) its Euclidean norm. The n-dimensional volume of K
is vol,, (K), or simply |K|. Quite often, if A C R™ has an affine span of dimension k, we
shall denote also by |A| the k-dimensional volume of A in its affine span.

For subsets A and B of R™, conv[A, B] denotes their convex hull, the smallest convex
body containing them.

The support function hx : R® — R of a convex body K is given by hg(§) =
sup,cg (&), If 0 € int(K), K° = {y € R" : (x,y) < 1} is the polar body of K with
respect to 0. More generally, we define the polar body K* of K with respect to x € R"”
by

K*=(K—-z)°4+z, or K —z= (K —1z)°.

Note that K* € IC,, if and only if = € int(K). We will only consider such situations. By
the bipolar theorem,
(K*)* = K, (1)

which may be written as
K—z=(K"—x)°.

We shall frequently use the fact that if 7' : R™ — R™ is a one-to-one linear map,
K € K, and x € int(K), then

(T(K —2))°" =T""((K - 2)°). (2)



Here T* is the adjoint of T and T*~! its inverse.

The Hausdorff metric dg on K,, is defined as

dH(Kl,KQ) = I'IllIl{A Z 0: K1 g K2 +)\B§L,K2 g Kl +>\Bg}

Now we recall the definitions of affine invariant points and of affine invariant sets
[3, 13].

Definition 1. A map p : K,, — R™ is called affine invariant point, if p is continuous
and if for every nonsingular affine map T : R™ — R"™, one has

p(T(K)) = T(p(K))
We denote by B, the set of affine invariant points in R™,
B, ={p: K, — R”| p is continuous and affine invariant},

and for a fivzed K € KCp,, Pr(K) = {p(K);p € P, }.
We say that p € B,, is proper if for all K € K,,, one has p(K) € int(K).

Definition 2. A map A : K, — K, is an affine invariant set mapping, or an affine
invariant set, if A is continuous (when KC,, is endowed with the Hausdorff metric) and if
for every affine one-to-one map T : R™ — R™, one has

A(T(K)) = T(A(K)).

We denote by A, the set of all affine invariant set mappings from IC,, to ICy.

Well known classical examples (see e.g. [3], [13]) of proper affine invariant points of
a convex body K in R™ are the centroid,

oty = L2, ®

the Santald point, which is the unique point s(K) € int(K) for which |K*(5)| = min, |K?*|,
the center of the John ellipsoid of K, that is the ellipsoid of maximal volume contained
in K and the center of the Lowner ellipsoid of K, that is the ellipsoid of minimal volume
containing K.

We will discuss these and other examples in Section 5. More details on affine invariant
points, and some results that we shall use here, can be found in [13].

3 Dual affine invariant points.

We now introduce the new concept of a dual of an affine invariant point.

Definition 3. Let p € 8, be proper.



(i) We say q € Py, is a dual of p if for all K € K,
g(K*")) = p(K). (4)
If p has a unique dual, we denote it by p°.

(i) Let w € B,,. We say that w is a bidual of p, if p has a proper dual ¢ € B,,, such
that w is a dual of q. This means that there is an affine invariant point q that is dual to
p and that w is dual to q,

g(KPH)) = p(K)  and w(K15)) = ¢(K).

Theorem 3 assures that a dual point is automatically proper.

The centroid and the Santalé point, and the center of the John ellipsoid of K and
the center of the Lowner ellipsoid are examples of dual affine invariant points. We will
explain this in Section 5.

For ¢ € 93,,, the affine invariance of the mapping K — q(Kp(K)) implies that ¢ is a
dual of p. This is the content of the following lemma.

Lemma 1. Let p,q € B,,. Suppose that p is proper. Then q is a dual of p if and only if
the mapping r : K, — R" defined by r(K) = q(KP¥)) is itself an affine invariant point.

Proof. By definition, if ¢ is the dual of p, then r = p € 3,,. Conversely, suppose that
the map K — ¢(KP¥)) is an affine invariant point. For all K € K,,, all linear, invertible
maps T : R” — R™ and all b € R” we have by (2)

p(T(K)+b)
)

(T(K) +b —p(T(K) + b) - (T(K - p(K)))o = ! ((K - p(K))").

Therefore, and as ¢ and r are affine invariant points,

T (K = p))) = (TG - 0(8))))

)p(T(K)+p(K))

g ((T(K) + p(K) —p(T(K) + p<K>)>

)p(T<K>+p(K>)>

q ((T(K) + p(K) —p(T(K) +p(K))

= (T(K) +p(K) ) = p(T(K) + p(K) ) = T(r(K) = p(K) )
)
In particular, 7%~ ! (q((K — p(K))O)) =T (q((K —p(K))O)) holds for T' = AId with

A > 1. One has thus q((K —p(K))O) = 0 for all K, and hence r(K) = p(K) for all
Kek, O

We will show in Theorem 3 that if a proper affine invariant point p has a dual, then
this dual point is unique and proper. We will then show that p is the unique dual of p°,
and hence p has a unique bidual point which is p itself.

First, we give a definition which will be useful to investigate duality.



Definition 4. Let p € 5B,, be proper .

We say that p 1is injective if, whenever K1, Ko € K, satisfy Kf(Kl) = Kg(KZ), then
p(K1) = p(K>).
We say that p is surjective if for every C' € K, there exists K € K,, such that C = K?(5),

We say that p is bijective if it is both injective and surjective.

The centroid, the Santalé point the center of the John ellipsoid and the center of the
Lowner ellipsoid are examples of injective and surjective affine invariant points. More
examples are given in Section 5.

Remark 1. Let p € B, be proper and define ¢, : K,, — Ky, by

p(K) = K. ()
1t is easy to see that ¢, is continuous. Moreover we have
(i) p is injective, (surjective, bijective) iff ¢, is injective, (surjective, bijective).

We address the first statement. Let p be injective and suppose that ¢,(K1) = ¢,(Ka2),
Kf(Kl) _ Kg(Kz).

i.e. Then, by injectivity of p, K1 = Ka, i.e. ¢, is injective. Con-

versely, let ¢, be injective and suppose that Kf(Kl) = Kg(KQ). The latter means exactly

that ¢p (K1) = ¢p(K2), and it follows from the injectivity of ¢,, that K1 = Ks.

(i1) g € Py, is dual of p if and only if g o ¢, = p.

The next two lemmas characterize injectivity and surjectivity.
Lemma 2. Let p be a proper affine invariant point. The following are equivalent.
(i) p is surjective.

(ii) For every C in K,, there is a z € int(C) such that p((C' — 2)°) = 0.

Proof. p is surjective means that for all C' in IC,, there is K in K, such that
C = K"%) = (K = p(K))" + p(K),

or, equivalently, (C — p(K))O = K — p(K). This is equivalent to

p((C = p(K))°) = p(K) = p(K) = 0.
d

Lemma 3. Let p be a proper affine invariant point. Then the following are equivalent.
(i) p is injective.
(it) For all C' € K,,, there exists at most one z € int(C) such that p((C — z)°) = 0.

Proof. (i) = (ii) Suppose that there are z; and 25 in int(C) such that p((C — 21)°) =
p((0722)0) =0. Fori=1,2, weput K; = C% = (C—2;)°+2;. Then K;—z; = (C—2;)°
and hence

0= p((C - Zz)o) = p(Ki - Zz)) = p(K;) — 2,



and thus p(K;) = 2. By (1), C = K = K?™ ) and € = K3 = KP'5?) | Injectivity of
p implies that z; = 2.

(i1) = (i) Suppose C = KPFY = gPU2) g0 K K, € K,,. Then, for i = 1,2, C —
p(K;) = ((K; — p(Ki))o7 so that (C' — p(Ki))o = K; — p(K;). Hence C — p(K;) has a
bounded polar, which means that p(K;) € int(C). It follows that for i = 1,2,

p((C = p(K:)") = p(K: ~ p(K:)) =0,
and hence by (ii) that p(K;) = p(K3). O

It will be useful to have a new description of (K° — 2)° when 0 € int(K) and z €
int(K°). Let thus K € I, be such that 0 € int(K). For z € int(K°), we put

Kzz{l_zCM:xGK}. (6)

In Lemma 4 we show that K, = (K° — 2)°.

It is easy to show

dx .
R e e N USRS

Moreover, when A — 1, |K),,| — +o0o uniformly in zo € 0K°.

For any ellipsoid & centered at 0, and every z such that he(z) < 1, &, is an ellipsoid.
For the Euclidean unit ball BY, (BY), is an ellipsoid with center ﬁ and

| B3|
(1|22

[(B3)-| =

Remark 2. Therefore, a natural question to ask is whether ellipsoids are the unique
bodies such that K, is centrally symmetric for any z € K°.

The next lemma relates K, to (K° — 2)°.

Lemma 4. For all K € K,, with 0 € int(K) and all z € int(K°),
(K°)? —z=(K°—-2)° =K,.

By Lemma 4, for all z € int(K°) and all 2’ € int((K.)°) = int(K° — 2)
(K.)o = (K. =) = (K° = (4 #))° = Kovor

Proof. The first equality follows from the definition. For the second one, observe that
for z € int(K°),

(KO _ Z)O

orall y e K°}

{' eR": (2/,y—2) <1
1+ (2',z) for all y € K°}.

{2/ e R": (2, y) <

Since 0 € int(K°), such an 2’ satisfies 1 + (2’,z) > 0, so that

/
(Kofz)o = {l'l GRn : <1—~—ij/2’>’y> S 1 for allyEKo}



Since (K°)° = K, one has thus
/ xl
K°—2)° = eER": —— e K.
o= ={o e s ek

O

Finally, observe that x = y if and only if 2’ = 17@ o

_a
1+ (2’2

Now we show that for a proper affine invariant point p and for the centroid g, p((K °—
Az0)°) and g((K° — Azo)°) have an analogous behavior when A — 1. To do so, we need
several technical lemmas.

Lemma 5. Let K be a convex body containing 0 in its interior. Then there are constants
c>0 and 0 < Ao <1 such that for all zj; € OK°, all proper p € P,, and all \g < XA < 1,

T4 c
K )| > { p(Kpr), -2 ) > ——.
o) > o0 ) > 75

Proof. It is well known that for every L € K,, one has that L — g(L) C n(g(L) — L),
and thus L — (n + 1)g(L) C —nL. Hence, for every v € S"~1,

1
n+1

(9(L),v) > (h(v) = nhp(=v)).

Since p is proper, it follows from Proposition 1 of [13] that for some 0 < a < 1, one has
p(L) — g(L) € a(L — g(L)). Therefore, for every v € S"~ !,

(D)) > (1= a)a(D).0) ~ ahu(-0) 2 T 5e0) = (P ) b0 (1)

By Lemma 4, for all A with 0 < A < 1

T
Kypr =9 —————F— K.
o {1—A<x6aw> "e }

Consequently,

xy 1 (x§,x) 1
hK E (S) = * sup o * = *
6\ |l 25| zerc 1 — Mz, 25) |lz5l(1 = A)

xk 1 —Xz§, ) 1
hicy,. (—% ) = < s o2y S Nl
Ko ( ) gl ver 1— Ma,zg) — Alzg]

and

Together with (7) we get

() ) 2 g (a3 (o +2)-

l1—«
2(n+1) MaX,s oo ||

We choose

and we obtain the result, choosing a big enough A, for all A with 0 < Ag < A < 1. O



Lemma 6. For all K € K, with a C -boundary there exists ¢’ > 0 such that for all
(x§, o) € OK° x OK satisfying (xf,x0) =1 and all x € K

z— x| < (1 — (xf,z)).
0

Proof. By the Cj hypothesis, there exists an R > 0 such that for all (2}, 79) € 0K°x0K
with (xf, o) = 1,

K C 2o — R0 1 RBY.
|5
Hence, for all z € K, |zg — x — Rligl 2 < R?, or,
2R, 2R "
|zo — 90|2 < T<$Oax0 —z)= * (1 — (x5, ).
|| |5

We take ¢ = —2E [

miny*eBKD ‘y*‘ ’
Lemma 7. For all K € K,, with a C5f -boundary and 0 € int(K) there exists d > 0 such

that for all (xf,x0) € OK° x OK with (xf,x0) = 1, for all v € S"~* with (v,x¢) = 0, for
all0 <A <1 and for ally € Kygz,

d

21 = \)

(v,y) <

Proof. Let 0 < A <1 and let y € Kyzz. Then y = #

z5,7)

for some z € K. By
Lemma 6 and (v, zg) =0

|(z, v)| |zo — | c(l — (a5, 2)) Ve
1— Xag, z) = 1— Xag,x) = 1— Xag,x) = 2v/A1 = N)

(v 9)| =

The last inequality follows as for t <1 and 0 < A <1

\/1—t< 1
L=X 7 2/A01 =)

d

Proposition 1. Let K € K, be in Cf and such that 0 € int(K). Let p be a proper
affine invariant point. Then there is a constant C such that for all A with % <A<,
for all x3 € OK° and all v € S~ with (zg,v) =0

(Px: Tooy) ._c
[(px,0)| — VTN

where xg € OK is the unique point with (xg,xl) = 1. In particular, uniformly in xj €
0K®°,

(8)

i P((KO - AxS)o) X9
im ==
Aol ’p((KO — )\x(’;)o)| E



Proof. Let u = 7% € Sl = o g1 and for 0 < A < 1 let Py = p((K° —

o e

Az§)°). To show (8), we choose w € S™~! such that
ut = (u, uw)u+ /1 — (u*,u)?w.

Please note that (w,u) = 0. Then

((p;wu*> — /1 - <u*,u>2<p,\,w>) )

<px7u> = W

By Lemmas 5 and 7, for A big enough, p is proper and all v € S"~! with (zg,v) =0
1 c * d
Tum ) (55— VI (u ’“>22m)
d )

2¢/A(1—X)

(P, u)
|(p, v)]

where d denotes the constant from Lemma 7. Since

e 2 i i ol >0
)

there is a constant C' such that for all A\ with % <A< 1andall zy € 0K and 2 € OK°
with (zg,z§) =1

(P, w) . C
I{pr,v)] = VI=X

By Lemma 5, |py| — +00 when A — 1. We write py = (px,u)u + (px — (pxr,u)u) and

put v = %. Then v is orthogonal to u and
2N (P, wu+ (pr,vjv u n v
N o )2 + (o, v))2) 2 (pa))? 17 (prsu))?] %
({22, )% + ({2, 02 [1 + (<px,u>)2} [1 + ((mm))z}

which converges to u if (8) holds. O

Proposition 2. Let p € B, be proper. For C € K,,, let F : int(C) — R"™ be the mapping
defined by

Then F is surjective.

Proof. We fix zy € int(C) and put L = (C' — z)°. Then 0 € int(L) and L° = C — z,
so that the statement of the proposition is equivalent to:

For any K € K,, such that 0 € int(K), the mapping F : int(K°) — R™ defined by
F(y*) = p((K° — y*)o) is surjective.

We shall prove it in this form.

We first treat the case when the body K is Cy . Suppose that F is not surjective.
Then for some = € R™, one has F(y*) # x for every y* € int(K°). We define the function
G :int(K°) — S"~1 by
Fly)—=
GW) = —
|F(y*) — =

10



By Lemma 5, |F(y*)| — oo for y* — dK°. By this and by Proposition 1, we have for all
y* € int(K°),
F(y*) —
lim 7@*) S i,
S TRy —al Tl
where y is the unique point in 0K such that (y*,y) = 1. Thus G can be extended to a
continuous function H : K° — S"~!, setting

o | GW) if y* € int(K°)
H(y){ A

Indeed, H is continuous on 0K° since 0K is C’i. We also define a continuous function
0: By — K° by

0(2) 0 if z=0
z) = 2 . n
ke if ze BE\ {0}

Then ¢ = H o6 : B} — S"~!is continuous. It follows that the function 1 : B} — BY
defined by
z—9(2)

v =

is also continuous. By the Brouwer fixed point theorem (see e.g. [16]), for some zg € BY,
one has 9(z9) = 2o, so that
20 = —¢(2’0) e g1,

29 # 0 since zy € S"~!. Therefore

N
0(z0) = I (20)

and consequently z§ = 0(zo) = ,lfK”l(ZZO”) € OK°. One gets

$(20) = H(z}) = —

b

|0l
where zq is the unique point in K such that (z{,z¢) = 1. Since

x4 Zo

= —d(20) =

= Tag]

T

we get
x0T 1
(20, 20) = (20, —9(20)) = — <7 — > =-——0 <0,
|zo| " |5] lzol |5l
which is absurd.

Now we treat the general case. Let K be a convex body such that 0 € int(K). Then,
there exists a sequence (K,,) of C;r convex bodies converging to K in the Hausdorff
metric. For m big enough, one has 0 € int(K,,). Fix x € R™. By above, there exists
yr, € int(K,) such that p((Kg, —y,)°) = @. Since K,, — K, K5, — K°. Let y%, — y*
be a converging subsequence of the sequence (yX,)men. Then it is easy to see that

y* € int(K°), and, by continuity, p((K° — y*)°) =z. O

11



4 The main theorems.

The first theorem in this section follows immediately from Lemma 2 and Proposition 2.
Observe however that the statement of Proposition 2 is stronger than surjectivity of all

proper p € PB,,.

Theorem 1. Every proper affine invariant point is surjective.
While every proper affine invariant point is surjective, for injectivity this is not the
case. This is the content of the next theorem.

Theorem 2. Forn > 2, there exists p € B, such that p is not injective.

We postpone the proof of Theorem 2 to the end of this section. First we apply
Theorem 1 to obtain the following result.

Theorem 3. Let p € P, be proper. Then the following assertions are equivalent.

(i) p has a dual q.

(ii) There exists a proper r € PB,, such that p is a dual of r.

(ii1) p is injective.
Moreover, if one of these assertions hold, then p has a unique dual point p°. p° is proper,
r =p° and p° has a unique dual which is p.

4.1 Proof of Theorem 3.

We shall need more lemmas.

Lemma 8. Let K € K,, and suppose that K —y C B(y — K) for some > 1 and some
y € R™. For all x € R™ and for all real numbers a and ~y such that 0 < a < 1 <~y the

following assertions hold.
(i) Ifx—yealK —y), then K —x C 22 (z — K).

11—«

(i) If K —x C v(z — K), thenx—ye% (K —vy).

Proof. We may assume that y = 0. Otherwise we consider the body K' = K —y.
(i) Suppose © € oK. Let 6 = f‘_"—;l We need to prove that

(0+1)z— K C K.
With the assumption in (i), the inclusion —K C SK and the convexity of K, we get

6+ «a
l1—«

(5+1)ch@<5+1)K+ﬁK(a<1+ >+6>K6K.

(ii) Suppose that K —x C y(x — K). Then (v + 1)z — K C vK. Now we use that
% C —K, divide by v and get with y = 'YT‘Ha? and t = ﬁ% that

y+tK C K.

12



Since K is bounded and closed, it follows that y € (1 — t)K, so that

v By —1

Tr = Yy €
y+17 7 By +1)

Lemma 9. Let L € K,, and let 0 <r < R < 0o be such that rBy C L C RBY. Suppose
that there is x € R™ and v > 1 such that L —x C «y(x — L). Then

2r 2vR
BYycL—-—xC ——BY
2 Tt 1 2

Proof. As L —x C vy(z — L),
2rBfy CcL-L=L—-az+4+zxz—-LC~vy@x—-L)+ax—L=(y+1)(x—L).
This gives the first inclusion. The second one is obtained from

+1O)(L—-—z)=yL-2)+L—xCy(L—z)—vy(L—=z)=~(L—-L)C2yRB}.

For the next lemma, recall (5) where we introduced the notation ¢, (K) = KP(),

Lemma 10. Let p be a proper affine invariant point and suppose that the mapping ¢,
is bijective. Let q: K, — R™ be defined by q(L) = p(K) whenever L = KP5). Then ¢,
s a homeomorphism and the mapping q is continuous.

Proof. It is clear that ¢, is continuous. We want to show that ¢, 1'is continuous.
We use now that the inverse of a continuous, bijective map between locally compact
Hausdorff spaces is continuous if the inverse image of any compact set is compact. Since
K, endowed with the Hausdorff metric is locally compact, it is enough to verify that for
any compact subset £ of Ky, (¢,) (L) is compact.

By Proposition 1 of [13], one has for every K € K,, that
P(K) — g(K) C a((K - g(K)),
for some 0 < a < 1. Here, g denotes the centroid. It is well known that
K —g(K) Cn(g(K) - K).

It follows from Lemma 8 (i)

K = p(K) < 222 (p(r) - K),
whence
(K = p(K))" € =22 (K = p()°
Now ¢,(K) = ((K — p(K))® + p(K), so that
6p(K) = p(K) € “E2(p(K) - 6, (K)). (9)

11—«
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Let £ be a compact subset of IC,,. By affine invariance, we may suppose that there are
0 <7 < R < oo such that for every L € L

rBy C L C RBy.
Let L € £ and K = (¢,,) " *(L), that is,

n—+aoa n+«
L= p(K) = 6,(K) — p(K) C 52 () — 6(K)) = T2 (p(K) ~ L),
The last inclusion follows from (9). Therefore, by Lemma 9 with v = 2£2,
2r 29R
By Cc L—-p(K) C ——Bj.
12 C p(K) C 12
By duality
y+1 v+1
——By C K —p(K)C ——Bj.
7R 2 - p(K) C oy D2

As p is proper, p(K) € L C RBY. Hence we get that for some 0 < ¢ < d, one has
(pp) N (L) L' ={K €K, : v+cBy C KCdBY for some x € R"}.
Now, it is easily seen that £’ is a compact subset of KC,,, and consequently (¢,) (L) is
as a closed subset of a compact set compact. O
Proof of Theorem 3.
(i) = (iii) Suppose that K, Ky € K, satisfy Kf(Kl) = Kg(Kg). Then, by the
definition of dual point,

p(K1) = g (KPUY) = g (KP5Y) = p(Ko).

(ili) = (i) By Theorem 1, p is surjective and consequently bijective. By Remark
1(i), this is equivalent that ¢, is bijective. Lemma 10 then gives

g(L) = q(K*™)) = p(K)
and thus ¢ is the dual of p.

(i) = (ii) We first show that ¢ is proper. By Theorem 1, p is surjective. Hence
there exists K € K, if C € K, such that C = KP(5)_ As ¢ is the dual of p, one has
q(C) = q(KP5)) = p(K) and thus C = KP(K) = K49(©) By the bipolar theorem (1),

Ca©) = (Kq(c))qw) = K, which proves that ¢(C) € int(C). Next we show:
If a proper p € P, has a dual ¢, then p is a dual of q. (10)

Again, by Theorem 1, for all L € K,,, one has L = K?¥) for some K € K,,. Thus, using
the definition of duality, p(K) = ¢ (KP(K)) and the bipolar theorem (1),

ra(h) _ (KP(K))q(KMK)) _ (KP(K))p(K) _x

and hence p (Lq(L)) = p(K) = ¢q(L), which proves that p is a dual of ¢. Thus we can
take r = ¢ in (ii).

(ii) = (i) This follows immediately with (10). O

14



4.2 A product mapping on affine invariant points.

The next definition will turn out to be useful to characterize duality. There, I,, : 53,, —
B, denotes the identity map. Recall also the mapping ¢, : K, — K,, defined in (5) by
op(K) = KPKE)

Definition 5. Let (p,q) € B, x B, be such p and q are proper. We define the map
[PJZ] t By — P by
[p.ql(r) =7 0¢q0¢p —qodp+p.

We show first that [p, ¢](r) is indeed in B,,.
Since ¢y, is continuous for all proper p € B, [p, ¢|(r) is continuous for all r € B,,.

Now we address affine invariance. Let b € R", T': R®™ — R" be a bijective linear map
and S : R®™ — R" be defined by Sz =Tz +b. Put L = (K — p(K))o. By definition, for
all K € ICy,

P al(")(K) = r((E - a(1))°) + p(K).
We put L' = (S(K) — p(S(K)))°. Then with (2),
L = (T(K) — p(T(K))" = (T(K —p(K)) ) = (T (°))° = T" (L),

Thus, again with (2),

o]

(L' —q(L')° = (T*l(L) —q(TN(L)) > - (T*1 (L —q(L))> - T((L—q(L))°>,
so that

p.al(r)(S(K)) = r((L'q<L’>)°)+p<s<K>>r<T((Lq<L>)°))+p<T<K>>+b

7(r((L = a)°) +5(8)) + = S(al)(5).

With the aid of [p, g], we give another characterization of dual affine invariant points.
Proposition 3. Let p,q € *B,, be proper. The following are equivalent.

(i) [p,q) = In.

(ii) [p, ql(p) = p-

(i) q is the dual of p.

(iv) p is the dual of q.
Proof. It is clear that (i) = (ii) and by Theorem 3, (iii) is equivalent to (iv). We now
show the remaining implications.

(ii) = (iv) By Theorem 1, p is surjective. Hence for every L € K,, there is K € IC,,
such that L = ¢,(K). By (ii),

P(K) = [p, d(p)(K) = (po ¢q 0 ¢p)(K) — (g0 ¢p)(K) + p(K),

15



which is equivalent to

p ((6p(K)) D) — g (6,(K)) =0,

and again, equivalent to
P (L‘Z(L)) =q(L).
By the definition, this means that p is the dual of q.

(iii) = (i) If q is the dual of p, then ¢(K?%¥)) = p(K) for every K € KC,. This
means that g o ¢, = p. It follows that

p(K) B

(B 0 65 (K) = (6 (K))*(#0) = (9, (1?50 = (r7t0)

The last equality follows from the Bipolar Theorem. One has thus

p,q)(r) =rogqod, —qodpp+p=r—p+p=r.

The next proposition describes the product [p1,qi] o [p2,¢2] in some special cases.
Note also that

Gp O Ppo = Ppo 0 Pp = I, p:poo¢p and pO:pO¢p°~ (11)

Proposition 4. Let p,r,s € B,, be proper and suppose that p has a dual p°. Then

[r,p°] o [p, 8] = [r, s].

In particular, if p,q € P, are proper and have dual points p° and q¢°, then

[¢°,p°] o [p, q] = In.

Proof. Let t € B,,. Then with (11),

([r,p°] o [p, s])(t)

= [p,s](t) o ppe 0 b —p° 0 Py + 7

=(togsodp —50¢,+p)odp 0pr —p° o+
=10¢50¢p0Ppe 0P —80¢p0Ppe 0Py +PpOPpe 0 —p° o+
=tops0p, —so¢.+p°od, —p°og. +r
=t{o¢s0 ¢, —so¢.+1=]rs|t).

Therefore [r, p°] o [p, s| = [r, s] and [¢°,p°] o [p, q] = [¢°,q] = I,,. The last equality follows
by Proposition 3. O

Remark 3. It would be interesting to know more about [p,p] and

p,0]*(p) := [p.pl o+ o [p,p])(p) , k times, k > 1.

Is there a limit for k — oo ?
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Let 2, be as in Definition 2 and let A € 2,,. Let p, a and b be in B,,. Suppose in
addition that p is proper and that a(M) € int(A(M)) for any M € K,,. For K € K,,, we
define

B(K) = (A((K - p(K))") - a((K - p(K))O)) . b(K). (12)

Then B is an affine invariant set mapping, i.e. B € 2,,. We now show this.

It is clear from the hypothesis on a that B(K) € K, and that B is continuous. We
prove next that B is an affine invariant mapping. To do so, fix K € K, and put
M = (K — p(K))°. Then

(B(K) ~ b(K))" = A(M) — a(M), (13)

which shows that b(K) € int (B(K)). Let T : R™ — R™ be linear and one-to-one, ¢ € R”
and S =T + c. With (2),

)
() =p(8())) " = (T(K)+c—p(T(K) +¢)) = (T(K - p(K)))
= T"H((K - p(K)°) =T (M).

We get from this and (13) with S(K) instead of K,

(B(S(K)) = b(S(K))) " = AT (M) — (T (M)) = T (A(M) — a(M)).
It follows with (2) and (13) that

B(S(K)) = b(S(K)) = T((A(M) - a(M))°) = T(B(K) - b(K))
= T(B(K))+c—T(b(K)) —c=S(B(K)) - b(S(K)),

so that B(S(K)) = S(B(K)).

Suppose now that p has a dual p°. By Theorem 3, p° is surjective. Hence for all
K € K, there is L € K,, such that K = LP°(1). Using also (11), this implies that

p(K) = p (L") = (po 6,0) (L) = p°(D),

and
o

(K —p(K))" = ¢p(K) —p(K) = (¢p © ¢pe) (L) = L —p°(L).
One has then, also with (12),

B(K) - b(K) = (A((K—p(K))°)—a((K—p(K))°))O

It follows that

AL) = (B(K) = b(K)) +a(L) = (B((L -p°(1)°) = b((L - p°<L>)°))° +a(L).

Thus we have proved the following proposition.
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Proposition 5. Let A € 2, and let p, a and b be in P,,. Suppose in addition that p is
proper and that a(M) € int(A(M)) for any M € K,,.
For K € K,,, B defined by

B(K) = (A((K —p(K))") — a( (K —p<K>)°))O + b(K)

is an affine tnvariant set mapping.

If p has a dual point p°, then b(M) € int(B(M)) for any M € K, and for any
LeK,,

o]

A = (B(-r@)) -o((L-rw))) +a.

4.3 Proof of Theorem 2.
The proof is a consequence of the lemmas in this subsection. The last one gives the
result.

Lemma 11. (/13], Lemma 6) Let p € PB,, and let g be the centroid. For 0 < & < 1,
define A, o, Bp e Ky — Ky, by

Ay (K) = {x e K| (2.p((K - 9())°) ) = sup (y.p((K —9(5))°) ) _E}'

yeK

and

By (K) = {x €K <x,p((K—g(K))o>> < inf <y,p((K—g(K))°)> +E}-

yeK

Then A, . and B, . are affine invariant set maps.

Remark 4. Since 0 is the Santald point of (K — g(K))O, 0 e ‘Bn<(K — g(K))o).
Therefore ‘Bn((K — g(K))O) is a subspace of R™.

Lemma 12. Define p.s: K,, — R" by
Pe,s(K) = g(Age(K) U Bgs(K)).

Then p. s is a proper affine invariant point.

Proof. The sets A, .(K) and B, s(K) have non-empty interior. Therefore, p. 5(K) is
well defined and it is an interior point of K. By Lemma 11, for every bijective, affine
mapping T : R" — R"

Ay (T(K)) =T(Ap(K)) and B, s(T(K)) =T(Bys(K)).

Therefore,
Ag(T(K))U By s(T(K)) =T(Ap(K)U By s(K)).

It follows also from Lemma 11 that p. s is continuous. O
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Remark 5. If A, .(K) N B,y s(K) =0, then
9(Ag(K) U By 5(K)) (14)

_ [Ag,e (K| |B,.s(K]|
" A, .(K)| + [Bys(K)| 9(Age(K)) + A (9| £ [Bea(®) 9(By.s5(K)).

Lemma 13. For numbers 0 < a < b let K(a,b) be the convex body in R? defined by

2p4 1 2 1y
K(a,b) =convy{ [ —2 +3a,:|:a , 3013 L0 5.
a+b a+b

Then

—3ab(b? — a?) 0) |

g(K(a, b)> =(0,0) and g(K(a, b)o) - ((2a2 + 202 4 5ab)(2a2 + 2b2 + 2ab)’

In particular, the first coordinate of g(K(a,b)°) is negative.

Remark 6. Note that K(a,b) is the translate of conv {(0, £a), (1, £b)} by (f %Ziéa, ()).

Proof. By symmetry the second coordinates of g(K(a, b)) and g(K(a, b)o) are 0. That
9(K(a,b)) = (0,0) follows from a simple computation. We see that

2p+ La 204+ 1b 2(a® + b% + ab)
K(a,b) = R%2. 3" 37 <p<3° 37 < (b— e -
(@0) = (o) e R L <o < SR ) < 0o L LELDY

Hence

3(a+1D) 3(a+0) —3(b? — a?) +3(b+ a)
K(a,b)° = - 0 0 .
(a,5) COHV{( at2b’ >’<2a+b’ '\ 2a2 T 202 + 2ab’ 2% + 202 + 2ab

Therefore,

1 a+b a+b b? — a?
K(a,b)°) = (z(- -3 0
9(K (b)) (3( %t 1o Zat b 2a2+2b2+2ab)’ )

_ —3ab(b? — a?) 0
— \(2a2 + 2b% + 5ab)(2a2 + 2b2 + 2ab)” )’

In particular, the first coordinate of g(K(a7 b)o) is negative. O

Lemma 14. (i) For all €,§ > 0, we have that p. s(B%) = 0.
(i) For all m € (0,1) there exist € > 0 and § > 0 such that

Pes ((Bgo)nm) =0.

Here, e; = (1,0).
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Proof. (i) Since BZ is 0-symmetric, we have that p. 5(B2) = 0.

ii) For n with 0 <n < 1, let B,, := B2),.,. Then
n n oco/Mne1

1 1 1 1
B, =conv< | — , £ ),( , £ )}
1+n 1417 1-n" 1-—nq

We put a = ﬁ and b = ﬁ and get that g(B,) = (@,0). Hence

2 1 2 1
B, — g(By) = conv { (— <3b—|— 3a> ) :I:a) ) (3a+ §b + b) } .
Thus, with the notation of Lemma 13,
Bn - g(Bn) = Ta,b<K(a7 b))a
where Tg  : R2? — R? is defined by

Top(z,y) = ((a+b)z,y).

It follows with (2) that

o

(Bn 79(Bn)) :( :,b)il(K(avb)o)'

Again by Lemma 13,

. ~3ab(b — a)
9<(Bn —9(By)) ) = <(2a2 T 202 + 5ab)(2a2 + 262 + 2ab)’ 0) '

We replace a = ﬁ and b= ﬁ and set G(n) := g((Bn - g(Bn))C’)- Then

with a(n) < 0 for every n € (0,1). Now we compute
pe,é(Bn) = g(Ag,e(Bn) U Bg,&(Bn))'

Since a(n) <0 for 0 <n <1

Age(By) = {x € Byl (z,G(n)) = sup (2,G(n) — ¢}
= {z € Byl (z,a(n)er) > sup (z,a(n)er) — e}
€
= {x € B, | (z,—e1) > Zseué)n(z, —eq)) — ()] }

= {(.’El,ﬂfg) € B,

- 1 € }

Cay > —

L+n o)
1

:z:1§—+}.
L+n  la(n)|

= {(xl,x2) € B,

Similarly,




Please note that

2
Ayo(B))NBys(B,) =0 ifand onlyif +6 < 1|°i(:’7)2|. (15)

Suppose that we take £ and § so that this condition holds. By (14),

‘Ag,s(Bn”g(AQ,S(Bn)) + ‘Bg,ﬁ(Bn”g(Bgﬁ(Bn)) .

=5(By) =
P5(By) |Ag.-(By)| + |By.s(By))|

Thus p. 5(By) = 0 if and only if

0 = [Age(B9(Age(By)) + Bys(By)g(Bos(By)-
Since ) )
= 2 << <
Bﬁ {(1’7y)€R| 1_1_777%'*1_77, |y|1+77x},
and
€ 2 en 1) 2 on
A € B = ( + > , |B , B = ( — ) ,
Aae Bl = 5 \ T T law1)+ Poeo Bl = 5 \T=7 ~ Tt

Pe,s(By) = 0 if and only if

€n

€ 2
0 = ( < + ))/ xdxdy
la(m)| \1+n  la(n)| {(@w)€Byi- ks <o<— b+ o}
(o (5 ) |
la(m)] \1—=n |a(n)] {(@v)eByith —miy<e<X }
which is equivalent to
2 en 1 € 1-—n 2en
e )
1+n o) (L+n)?  2la(n)| \1+n  3la(n)]
N 52( 2 0y >< 1 0 (1+?7_ 26m ))
L—n Jam]/) \A=n)? 2@ \1-n 3lam)]//
Fora§50<‘f‘_(—’zl)2|ﬁxed, put
2 en 1 € 1—n 2en
0 - (ki) (e i (52 5)
) Trn Taml) a2 T 2emi \15 0 T Sam)
+(52< 2 4y )( 1 ¢ (1—|—77_ 207 ))
L—n lam)) \(A=n)? 2am|\1-n 3lam)/)/

Then, for sufficiently small e

fe(e) >0 and  f.(¢?) <.

Thus, for all € < gy, by the Intermediate Value Theorem, there exists €2 < § < ¢ with
f<(6) =0, and hence p. s(B,) =0. O

Proof of Theorem 2. Lemma 14 provides an example in dimension 2. This example
is easily generalized to dimension n, with B instead of B% . O
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5 Examples of affine invariant points and sets.

In this Section, we list some of the classical affine invariant points and sets, with proof if
necessary. We will also introduce several new affine invariant points and sets. First, we
state a lemma (the proof of which we leave to the reader) that provides a general tool
to study those affine points which are given as minima or maxima of functions.

There, Co(X) denotes the space of continuous functions on a locally compact metric
space X, vanishing at co, endowed with the uniform norm || - | co-

Lemma 15. Let (fy), ey C Co(X) be a sequence of positive functions. Moreover assume
that || fn — fllec — 0, where f € Co(X) reaches its mazimum at a unique point x € X.
Then for any sequence (Ty)nen tn X such that f, reaches its mazimum at x,, for alln,
one has x,, — x i X.

The John regions of a convex body.

Let K € K,,. Let & be the set of all ellipsoids in R™ centered at 0. We define a
function fk : int(K) — Ry by

fx(z)=sup{|E|: F €&, x+ E C K}.

It is easy to see that this supremum is a maximum, that fx is continuous on int(K)
and that fx(z) — 0 when ©+ — JK. Thus fx can be extended to the whole R™ as a
continuous function with compact support, setting

fx(z) =0 for x € R™ \ int(K).

We omit the proof of the following easy lemma.

Lemma 16. The mapping K — fx is continuous from IC, to Co(R™).

Let us recall the celebrated theorem by F. John (see e.g. [23]).
Theorem 4. (F. John) Let K € K,, and suppose that BY C K (resp. K C BY). The

following are equivalent.

(i) BY is the ellipsoid of mazimal volume contained in K (resp. of minimal volume
containing K ).
(ii) There exist u; € S"" 1 NOK NOK* and ¢; >0, 1 <i<m <n(n+1), such that

m

m
Zciui =0 and == ch@c,m)uz for every x € R™.
i=1 i=1

Thus, there is a unique ellipsoid of maximal volume J(K') contained in K, called the
John ellipsoid of K, and a unique ellipsoid of minimal volume L(K) containing K, called
the Lowner ellipsoid of K. We call its centers respectively, j(K), the John point of K
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and [(K), the Lowner point of K. With the previous notation, j(K) is the unique point
x € int(K) such that ||fx|le = fx ().

Then the next proposition follows immediately from Lemmas 15 and 16.

Proposition 6. K — j(K) is an affine invariant point.

The following lemma allows to say more.

1
Lemma 17. With the preceding notations, fz is concave on int(K) and hence fr is
log-concave on R™.

Proof. For i = 1,2, let z; € int(K) and E; € & such that x; + E; C K. After an affine
transform, we may suppose that Ey = By and Es = A(BY), where A : R" — R" is a
diagonal matrix with positive entries A1,..., A, on the diagonal.

For t € [0,1], define E; = ((1 — t)Id + tA)(BY), where Id is the identity matrix on
R"™. Then E; € £ and

(1—t)zy +tes+ B C (1 —t)(z1 + E1) +t(xa+ E2) C K.
By the Brunn-Minkowski inequality (e.g., [1], [18]), we get

ES
n

fi(ter+ (1= t)as) > |Eo|7 =|(1 = t)Ey + tEy|v > (1 — t)|Ey|7 +t|Eo|n. O

Definition 6. Let ¢ € [0,1). We define the John region of K of index ¢ by

Jo(K) ={z € R": fr(2) = ¢l fx [l }-

By Lemma 17, J.(K) is convex. With Lemma 16, we then get the next proposition,
which provides a new affine invariant set mapping.

Proposition 7. Forc € (0,1), the mapping K — J.(K) is a proper affine invariant set
mapping from ICp, to IC,,.

The Lowner regions of a convex body.

Let K € K,,. Define A : R — R by
Ag(x) = (inf{vol,(E): E € £; K Ca+E}) .

It is clear that Ax > 0 and A € Co(R™). The following lemma is easy.

Lemma 18. The mapping K — Ak is continuous from IC,, to Co(R™).

Since the center I(K) of the Lowner ellipsoid L(K) of K is the unique point 2 € int(K)
such that ||Ax||ec = Ax(z), Lemmas 15 and 18 give the next proposition.
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Proposition 8. K — I(K) is an affine invariant point.

Definition 7. If ¢ € [0,1), we define the Lowner region of K of index ¢ by
L.(K)= conv[{:z: eR™: Ag(z) > c||/\K||OO}].

Proposition 9. K — L.(K) is an affine invariant set mapping from IC,, to KC,,.

In conclusion, Theorem 5 summarizes all these facts.

Theorem 5. Let K € K,,. If j(K) and [(K) denote respectively the centers of the John
and of the Léwner ellipsoids of K, then | and j are in P, and | = j°.

Proof. We only need to prove that [(K7(5)) = j(K), or, equivalently, that if the John
ellipsoid Ef of K is centered at 0, then the Lowner ellipsoid of K° is (Ef)°. This follows
from John’s theorem. O

Remark 7. Note that we need the full strength of John’s theorem only to prove that | =
j°. The fact that j and l are uniquely defined follows from more elementary reasonnings.

The Santalé point and the center of gravity.

The following result is well known (see e.g., [17]). There, Sk : int(K) — R™ is the
function defined by Sk (x) = |K%|.

Theorem 6. [17] Let K € K,,. Then the function Sk is strictly log convex. Moreover
Sk(x) — +oo when x — OK and Sk reaches its minimum at a unique point s(K) €
int(K). This point is characterized by the fact that s(K) is the centroid of K*) (or
that 0 is the centroid of (K — S(K))O)

Proposition 10. The mapping K — s(K) is a proper affine invariant point and g = s°.

Proof. The uniqueness of s(K) shows that ¢ is injective. Hence, by Theorem 3, g has
a dual point g° € 9B,,. Thus g°(K95)) = g(K), and by the preceding characterization,
s(K9)) = g(K). Since g is surjective by Theorem 1, it follows that ¢° = s € ,,. O

Remark 8. (i) The fact that the mapping Yk : int(K) — R™, Y (x) = g(K?) for z €
int(K), is bijective can also be proved in an other way: The function O : int(K) —

(0,4+0), Ok (x) = log Sk (x), is strictly conver and O(x) — +oo when x — IK. It
follows that VO : int(K) — R™ is bijective. Moreover, it is easily checked that

(VOKk)(z) = g((K — 2)°) for all x € int(K).
(ii) The Santald regions of K, defined in [11] , for ¢ >0 by
S.(K) = {z € int(K) : |K*| < (1+¢) ‘Ksm)‘}

are affine invariant set mappings.
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The center of the maximal volume centrally symmetric body inside K.

The first part of the following proposition follows from the Brunn-Minkowski inequality,
together with its equality case, the second part from Lemma 15.

1
Proposition 11. Let K € K,,. Then the function 0k (x) = VOln(K N2z — K))" 18
concave on its support and reaches its mazimum at a unique point m(K). Moreover, the
mapping m is a proper affine invariant point.
Proposition 12. Let 0 < c < 1. For K € IC,,, define
M(K)={zeR":|[KN(2x— K)|>c|KN(2m(K) - K)|}.
Then K — M (K) is an affine invariant set mapping.

Proof. As 0% is concave on its support, M.(K) is convex. Affine invariance and conti-
nuity of the map K — M_.(K) are easy. O

The center of the maximal volume zonoid body inside K.

Let Z be the (closed) set of zonoids in K,, and Z, be the set of all zonoids that are
centered at 0 (see[l] or [18]). For K € K,,, let

() = max{|Z|: Z € 2y, x+ Z C K} ifx € int(K)
IK\L) = 0 if # & int(K).

It is clear that K — gk is continuous from K,, to Cy(R™). Since convex combinations
(for the Minkowski addition) of zonoids are zonoids, it follows as in Proposition 11, that

gk reaches its maximum at a unique point z(K') and that g}(n is concave on its support.
Thus
K.(c) = {z € B" : gic(a) > cllgrclloc}, 0< <1,

is convex. And, again with Lemma 15, we get the following proposition.

Proposition 13. The mapping z : K,, — R™ is a proper affine invariant point and, for
every 0 < ¢ <1, K — K.(c) is a proper affine invariant set mapping.

Remark 9. (i) For K € K,, and x € int(K), define

dr(r) =max{A>0: z— /\(K —g(K)) C K —-g(K)},

where g(K) is the centroid of K. Then ¢k is positive and concave on int(K) and
o (x) — 0 when x — OK. So one can extend ¢ to a continuous function on R™ by
setting ¢x (z) = 0 when & ¢ int(K). It is well known that max, ¢ (x) > dox(g(K)) > + .
It follows easily that for any 0 < § < 1,

K —{¢x = (1 —6)max ¢}
is an affine invariant set mapping.

But generally, ¢ does not reach its maximum at a unique point. To see that, take
K = Ay x [~1,1]"72 C R", where Ay is a regular simplex centered at 0 in R?. Then

1
{z e R": ¢k (2) = maxdr} ={(0,0,23,...,2n) : z;] < 5 354 nj.

25



(ii) Instead of the centers of centrally symmetric convex bodies contained in K, we
may study the centers of those containing K. For K € K,, we define a positive and
convex function pg : R™ — Ry by

oK (x) = |conv[K, 2z — K]|.

If L € K, is centered at x € R™ and satisfies K C L, then 2z — K C L and therefore
conv(K,2x — K) C L. It follows that

min{|L|: L € K,,, K C L, L is centrally symmetric} = min pg ().

It is clear that px — 400, when |z| — co. Forc > 1, let

Ne(K) = {z € R" : px () < ¢ min px (2)}.

Then K — N.(K) is an affine invariant set mapping.

However, one cannot define an affine invariant point in that way, because it may
happen that px does mot reach its minimum at a unique point. For instance, if K is a
simplex in R™ and n is even, then {px = minpk} has non-empty interior.

The illumination body.

Let K € K,,, 6 >0, 2 € R” and Fx(z) = |conv(z, K)|. The illumination body K° [24] of
K is defined by
K’ ={z eR": Fg(z) < (1+0)|K]|}.

Then K° € K,,. Clearly K° = K C K% and K — K? is affine invariant.

If ok is the surface measure of K on S"~! and hg : R™ — R, hg(€) = sup,cx (€, ),
is the support function of K, then

Fr(z) = 1 /Snil max ((z,u), hx (u)) dog(u).

n

Thus Fk is continuous, convex and clearly F (z) — 400, when |z| — 4o0.
Proposition 14. Let I° : K,, — K,, be defined by I°(K) = K°. Then I° € 2,,.

Proof. We prove the continuity. Fix § > 0 and K € K,,. We may suppose that g(K) = 0,
and that for some 0 < r < R < o0, rBY C K C RBy. For 0 < n < 1, there exists € > 0,
such that for all L € K,, with dg(K,L) < ¢, one has, (1 —n)K C L C (1+n)K. Thus,
for x € R™,

(1 —n) conv|z, K] conv[(1 —n)z, (1 —n)K] C conv|z, (1 —n)K| C conv|z, L]
conv[z, (1 +n)K] C conv[(1 +n)z, (1 + n)K]

= (1+mn)conv|z, K].

N N

It follows that for ¢ > 0,

t t
ER" : Fpeg < —— % C ceR": F; <t} C eR": Fre < —— 3.
{x K_(1+77)"}_{x b= }_{x K‘(l—n)"}
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Moreover, | |K| — |L|| < p, where p = 2nnmax{|K]|, |L|}. Consequently,
149)(1 - 149)(1
{xGR”:FK<(+)(p)K|}CL6C {xER":FK<(+)(+p)|K|}.
(L4n)" (L=m)"
This allows to conclude, because 6 — {Fx < (1+ §)|K|} is continuous. O

The convex floating body.

For a convex body K and for 0 < § < (nL_H

defined in [20] as the intersection of all halfspaces H+ whose defining hyperplanes H cut
off a set of volume at most §| K| from K,

K5 = ﬂ HT.
|H-NK|<5|K|

> , the convex floating body K5 of K was

Then the map Fs : K,, — K,,, defined by F5(K) = K is an affine invariant set mapping.
This, and affine invariant points defined via the convex floating body are treated in [13].

Extension to subsets of R” of affine invariant points on Ky, 1 <k <n—1.

Let K, , be the set of closed convex subsets L of R", whose affine span Ep is k-
dimensional. If L € IC,, ;, there exists a (non unique) one-to-one affine map U : R" =
R* x R"~* — R" such that U(R*) = E. For p € Pi, we then define

p(L) = U (p(U1(1)). (16)

It is easy to show that this definition does not depend of the choice of U. Moreover this
extended p satisfies p(L) € Er for every L € K, ;, and it is affine invariant: For any
one-to-one affine mapping W : R™ — R"™, one has

p((W(L)) = W (p(L)).

Definition 8. We then call p : IC,, ), — R™ defined by (16), an extended affine invariant
point.

Example 1. For k = 1, the unique invariant point is the midpoint of a segment. It is
canonically extended to be the midpoint of any segment of R™. Another natural example
is the centroid of a body in R¥, which extends to the centroid of L in Er, when L € Kn k-

The following proposition summarizes all these facts.

Proposition 15. Let p : K, — R™ be the affine invariant extension of p : Kj, — RF.
Then p(L) € Er, for any L € Ky ;. p is continuous, when KCp 1 is endowed with the
Hausdorff metric. Moreover, this extension is proper (in the sense that p(L) is in the
relative interior of L in Er ), whenever p: K — R¥ is proper.

Let M (R™) be the cone of non-negative Radon measures on R™. For a Borel function
f:R* - R™ and p € M4 (R™), let f(u) be the image measure of p by f, i.e.

(f(w)(B) = u(f~Y(B)), for any Borel subset B of R™.
For a map M : K,, — M (R"), denote ux = M(K).
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Definition 9. We say that a mapping M : K,, — M4 (R™) is a an affine invariant
measure map if it is continuous for the Hausdorff topology on KC,, and the weak*-topology
on M4 (R"™) and if pux = U(uk) for any affine one-to-one mapping U : R™ — R".
Thus

/h(y)duUK(y) = /h(Ux)duK(x), for any non-negative Borel function h on R™.

Example 2. (i) Let A € A,,. Let ux = %dm. Then for every non negative Borel
function h,
1
h(z)dpk(z) = —— h(z)dz.
/ [AK)] Jax)
If U : R™ — R" is an affine one-to-one mapping, then
[ i) : A p— h(w)dy
UK = T = T
JAUUK)| Jaw) |(U(A(K))| Jway)
1

| det(U)] |A(K)|
(ii) Let K € K,, and let p € B,, be proper. For z € R™, let
Iz = PO —p(rc) = inf{A > 0 & — p(K) € A(K — p(K))}.
If ¢ : Ry — Ry is a Borel function, let
1
HE = @ (||$ _p(K)HKf;D(K))dI‘ (17)

Then, as above, it is easy to see that K — ug is an affine invariant measure map.

(iii) Let a and § be strictly positive real numbers. We take ¢(t) = t1(q ats) in (17)
of Example (ii). Let L = K — g(K). Then for any Borel function h, when § — 0,

1
/h(sc)duK(x) = —/ h(z)dx
OIL] Jagfa—g(5)l| <ats
_ "6|BL2| ( / h(re)rnldr> do (6)
L] Jgn—s TotE << oy
1

v ab
- h( > nda(&).
IL| Jsn— \l0ll / 11617

Here, o is the normalized measure on S"~'. Therefore, K — ug is an affine invariant
measure map, with g given by

1 afd 1
/“”W“”‘UJth<wu>wm“”)

With the previous definition, the following result is easy to prove.
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Proposition 16. Letp € By, let q : Ky .1 — R™ be an extended affine invariant point
and let p be an affine invariant measure such that px = p(K) is supported by K for all
K € K,,. Then the map d : KC,, — R" defined by

K —d(K)=pK)+ /q({m €K —pK): (z*,z)= 1})d,u(K_p(K))o(x*)7

is an affine invariant point.

Example 3. For 0 < a <1 and w € B,,, we define dy and dy € B, by

() = pl K+ ——— [ e e Bl 0.0 = olPlucsor}) i,
(5 = p(K))°| S5 1115 —picyye

0y (K) = p(K)+ 1 i / w ({z e K —p(K) 1n<9a$> > O‘HGH(K—p(K))(’})dU(e).
’(K —p(K))"| /s 1011 —pceyye

Two affine invariant points related to the projection body.

Let K € K. We recall that the support function hrx : R™ — R, of the projection
body IIK of K (see e.g., [1, 18]) is given by

| |z|P,, K| ifx#0
hHK(m)_{ 0 if =0,
where u, = ﬁ € 8" 1 and for u € S"71, P, : R® — R" is the orthogonal projection

onto {u}+. Tt is well known (see [1, 18]) that for any one-to-one linear map 7 : R® — R,
one has
hH(TK) (TI) = |det(T)| hHK(LZJ) for all x € R".

We define two affine invariant points related to the projection body. In both defini-
tions we use the centroid g which could be replaced by any other p € B,,.

(i) For K € Ky, let m(K) = ﬁfK_g(K) x hng(x)dx + g(K). Then 7 : K, — R™ is
an affine invariant point. Observe that

1

1 9
= T hn(z)dr = / — hix (0)do(6).
K2 /Kg(m (n+2)IKP Jsn-r 01572 4

w(K)~g(K) =

(ii) For K € IC,,, let b (K) = ﬁ fK_g(K)g(K + t[—z, z])dz.
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