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Abstract

We give a functional version of the affine isoperimetric inequality for log-concave
functions which may be interpreted as an inverse form of a logarithmic Sobolev inequal-
ity inequality for entropy. A linearization of this inequality gives an inverse inequality
to the Poincaré inequality for the Gaussian measure.

1 Introduction

There is a general approach to extend invariants of convex bodies to the corresponding
invariants of functions [1, 7, 13, 20]. We investigate here the affine surface area and the
affine isoperimetric inequality and their corresponding invariants for log-concave functions.
The affine isoperimetric inequality corresponds to an inequality that may be viewed as an
inverse logarithmic Sobolev inequality for entropy. A linearization of this inequality yields
an inverse inequality to a Poincaré inequality.

Logarithmic Sobolev inequalities provide upper bounds for the entropy. There is a vast
amount of literature on logarithmic Sobolev inequalities and related topics, e.g. [2, 5, 6,
10, 14, 18, 24]. We quote only the sharp logarithmic Sobolev inequality for the Lebesgue
measure on R” (see, e.g., [4])
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with equality if and only if f(z) = (27)~ (/4 exp(—||z — b||?/4) for a vector b € R". Here,
and throughout the paper, || - || denotes the standard Euclidean norm and (-, -) denotes the
standard scalar product on R™. This inequality is directly equivalent to the logarithmic
Sobolev inequality proved independently by Federbush [9], Gross [10] and Stam [24], (see

also [4]).
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where 7, is the normalized Gauss measure on R", dy, = (27)"2e” 2 dz. Equation (2)

becomes an equality if and only if h(z) = cel®®) with ¢ > 0 and a € R™.

We will now integrate by parts, and rewrite the logarithmic Sobolev inequality as an
upper bound for the entropy in terms of the Laplacian of the function. The main result in
this note shall be a lower bound for entropy in terms of the Laplacian, the difference between
the two bounds being an interchange between integration and logarithm and replacement
of the arithmetric mean of the eigenvalues of the Hessian by the geometric mean.

We shall need some more notation. Let (X, u) be a measure space and let f: X — R
be a measurable function. Denote the support of f by supp(f) = {z: f(z) # 0}. Then the
entropy of f, Ent(f), is defined (whenever it makes sense) by
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where || fllz1(x0) = Ifll 2w = [x [fldp. In particular, if || fllp1(x,) = 1,

Ent(f) = / (| f)dp.
supp(f)

If f is a positive function, we get in (1)

Bnt(f) = | fin(f)do - (/R fdx) In (/R fdx)
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For a sufficiently smooth function f defined on R™, we denote the Hessian of f by V2 (f) =
o*f )
(axiamj ii=lm Note that

/ ”Vf”gdx:/ f <tr (V2 (—lnf))>da?- ()
supp(f) [ supp(f)

For f > 0 with [ fdz = 1, this is the Fisher information. Equation (5) is easily verified
using integration by parts.

IN

The logarithmic Sobolev inequality (4), together with (5), becomes
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The main goal in this paper is to prove, for log-concave functions, a converse of inequality
(6). A function f :R™ — R is called log-concave if it takes the form exp(—¥) for a convex
function ¥ : R"™ — R U {oco}. We shall usually assume also that the function is upper
semi-continuous.

This converse log Sobolev inequality is stated in the following theorem. It relates en-
tropy to a new expression, which can be thought of as an affine invariant version of Fisher
information.



The inequality is obtained by suitably applying and analysing the affine isoperimetric
inequality, which, for convex bodies K in R", gives an upper bound for the affine surface
area. Affine surface area measures and their related inequalities (see below for the definition
and statements) have attracted considerable attention recently e.g. [8, 15, 17, 23, 26].

Theorem 1. Let f : R"™ — [0,00) be an upper semi-continuous log-concave function which
belongs to C?(supp(f)) N L'(R™,dx) and such that flnf and fIndet (V2 (—lnf))> €
Lt (supp(f),dz). Then

/ f In <det (V2 (—1In f)) >dm <2 [Ent(f) + £l 21 () 1n(27re)721].
supp(f)

There is equality for f(x) = Ce= A7) yhere C > 0 and A is an n X n positive-definite
matriz of determinant one.

It is important to note the affine invariant nature of Theorem 1. Both the left-hand
side and the right-hand side are invariant under volume-preserving linear transformations.
This is not the case with the logarithmic Sobolev inequality. The expression on the
right-hand side of (6) involves the arithmetric mean 1 (tr (V?(—Inf))) of the eigen-
values of V2 (—In f). The expression on the left-hand side of Theorem 1 can be writ-

ten as n In (det (V2 (—1In f)) > " and involves the geometric mean of the eigenvalues of

V2 (—1In f). Thus, we get from an upper bound for the entropy to a lower bound for the
entropy by interchanging integration and logarithm and by replacing the arithmetic mean
of the eigenvalues of the Hessian by its geometric mean.

As the entropy for the Gaussian random variable g(z) = e 2 is Ent(g) =

— ln(27re)%, Theorem 1 immediately implies the following corollary.

Corollary 2. Let f : R® — [0,00) be a log-concave function such that f € C?*(R™),
£l L1 (azy =1 and such that fIn f and f1n (detV? (—1n f)) € L' (supp(f),dx). Then

/ f1In <det (V2 (=Inf)) )dx < 2(Ent(f) — Ent(g)),
supp(f)

with equality for f(x) = e~ ™ATT) for o positive-definite matriz A of determinant one.

The expression Ent(f) — Ent(g) is called the entropy gap. The linearization of Theorem
1 yields the following corollary, an alternative proof of which, together with a generalization,
is also given below in Section 4. Versions of this corollary were proved by Houdré and Kagan
[11] and Houdre and Perez-Abreu [12].

Corollary 3. For all functions o € C?(R™) N L2(R™,~v,) with ||V2¢|ns € L*(R",v,) we

have 19202
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Here, || |as denotes the Hilbert-Schmidt norm and Vary, (¢) = [zn @*dyn — (fgn <pd’yn)2 is
the vartance. There is equality for all polynomials of degree 2.



The Poincaré inequality for the Gauss measure is ( see [3])

[t ([ s < [ 1w

Hence, the inequality of Corollary 3 gives a reverse Poincaré inequality. We shall also give
an alternative proof of Corollary 3, which generalizes to the following family of inequalities
(which we state only in the one dimensional case for simplicity)

Theorem 4. For all m and all ¢ € C™2(R) with f pdy =0, one has

m—1 m : 2
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Here v = 71 denotes the one-dimensional standard Gaussian distribution, and C™?2(R)
means functions which are m times continuously differentiable whose respective derivatives
belong to Ls.

Our results are formulated and proved for functions that are sufficiently smooth. How-
ever, they can be generalized to functions that are not necessarily satisfying any C?2-
assumptions. We then need to replace the second derivatives by the generalized second
derivatives (compare e.g. [23]).

2 Affine isoperimetry for s-concave functions

Definition 5. Let s,n € N. We say that f : R" — [0,00) is s-concave, and denote
f € Concs(R™), if f is upper semi continuous, supp(f) is a convex body (convex, compact

and with non-empty interior) and fi is concave on supp(f). The class C’oncg) (R™) shall
consist of such f € Concs(R™) which are twice continuously differentiable in the interior of
their support.

Note that for every f € Concs(R™) there exists a constant C' > 0 such that 0 < f < C.
In particular, such an f is integrable.

As in [1], we associate with a function f € Concs(R™) a the convex body K,(f) in
R"™ x R® given by

Ko(f) == {(z,y) € R" x R* : & € supp(f), ly|l < £ (=)}, 8)

A special function in the class Concs(R™), which will play the role of the Euclidean ball in
convexity, is

gs(@) = (1= |lz|*)z
where, for a € R, ay = max{a,0}. It follows immediately from the definition that K(gs) =

BY#, the (n+s)-dimensional Euclidean unit ball centred at the origin. By Fubini’s theorem,
we have that for all f € Concs(R™)

vol,ts (Ks(f)) = vols(Bs3) - fdzx.



An important affine invariant quantity in convex geometric analysis is the affine surface
area which, for a convex body K C R™ with a smooth boundary is defined by

asi() = [ i) () (9)

Here, k() = ki (x) is the generalized Gaussian curvature at the point  in 0K, the bound-
ary of K, and u = ug is the surface area measure on the boundary 0K. See e.g. [16, 19, 22]
for extensions of the definition of affine surface area to an arbitrary convex body in R™. For
a function f € Concs(R™), we define

as\) (f) = as1 (Ku(f)) .- (10)

Our first goal is to give a precise formula for asgs)( f) in terms of derivatives of the function

f. This is done in the next proposition. There, for z,y > 0,

1
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is the Beta function.

Proposition 6. Let s € N and f € Conc? (R™). Then

asi”(f) = /supp(f) ‘det (VQf%)

Here, ¢, = (s — 1)vol,_1(By ")B (552, 3) if s# 1 and ¢ = 2.

(s=1)(nts)

1
n+s+1 fis(n+s+1) d;E

In order to derive the formula for asgs) (f), we have to compute the affine surface area of

the body K(f). To this end, we compute the curvature of this body, which is circular in s
directions, and is behaving like f1/ in the other directions. We make use of the following
well known lemma.

Lemma 7. ([25], p. 93, exercise 12.13) Let h : R" — [0,4+00) be twice continuously
differentiable. Let x = (t,h(t)) € R™ x R be a point on the graph of h. Then, with the
appropriate orientation, the Gauss curvature k at T is

det(V2h
x) = ( )n+2 .

(L4 IVA2) =

We shall apply Lemma 7 to the boundary of a convex body K. We consider only the
orientation that gives nonnegative curvature. Thus, for a point x € K whose boundary is
described locally by the convex function A we can use the formula

det (V2h)
n+2

k(z) = .
(L4 [VA2) =

(11)

We shall denote by N (x) the outer unit normal vector to 0K at z € K.



Lemma 8. Let f € Conc? (R™). Then for allz = (x1,...,Tnts) € OK(f) with (x1...,2,) €
int(supp(f)),

) (f%Vf%,—xn+1,.--,—$n+s)
(i) Nigyp ) = L i),

1= (LI 12)

- det(V2 f3
(ZZ) HKa(f)(x) = s—1 ( 1 )n+§+1
= (1+1v£7112)
Here, f is evaluated at (x1,...,x,) € R™.

Proof of Lemma 8. If s = 1, (i) of the lemma follows immediately from elementary calculus
and (ii) from Lemma 7.

Therefore, we can assume that s > 2. Since, by equation (8), the boundary of K,(f)
is given by {(z,y) € R" x R® : ||y|| = f/*(x)}, the boundary of K,(f) is the union of the
graphs of the two mappings

(.’El, co oy Tny Tt - - 7xn+s—1) - (l‘lu <oy Tns Tntls -+ Tnts—1, ixn-ﬁ-s)u

where, with x = (z1,...,2,),

2

ruis = (£ +Zx2) g (12)

i=n-+1

Because of symmetry, it is enough to consider only the “positive” part of 0K (f), in which
the last coordinate is non-negative. We will show that the outer normal and the curvature
exist for (z,y) with z € supp(f) and ||y|| = f(= ) (they may not exist for € 9 (supp(f))).

Letting g = f/* we have

n+s—1

Tnts = g($17"'7xn)2 - Z $12

1=n+1

As f Sis everywhere differentiable on its support, we have for ¢ with 1 < i < n and, provided
s>2,for jwithn+1<j<n+s—1,

g g
0Tyt 9oz, Y%z, 8$n+5 Tj
5 = = and 3 = =- .(13)
xX; n+s 1 2 X xX; n+s 1 X
! \/g - z nt+1 L s J \/g - z n+1 $ nts

(i) Therefore we get for almost all z € 0K (f) with (12) and (13)

1 1
(vanrsa _1) <f§Vf§, "Il _xn-i-s)
= 1 .
2 1 1 P
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Ni,(p)(2) =

S

(ii) We have for all 4 with 1 <17 <mn,

o) o7g 15) -1
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Ox? Tns z3 ., Tnts z3 ., ’



For i # j with 1 <14,j <n,

%9 dg 9g 299 9y dg 0g 0g y~nds—1,
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Foriand jwithn+1<4i,j<n+s—1andj#i,

0%y is Ty
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We compute now the determinant of the following [n + (s — 1)] X [n 4 (s — 1)] matrix
& 9g \2 n+s—1_2 629 dg O9g n+s—1 dg
82% _ (811 Zj:anl x5 g@zlazn Oz Oz Z] n+1 ‘T _M
Tnts xi«ks Tn+s n+s 'ZEH»S
2
ﬂ _9g 0Og n+s—1 9%g 2 nt+s—1 _2 dg
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For fixed 7, 1 <7 <n we multiply each of the rowsn+1<j<n-+s—1by

z; 09
g axz
and add them up. We obtain the vector
0g 0g ~~\n+s— 1 dg n+s— 1 Og 0g
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and subtract it from the i-th row. The determinant does not change and we obtain
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The determinant of this matrix equals, up to a sign, to

g d%g
a9.2 .« .. x2 + .CU2 m x
gn 8271 Bmlazn n+s n+1 o n+s—1 ’I’L+1
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s 890018950,1 . ng Tnts—1Tn+1l -+ Tpig T This 1

It is left to evaluate the second determinant. To that end we use a well-known matrix
determinant formula: For any dimension m and y € R™,

det(Id+y®y) =1+ |yl (15)

where y ® y is the matrix whose (y;y;)i j=1,..n. Consequently, for the second determinant
n (14) we have

2 2
Thgs T Tpy1 - Tpts—1Tni1 n+s 9
o
. . _ i 2s 2, 2(s—2)
det : : (Z 3 )an 9T s
2 2 - n+s
Tnts—1Tntl -+ Tpys T Tp4e 1 =
Therefore we get for the expression (14)
9% d%g
gn+2 8:):% te 0x10xn
—arerTdet : :
n-+s 829 829
0r10xn @
Moreover
n+s—1 O g 2 p4s—1 n g@ 2 g 2
+ 6 i Oz
Il ) R o = 9 =
Ox; Tn+s i—nt1 Ln+s i—1 Ln+s Ln+s
2 n 2
- 5 (e
Tn+ts — 8xz
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Therefore, we get by (11) for the curvature
o 2% o 2%
27 o Oz Oxp 27 0z 0xp
n+2
‘ 29 ... g 9%g 29
0x10zn or2 0xr10x, = ° o2
H(Z) = n+s+1 = n+s+1
g 2 1+Zn 892 2 s—1 1+Zn 892
Tni2 i=1|0z; g i=1|0z;
1
det (V2 fz)
= 1 1 n+;+1 :
(1+195512)
This completes the proof of Lemma 8. O



Proof of Proposition 6. Denote by 0K,(f) the collection of all points (1, ..., Znts) € OK(f)
such that (x1,...,z,) € int(supp(f)). Since there is no contribution to the integral of

asy (K4(f)) from dK(f)\ OK,(f) (since the Gauss curvature vanishes on the part with full
dimension, if exists) clearly

1 1
ast”) () = as1 (K(f)) = /31( oy HD) e = /aK o) HD)

By Lemma 8

1

W) - / (det (Vz(fg)» o f D dpg,(f)

B (SN

N

1
det (vg(f%)) n¥st+l J J
ol Il e e B e = )
Rn+s—1 f s ‘xn‘i‘s‘
where f is evaluated, of course, at (x1,...,2,). The last equality follows as the boundary

of K(f) consists of two, “positive” and “negative”, parts. For s = 1, we get

2/ (det (v2f))%+2 dzy...dz,,

hence ¢; = 2. For s > 1,

_ 2 1
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fszl nts—1 -1
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1
imnt1 Yi <1 fs i=n+1

s—1

s _ Lops=2qp
= L el (B3 / .
0 (1—1r2)2

I

s—1

s 1 —-11
= ffi (s — 1)vols_y (B 1)23<82 ,2>.

Thus (16) becomes

1

1 ntst+1

_ det (Hess(f5)
S s— 1 1 s—1

asg)(f):(s—l)vols_l (B2 1)B(52,2> /n < <f51 ) dzx,

and the proof of Proposition 6 is complete. O

With the formula for asgs)( f) in hand, we may use the affine isoperimetric inequality
for convex bodies to obtain the following corollary.



Corollary 9. For all s € N and for all f € C’oncgg) (R™) we have

n+571
1 _ nts n+s+
nts+1 f Sl(n+Jsr+1) dx < d(n,s) (/ fdl‘) ,
Supp(f)

/supp(f) ‘det (VQf%>
n+ 2
) ntst1 .

s—1 s

d(n, s) = T (25 L'G)
S P(n—2|-s)

Equality holds if and only if f = (a + (b,x) — <A£L’,ZE>)i/2 fora € R,b € R™ and a positive-

definite matriz A.

where

Proof of Corollary 9. The affine isoperimetric inequality for convex bodies K in R™ (see,
e.g., [21]) says that

as1(K) vol,, (K) e
as1(BY) = <v01n (Bg)) ’ (17)

with equality if and only if K is an ellipsoid. We apply (17) to K(f) C R"™* and get

as(f)  asi (Ku()))

as(ls) (9s) as1 (Ks(9s))

1

1
Cs 0%fs >n+é+1 (5—1)(n+s)
S det o £ g
asi (Bngs) /Supp(f) ( (8%835]»)@7371,...,71

n+s—1
_ vols (BS) fsupp(f) fdx\ nts+1
. volrs (BL) ’

with equality if and only if f(z) = (a+ (b, z) — (Az, $>)j_/2 for a € R,b € R™ and a positive-
definite matrix A. This is rewritten as

L\ rsrT oLt P
/ (det (VQ(fg)>> [0t da < d(n, s) / fdzx ’
SUPPL) supp(f)
where

n+s—1
ey 9o (BE7) (ol () )

) Cg V01n+s (Bg-'rs)

e (RS W[ T() \ T

= T nts - .
S I‘(n—2i-3)

It follows immediately from the definition and from Proposition 6, that asgs)( f) is affine
invariant and that it is a valuation:



Corollary 10. Let s € N and let f € Concs(R™) N C? (supp(f)).

(i) For all linear maps A : R™ — R™ with detA # 0, and for all X € R, we have

n+s—1
A nts+1

~ |detA]

as\ (M) o A) as{ (f).

In particular, if |detA| =1,
asgs)(f 0A)= asgs)(f).

(ii) asgs) is a “valuation”: If max(fi, f2) is s-concave, then
as (1) + ast™ (f2) = st (max(fi, f2)) + as{” (min( i, £2))
Proof of Corollary 10. (i) By Proposition 6,

as$) (Af) 0 A)

- /supp(foA) )det (VQ (e AF)

nts—1

ﬁ (s—1)(n+s) (s—1)(n+s)
A s(nts+D) f(A;];) s(nts+1) g

\ntstl # (s—1)(n+s)
=Cs —— / ‘det (VQ(f%)> ts+l f s(n+s+1) dy
|det Al Jsupp()
nt+s—1

_ AT (9)

- ]detA] as; (f)

(ii) By (10) and since the affine surface area for convex bodies is a valuation [?],

asi(f1) +as (f2) = asi (Ko(f1)) + as1 (K(f2))
= as1 (Ks(f1) UKs(f2)) +as1 (Ks(f1) N Ks(f2))
= asgs) (max(f1, f2)) + asgs) (min(f1, f2)),

provided that K(f1) U Ks(f2) is convex. O

3 log-concave functions

We would like to obtain an inequality corresponding to the one of Corollary 9 not only
for s-concave functions but, more generally, for log-concave functions on R", which are the
natural functional extension of convex bodies. The union of all classes of s concave functions
over all s is dense within log-concave functions in many natural topologies.

Note that if a function f is sg-concave for some sy, then it is s-concave for all s >
s9. Therefore, by Corollary 9, we get that for any sy € N and any f € Concs,(R™) N
C? (supp(f))we have for all s > s

(s—1)(n+s)
/ f s(n+s+1)
supp(f)

n+s—1
n+s+1

1
" de < d(n, s) (/ fdx
supp(/f)

11

det (vQ(f%))




Taking the limit as s — oo one sees that the limit on both sides is simply fsupp( P fdx,
so that one does not get an interesting inequality. However, we may take the derivative at
s = 400 as in [13] (the details are given in the proof below), and doing so, we obtain the
inequality of Theorem 1.

Before we present the proof of Theorem 1, we give an example in which both sides are
computable. The computation is straightforward and left for the interested reader.

Example 11. Let p > 1 and f : R" — R be given by f(z) = e~ 2i=1 %" Then

/n fIn (det (V2 (=Inf)) >dx =n <; r <;>>n (m (p(p—1)) +(p—2) 1;'((71)))

and
2[Ent(f) (1112t () 1n(27re)’5] =n (; r (;))n (m <2F(17Tj;)2> - ;) .

Both expressions are equal when p = 2.

Proof of Theorem 1: One is given a function f which is log-concave and C?-smooth in the
interior of its support. In order to apply Corollary 9, we modify f slightly as follows: For
e >0, set
fo(x) = f(x) exp(—e|z]*)x ey (2) (z € R").

By a standard compactness argument, every log-concave function with compact support is
sp-concave for some sg. Hence there exists so > 0 such that f. is s-concave for all s > sg
and thus (18) holds for f. and any s > sg. We expand the left hand side and the right hand
side of the inequality in Corollary 9 in terms of % We have

2

a2fag o 1i féflafa _ fagi f 82fa _ Ofe 8.]05_’_1 of: 0f:
© “0x;0x; OxjO0x; s Ox;Ox

O0x;0x; N g(‘)xj ox; s
Thus
1
v2( 1/5) fES faVQ(fs)_vfe®vfa+%Vfg®Vf5
€ s f62

_F (g VLoV

= = <V (In fo) + . IE
and hence

1 A ) 1V ®V/.
i ZE)E (v 1SR
ij=1,...n

Thus the inequality of Corollary 9 is equivalent to

IVoV/[
d — 2(In f. -
/supp(fg) et( (V (nf)+5 f2 >>

1
nFsFl  nda—l
f8n+s+ dﬂf

n+s—1

" n+s+1
<d(n,s) sntsti (/ fadat> . (18)
supp(fe)
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Applying again the formula for the determinant of a rank-one perturbation of a matrix, we
have

1V® V[
s ( (g 1 TETEY)

— det (—V2 (In f.)) [1 + s 27 H(V2nf) VL, Vfg)]
= det (—V2 (Inf2)) + s 2ag(z), (19)

where, for a fixed e, the function a.(x) is defined by (19) and is clearly bounded on the
interior of the support of f.. We write, for the left hand side of (18),

n+s—1

1
f5n+s+l _ fg (f€—2) n+s+1

and on the right hand side

nt+s—1 —2

nts+1 n+s+1
</ fsdm> = (/ fsdl) (/ f€d$> .
supp(fe) supp(/fe) supp(fe)

Moreover,
n+s—1 2
L _n_ s\ttt L(5) s+t
d(n, S) sn+ts+1 = (37-() n+s+1 < . ) <1—‘(n_2i_5)
2

< (2 )+n+1 1_|_1 et

- e 3s ’
where we have used that for r — oo,

I'(z) = Vor xm_% e % |1+ i + L £+ O(:L‘_Q)
12z 288x2 ’

and we make the legitimate assumption that s is sufficiently large. Thus, together with
(19), it follows from (18) that

Lo g (et (<Y () + 5 Rac() | da
supp(/fe)

1
—2 n+s+1

1 2
< _d 1+— ) (2me)” _d . (20
a </supp(fs)f x) ( 38> (27e) </supp(fa)f m) 20)

We estimate the left hand side of (20) from below by

[T
supp(fe)

1 . .
- /supp(fs) feexp <n+s+11n Je 2<det (= (V¥ fo)) + 2%(%)) de

1 —2 2 -2
> /Supp(fg) fe (1 + nrstl In |f; <det (— (V In fg)) +s ozg(a:)> de
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We write the right hand side of (20)

—2
</supp(fa) fsdx) ((1 " 313)2 (2me)” ( /S - fgdx> )

[e.e]

1 (1+ :.%)2 (2me)™
= fadx — | In
<~/Supp(fs) ) ]Z; j'(n + s+ 1)J (fsupp fsdx>2

1
n+s+1

J

Therefore we get the following inequality

1 _ _
/supp(fa) fe (1 + P In|f2 (det (= (V?Inf.)) +s 2045(1’)) Dda:

J
St [ () e
< (/S fed ) ]Zg ]'(n + s+ 1)j ! (fsupp fsdx> : (21)

We subtract the first order term fsupp fedz from both side, multiply by n + s + 1 and
take the limit as s — co. We get

1= <det (= (ViInf.)) + S_Qozg(m)> Ddx
fo (det( (V2lnf5))+s2a5(:c))’>d:z

liminf/ fe <ln
#7720 Jsupp(fe)

< limsup/ fe <ln
s—00  Jsupp(fe)

1 1 1 2 2 n
< / fedz | limsup E In (1+5)" (2me) ~
supp(fe) s—oo “ n + s+ 1)

(fsupp fédx)
_ ( / fgd:c> In (2me)"
supp(f) (fsupp fgd:L‘>

In the interior of the support of f., the Hessian of V2(In f.) is greater than Id, hence
we can apply Fatou’s lemma on the left hand side to get

/ liminff£<ln 2 <det (— (V2(n fe)), -y n) +S2aa($)>‘>dx
supp(f.) 7 T

< ( / fsd:L‘> In 2 2 |
SUpP(/:) (fsupp(fa) / fd””>

which simplifies to

/Supp(fs) s (hl <det (= (V1)) ))dm

< (/ fadx> In (271'6)” . +2/ fa h’lfgdl'. (22)
SUpp(f:) ([ —— SUPp(/:)
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Now we pass to the limit £ — 0 on both sides of (22). We deal with each of the three terms
separately. For the first term, since —In f. = —In f + || - ||?/2, we have

/ f5<ln <det (—V2(lnf) + eld) )dx > / f€<ln <det (—V2 In f) )da;.
{r>¢} {r>e}

Since the integral f In(det(V?21In f)) is assumed to belong to L; and f. increases monotonously
to f as € — 0, the integrand is bounded by f ’ln(det(v2 In f))‘ and by the dominated con-
vergence theorem

lim f6<ln (det (=V*In f) )da; = / f(ln <det (=V%In f) )dac.
0 f>e} supp/f

Similarly, monotone convergence theorem ensures that

‘ (2me)™ B (2me)™
e </supp(fs) fadx> ! ( )2 _ </SuPp(f) fdx) " (Jsuppn 7 dw>2

Jsupp(s.) fed®

We are left with showing that for the entropy function

lim fslnfgz/flnf.
e—0
This is straightforward from the definition of f. and the assumptions on f, as

fein fo = (W2 1 ot o eI/ 0)2/2) sy,

For the first term, apply again the dominated convergence theorem, and the second term
disappears since the second moment of f. is bounded uniformly by the second moment of
f- We end up with

/S N f(ln <det (= (V?Inf)) ))dm
< ( /Supp(f) f> In ( (2me)™ )2 +2 /S - fln f. (23)

fsupp(f) fdx

This completes the proof of the main inequality. The equality case is easily verified, and in
particular follows from the affine invariance together with the computation in Example 11.
O

4 Linearization

In this section we prove Corollary 3, be means of linearization of our main inequality
around its equality case. for convenience, we rewrite the inequality of Theorem 1 in terms
of a convex function v : R® — R such that f = e~ %. We get

/ e ¥ In(det(V2(¢)))dz <

2 {— / ) e Yipda — < / ) e—wdx> In ( / ) e—wdq,) + ( / ) e‘%c) 1n(27re)’5}. (24)
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Note that the support of f is R™. We then linearize around the equality case 1 (z) = ||z[|*/2.
Proof of Corollary 3. We first prove the corollary for functions with bounded support.
Thus, let ¢ be a twice continuously differentiable function with bounded support and let
Y(x) = ||z||?/2 + ep(x). Note that for sufficiently small ¢ the function 1) is convex. There-

fore we can plug 1 into inequality (24) and develop in powers of €. We evaluate first the
left hand expression of (24). Since V2(¢)) = I + ¢, we obtain for the left hand side

/ e~ 1#1P/2=22 1 (det (I + eV2p) ) da.

By Taylor’s theorem this equals
2
/ e~ llzll*/2 (1 —ep+ 82@02> In(det(I +eVZ%p))dx + O(e%).

For a matrix A = (i ;)i j=1,..n, let D(A) =311, 377 ;[aia;; — aF ;]. Note that each 2 x 2
minor is counted twice. Then

2
det(I +eV3p) =1+cAp + %D(Vzap) +0(e%)

where Ag = tr(V2p) is the Laplacian of . Therefore the left hand side equals
—|lz||12/2 e 5 g2 2 g2 2 3
/ e ¥ 1—5<p+5<p . 5A¢+5D(V @)—E(Ap) dz + O(e”)

2,y _ 2 )
:5/ e|x||2/2Ag0dx+€2/ e~ llzll*/2 [—(pAgp—i— bV cp)2 (L) ]dw—l—O(ad)

V? 2
_ 5/]& (ll2]l? = n) e Io1772 4 62/ oo/ {SOM 7 ”290”2} +O(E.

The last equation follows by twice integration by parts.

Now we evaluate the right hand side expression. First consider

2
/ e Vdr = / e_x”2/2dx—5/ e_”x2/2cpda:+82/ e_||z|‘2/2%d:z+0(53).

Next,

—/n e_%[)dx

2 2
e (1) (L ) o
2 2
I ey / atzge (2
/ne s tel [ e - 1) da
2
rer ([ et (1-10) ) s o)

To treat (fRn e‘wdx) In (fRn e‘¢dw), we consider the function ¢g(y) = yIlny, which we will
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apply to fe*”‘rnz/z*a/’. We obtain

/ e—llal2/2—c0 gy 1) < / e—ux?/z—wdx)

= Z(2m)"? In(2m) +¢ < (gln(Qw) +1) / ) €—||m||2/2¢d$>

2 2
2 (7 al22¥ g L </ ~Jlzl?/2 ) 3
In(27) + 1 d d %)
+e <(2 n(27) + )/ne 5 x+2(2ﬂ)n/2 Rne edx + O(e?)
Altogether, the right hand side equals
5 {/ el /2=c0( |1 2112/2 — ey — </ e||x||2/2esodx> In (/ enw/zwdx)}
Rn n n
+ ( / e—wHZ/z—%) nln(2me)

= —/ e_”JJHQ/QHl‘HQdJ:—n(27r)7l/2 ln(27r)+nln(27re)/ €_||I||2/2d1‘
R”

n

te {2 ( [ pe-terz I _ 1)d:c> y <_<g neem) +1) [ ewnz/zgpdx)
o n(2me) / e—wl%}

=z n 1 1 . 2
e {/ IR S = Gl — </ o "Q/WC) } e

Since

/ e W24y — (272 and / zlZe 172 = (272,
n Rn
we get for the zeroth order term,

- / e 1212 12dz — n(2m)"/2 In(27) + n In(2me) / e~ lel?/2 gy
R™ n

= —n(277)"/2 - n(27r)”/2 In(27) + nln(27re)(27r)”/2 =0.

Therefore, we get for the right hand side

e /R e 172 (]2 — )

2 — ||z 1 2
te? { / el (”*2”33”> o ( / n @||90|2/290da:) } +0().

The coefficients of € on the left and right hand side are the same and we disacrd them. We
divide both sides by €2 and take the limit for ¢ — 0. Then

2 2
/ ollal2/2 [_M@ _ W;Hz] i

- 2 H.%'||2 1 _ 2 2
< 2, —lz|2/2, T+ I212/2,,q
/nso e ( D) )d$ (2 )n/2 n€ yaxr .
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If we want the right hand side to include the variance, we may write the inequality as follows

2 2
/ o—llall?/2 [_Mw _ Wf”z] "

< / e ll=l/2 <"—2|$12> da + (2m)"/? [/ @>dyn — </R god%ﬂ (25)

Now we integrate on the right by parts twice, noting that (n— ||z||2)e~11#1*/2 = A(e~lI#I*/2),
so that the first term on the right hand side is

2
/ e—||x||2/2¢2(”—2||$||)dx _ _;/ e12P/2 A (2

= - [ s+ |Vel)ds.

We put that in (25) and one gets

2,12 2
/ e~ 12%/2 |:||VSOH2 _ vams] dx < (27)"/? [/ PP dyn — (/ SOd’Yn> ] ;
R" " !

which we can rewrite as

V2|2 2
Lot -5, < [ i~ ([ o)

Thus we have shown that the inequality holds for all twice continuously differentiable func-
tions ¢ with bounded support. One may extend it to all twice continuously differentiable
functions ¢ € L%(R"™,~,) with ||V2¢|lgs € L?>(R",~,) by a standard approximation argu-
ment, as follows.

Let xi be a twice continuously differentiable function bounded between zero and one
such that x,(x) =1 for all ||z|| <k and x,(z) = 0 for all ||z|| > k + 1. Then, for all k € N

[ [veoxone - 8ls) i, < [ oraran ([ woraan)

or, equivalently,

2 2 2 ||V2‘P||%{S
[ I9Ge dv+( / <¢oxk>d%) < [ woxrars [ [Tellisg,

It follows that
2
lim inf/ IV (0 0 xp) || dyn + lim inf </(90 o xk)d’yn>
—00 Rn — 00

, 2 , V%ol
<limsup [ (¢ o xk)“dy, + limsup dyp.

k—oo k—oo 2

By Fatou’s lemma and the dominated convergence theorem
2
/ liminf ||V (¢ o xz)||*dyn + </ lim (po Xk)d7n>

, 2 , IV2elZrs
< lim (¢ o xx)“dy+ [ limsup dy,
R k—o0 R k—oo 2
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which gives

2 2 2 HVQSDHQ
[ 1l d7+</ sod7> < [ i [ sy,

An alternative, direct proof of Corollary 3 may be given by expanding ¢ € C?(R") N
L?(R"™, v,) into Hermite polynomials. That is, denote by hg(z), h1(z), ... the Hermite poly-
nomials in one variable, normalized so that [|h;||12(5,) = 1 for all i. We may decompose

oo n
o= > s [ i ()
i1 yernyin=0 j=1
where the convergence is in L?(R™,~,,). Then the right-hand side of (7) equals
o0
> al . (26)
i1eerin=0

Using the identity h} = v/i - h;_1, we see that the left-hand side of (7) is

2
> IV2¢l? S 3. 1~

/ [”V@H —THS dyn = Z 52”_5 ZZJ' azzl,.--,in- (27)

R i1,yin=0 | 7 j=1 j=1

n

We will use the simple fact that z(3 —x)/2 < 1 for any integer x > 1, for x = > 7, i;.
Glancing at (26) with (27) and using the aforementioned simple fact, we deduce Corollary
3. We also see that equality in (7) holds if and only if ¢ is a polynomial of degree at most
2, because (3 —x)/2 =1 only for x = 1, 2.

The proof of Theorem 4 is along the exact same lines, using the all the derivatives are
diagonalized by the Hermite polynomials with respect to the Gaussian measure, only that
the inequality x(3 — z)/2 < 1, which can be rewritten as (z — 1)(x — 2) > 0 for integers
x > 1, is replaced by the more general inequality (x — 1)(z —2)--- (x — j) > 0 for integers
x > 1, with equality if and only if x € {1,...,5}.

We remark that it is desirable to find an alternative, direct proof of Theorem 1, which
does not rely on the affine isoperimetric inequality.
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