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Abstract

In contemporary convex geometry, the rapidly developing L,-Brunn Minkowski
theory is a modern analogue of the classical Brunn Minkowski theory. A cornerstone
of this theory is the L,-affine surface area for convex bodies. Here, we introduce
a functional form of this concept, for log concave and s-concave functions. We
show that the new functional form is a generalization of the original L,-affine
surface area. We prove duality relations and affine isoperimetric inequalities for log
concave and s-concave functions. This leads to a new inverse log-Sobolev inequality
for s-concave densities.

1 Introduction.

The starting point of this paper is a reverse log-Sobolev inequality for log concave func-
tions due to Artstein, Klartag, Schiitt and Werner [3]. We first recall the usual log-
Sobolev inequality. Let «, be the standard Gaussian measure on R™. The log-Sobolev
inequality, due to Gross [18] (see also [14, 30]), asserts that for every probability measure
pon R™

1
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where H and I denote the relative entropy and Fisher information, respectively,
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and |- | is the Euclidean norm. It is well known (see for instance [5]) that this inequality
can be slightly improved to
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is the gap between the second moment of p and that of the Gaussian. The usual log-
Sobolev inequality is recovered using the inequality log(1l 4+ z) < z. Inequality (1) can

be written in a more concise way. Put ¢» = —log(du/dz) and let
C(u n
S = [ =G| de) = ~H(u | ) + S0+ 3 tog(2re)

be the Shannon entropy of . Then S(v,) = 5 log(27e) so that

(| 7m) ~ Y = $30) — 500,

Moreover one has
(| ) = / & — Vi) Pdp = C ) +n + / (V@) - 2z, Vo)) di.

Hence inequality (1) is equivalent to

2 (S(1n) ~ () < nlog (2” =2 Vol + [ IV 4(a) du) |
If e¥ is C? on R", then [(z,Ve(z))dp = n and [ |Vip(x)]?dp = [Apdp so that

inequality (1) is equivalent to

2 (S(1m) = S(u)) < nlog

)

(fw i‘ﬁ d#)

where A is the Laplacian.

Recall that a measure p with density e~ with respect to the Lebesgue measure is
called log-concave if ¢: R" — R U {400} is a convex function. For such log-concave
measures the following reversed form of the previous inequality holds. There, V2
denotes the Hessian of .

Theorem 1. Let pu be a log-concave probability measure on R™, with density e™% with
respect to the Lebesgue measure. Then

[ o(den(v20) di < 2 (S(3) - S(0).

Equality holds if and only if p is Gaussian (with any mean and any positive definite
covariance matriz).

The inequality of Theorem 1 is due to Artstein, Klartag, Schiitt and Werner [3],
apart from the equality case which was left open and smoothness hypotheses which we
removed. Their proof is based on affine isoperimetric inequalities and is pretty technical.

It is one aim of the present article to give a simple and short proof of this theorem
including the characterization of equality, based on the functional form of the Blaschke-
Santalé inequality.

This new approach can be extended to a more general scheme which we develop
in subsequent sections. In particular, it leads to the definition of functional Ly-affine
surface area. In Theorem 2 and Corollary 3, we establish, for log concave functions,



their corresponding duality relation and L,-affine isoperimetric inequalities. Those are
the counterparts to the ones that hold for convex bodies. In fact, we show that the
L,-affine isoperimetric inequalities for convex bodies can be obtained from the ones for
log concave functions. This is explained in section 3.3..

Finally, we generalize the notion of L,-affine isoperimetric surface area to s-concave
functions for s > 0. We establish in Theorem 4 a duality relation which enables to
prove the corresponding L,-affine inequalities and the reverse log-Sobolev inequality for
s-concave functions.

1.1 Notations

For a convex function ¢ : R — RU{+o0}, we define 2, to be the interior of the convex
domain of ¥, {x € R, ¢(z) < +o0}. We always consider in this paper convex functions
1 such that Qy # (. We will use the classical Legendre transform of v,

P (y) = Slip(<$,y> —P(z)). (2)

In the general case, when 1 is neither smooth nor strictly convex, the gradient of 1,
denoted by Vi, exists almost everywhere by Rademacher’s theorem (e.g., [8]), and a
theorem of Alexandrov [1] and Busemann and Feller [9] guarantees the existence of its
Hessian, denoted V21, almost everywhere in ,. We let X, be the set of points of
at which its Hessian V24 in the sense of Alexandrov exists and is invertible. Recall also
that

(@) + 97 (y) = (2,9)

for every x,y € R"™, with equality if and only if = is in the domain of ¢ and y € 9y (z),
the sub differential of ¢ at x. In particular

V(@) = {2, V(e)) — b(a), ae. in Q. (3)

References about duality of convex functions are [26, 27, 28]. We will denote by |z| the
Euclidean norm of a vector x in R™.

2 A short proof of the reverse log-Sobolev inequality

Let us first recall the form of the functional Blaschke-Santal6 inequality [2, 6, 16, 21]
that we need. Let f, g be non-negative integrable functions on R satisfying

f(@)gly) <e =¥ Va,ye R

If f has its barycenter at 0, which means that [ zf(z)dz = 0, then

(/,,Lfdx) X (/ngda:) < (2m)".

There is equality if and only if there exists a positive definite matrix A and C' > 0 such
that, a.e. in R™,
e~ (A7 yw)/2

Jl@) = Cetanallz g(y) = S



Proof of Theorem 1. Without loss of generality, we may assume that the function 9 is
lower semi-continuous. Both terms of the inequality are invariant under translations of
the measure p, so we can assume that p has its barycenter at 0. Then by the functional
Santalé inequality above

/ e ¥ dx < (2m)". (4)

Let Qy, Qy+ be the interiors of the domains of ¢ and ¢*, respectively. If ¢ is C*-smooth
and strictly convex then the map Va): Qy — Q- is smooth and bijective. So by the
change of variable formula,

/ e*"ﬁ*(y) dy = / efw*(y) dy = / efw*(vw(w))det(v2¢(x)) dz. (5)
n Qw* Q¢

As noted above, in the general case, Rademacher’s theorem still guarantees the existence
of the gradient Vi of ¥ and a theorem of Alexandrov and Busemann and Feller the
existence of its Hessian V21, almost everywhere in €, so that both terms of equality (5)
make sense. Although it is clear (take ¢)(z) = |z| in R) that this equality may fail in
general, a result of McCann [26, Corollary 4.3 and Proposition A.1] shows that

/ e~V (V@) det (V24h(2)) d = / e V" Wy, (6)
Qy

Xy
where Xy~ is the set of vectors of {2+ at which V2i* exists and is invertible. Together
with (4) we get

eV (V@D det(V24(z)) do < (2m)™.
Qy

With (3), the previous inequality thus becomes
/ e~ @ V@)@ dot (V2eh(z)) do < (2m)",
o

which can be rewritten as
[ e T e (T (a)) d < (20" ™)

Taking the logarithm and using Jensen’s inequality (recall that p is assumed to be a
probability measure) we obtain

n

— [ oo du+ 2500 + [ tog(det(V%6) dis < nlog(zm).

We will need some version of the Gauss-Green (or Stokes) formula and refer to [12]
for general references and recent results on this subject. Let v be the vector flow
v(z) = e ¥z By convexity and lower semi-continuity of ¥, it is continuous and
locally Lispchitz on €. Assume first that Q, is bounded. Then by the Gauss-Green
formula [13, 15], we have

/Q w div(v(x))dz — / (&), No, ()} dos

a0,



where Nq,, (z) is an exterior normal to the convex set Q2 at the point x and oq, is the
surface area measure on 0€2y,. Hence

/ (z, Vip(z)) dp = /Q (2, Vip(z))e V@ dg

:/ div(x)e_w(z)dx—/ <x7NQw(9c))e_w(””)daQw.
Qy EloM

This formula holds true for unbounded domain €2, by a simple truncation argument and
by the fast decay of log-concave integrable functions. Since ), is convex, the barycenter
0 of p is in Qy. Thus (z, No, (z)) > 0 for every x € dQy and div(z) = n hence

/n (x, Vip(x)) dp < n.

This finishes the proof of the inequality. Let us move on to the equality case. It is easily
checked that there is equality in Theorem 1 for Gaussian measures. On the other hand,
the above proof shows that if u satisfies the equality case, then there must be equality
in (4). Then, by the equality case of the functional Santalé inequality, u is Gaussian. [J

3 A functional L,-affine surface area.

3.1 General theorems.

We first present a definition that generalizes the notion of L,-affine surface area of convex
bodies to a functional setting. Generalizations of a different nature were given in [10]
and [11].

Definition 1. For Fy,Fy: R — (0,400) and A € R, we define

asx(F, Fa, )

FW@)) (Pl Vo) — @) (det V() de. ()
Xy

Since det(V?¢(z)) = 0 outside X, the integral may be taken on € for A > 0. Defi-
nition 1 is motivated by two important facts. Firstly, we can prove that for a particular
choice of Fy, F» and v it fits with the usual L,-affine surface area of a convex body.
This is the content of Theorem 3. Secondly, in the case of log-concave functions, for
Fi(t) = F3(t) = e~ the functional affine surface area as(Fi, F2,) becomes

G/Sl(FhFQ,'(/J) :/

e_w*(vw(”)detv2¢($)dx:/ eV (V) det V2 (x)da
Xy

2y
and is of particular interest. This is illustrated in subsection 3.2.

Our main result is the duality formula of Theorem 2. A special case is the identity
(6) which was the starting point of the short proof of the reverse log-Sobolev inequality
presented in the Section 2.

Notice also that for any linear invertible map A on R"™, one has

G,S)\(Fl,FQ,”Q[JOA) = \detA|2)‘_1as>\(F17F2,1/)), (9)



which corresponds to an SL(n) invariance with a homogeneity of degree (2A — 1). This
is easily checked using that V, (¢ 0 A) = A'V 4,9 and VZ(¢p o A) = A'V? Y A.

We shall use Corollary 4.3 and Proposition A.1 of [26], where McCann showed a
general change of variable formula, namely for every Borel function f: R™ — R,

/X Fp()detV2p(@)de = [ f(y)dy. (10)

Xy

The same holds true for every integrable function f : R™ — R. Identity (10) is obvious
when 1) satisfies some regularity assumptions, like C2. It suffices to make the change of
variable y = Vi (z). The proofs are however more delicate in a general setting.

We establish the following duality relation.

Theorem 2. Let A € R, let F1, Fy: R — Ry and let ¢ : R™ — RU {400} be convex. If
A <0 or A > 1, assume moreover that Fy o1 >0 on Xy and Fyo¢* >0 on Xy~. Then

asx(Fh, Fa,v) = asi—\(Fa, F1,9").

Proof. Without loss of generality, we can assume that 1) is lower semi-continuous so that

¢ = (¢*)*. By (3),
asx(Fy, By, ) = /X (F1 o g(a)' A (Fy 0 0 (Ve(2)))* (det V2 () da.
By Proposition A.1 in [26],
= Vi* o Vip(z) and V*(Vip(z)) = (V3(x))™!, Vo e X,
so that asy(F1, F», ) is equal to
/X (F1 oo V§* (Vip()) " NFy 0 % (Vi())) (det V29 (Vip(2)))' A det V24 () d.

With (10), we get that

asr (P P = [ (Frowo V() (B o 07 () (et V20 1)

Xoyp*

We conclude the proof using (3) with ¢* and (¢*)* = 9. O

Corollary 1. The function A — log(asy(F1, Fa,)) is convex on R. Moreover,

1—X A
VA€ [0,1], asa(Fy, Fy, 1) < (/X Floz/)> (/X F2o¢*>
. ”

Equality holds trivially if A =0 and A = 1.

1-X A
VA ¢ [0,1], asx(Fy, Fa, ) > </ F 01/)> (/ F o¢*>
Xy Xoyp*



Proof. The convexity of A — log(asy(F}, Fs,1)) is a consequence of Holder inequality.
For the inequalities we use Holder inequality and also the duality relation of Theorem 2
with X =1, asy (F1, o, %) = aso(Fy, F1,¢*) = fxw* Fyoqr. O

We define the non-increasing function F': R — R by

F(t) = Ssup Fl(fl)FQ(tg) (11)

t14to
o2t

Notice that if F; = F3 is a log-concave, non-increasing function then F = F} = Fb.

Corollary 2. Let F1,F5: R — Ry, let ¢ : R"® — RU {400} be a convex function. Then
there exists z € R™ such that

2\ 1—-2X
V)‘E[Ovl/Q]a GSA(F17F2,¢Z)S (/HF<|Z‘2|2> dl‘) </X Fl O’(/))

Equality holds trivially if A\ =0. If F1 o9 >0 on Xy and Fr0o¢™ > 0 on Xy« then

o 1-2)
VA <0, aa(Fl,Fz,wz)z(/ F('Z’Q) da:) (/ F10¢> ,

where V¥, (x) = P(z + x).

If F is decreasing, A # 0 and wa Fy oy # 0, then there is equality in each of these
inequalities if and only if there exists ¢ € Ry, a € R and a positive definite matriz A
such that, for every x € R™ and t > 0,

(1)

Cc

V. (x) = (Az,z) +a, Fi(t+a)=cF(t) and Fy(t—a)=

Remark. (i) Notice that if 1 is even then one may choose z = 0.

(ii) Moreover, for A > 1/2, we deduce from the duality relation proved in Theorem 2 that
the same inequalities hold true exchanging Fy and Fy, ¥ and ¢* and that the equality
case is characterized for \ # 1.

Proof. We recall a general form of the functional Blaschke-Santalé inequality [16, 22].
Let f be a non-negative integrable function on R™. There exists zg € R™ such that for
every p: Ry — Ry and every g : R® — R, satisfying

flzo+2)g(y) < (p((x,9))), (12)

for every z,y € R™ with (x,y) > 0, we have

/n fdx/n gdr < (/Rn p(|x|2)da:>2. (13)

If f is even, a result of Ball [6] asserts that one may choose zp = 0. Moreover, if there
exists g satisfying (12) and equality holds in (13), then there exists ¢ > 0 and an invertible
T, such that for every z € R™,

fleota) =ep(ITal?) and gly) = - p (IT"'af?). (14)



For z € R™, let us denote ¥} = (¢.)*. Since F' is non-increasing, we have by (2), for
every x,y,z € R™ such that (x,y) > 0,

R (2) Pa(5(y)) < F? (W) < (<2y>) |

By the functional Blaschke-Santalé inequality there exists zp € R™ such that

(o) (fre)= (L)) s

Applying Corollary 1 to v,,, we deduce that for A € [0, 1],

as/\(FlaF%wzo) >

A A\
/N
A/~
3
3 =
7N o
B <
o N———
~— v
Q, >
8 o
N~
Lo
/&
T =
<
o
= <
o &*
< N—
~—

For A < 0 we deduce from (15) that

([ meo) ([ mesc) = ([ () a)”

and we conclude by using the second part of Corollary 1.

To characterize the equality case, we suppose that | X, Fy 01 # 0 which means that
the expressions are not identically zero in the inequality. For X\ # 0, if there is equality
in one of the inequalities of Corollary 2, it follows from the proof that we have equality
in the functional Blaschke-Santalé inequality. Thus by (14), there exists ¢ > 0 and an
invertible matrix 7', such that for every x € R™,

Tx|? 1 T tz|?
FloquO(x):cF<§|) and F2°¢:O(x):CF(| 2x| )

Let us define p(z) = ¢(T 1z + 20). Then we have

|z

Fiop(z)=cF <2> and Fj o ¢ (z) = %F ('”322) . (16)

Hence

F ('”322> =VFop(x)Fyop*(x) < F (W) <F ('“;) .

Since F is decreasing, we deduce that ¢(z)+¢*(x) = |z|?. It is classical that this implies
that ¢(z) = |2|?/2 + a. See for example the argument given in the proof of Theorem 8
n [16]. Defining A = T*T/2, we get that ¢, (z) = (Ax,x) + a, for every x € R™. From
(16) we deduce that for every ¢t > 0

Fi(t+a)=cF() and Fg(t—a):%F(t).

Therefore all the conditions of the theorem are proved. Reciprocally, if these conditions
are fulfilled, a simple computation shows that there is equality. O



3.2 Application to particular functions: the log-concave case.

We define Fy and Fy on R by Fy(t) = Fa(t) = et ; then F(t) = e~ as well and we use
the simplified notation

asA(w)zaSA(e—t,e—t,w)z/ ePADY@ M@ (det V24 () dar. (17)
Xy

Again, as before, we can replace X, by €y for A > 0. Observe that for the Euclidean

norm | - |,
|-

asx <2> =(2m)% . (18)

Moreover, it is not difficult to see (see e.g., [10]) that for any A € R, ¢ — as)(¢) is a
valuation on the set of convex functions v, i.e., if min(41,19) is convex, then

asx(P1) + asx(P2) = asxy(max(¢1,92)) + asx(min(yr, ¥2)),

and it is homogeneous of degree (2A — 1)n, since we have by (9) for any linear invertible
map A on R™, for all convex v

asx(y o A) = |detA|**~Lasy(1).

For convex bodies with the origin in their interiors, such upper semi-continuous valua-
tions were characterized as L,-affine surface areas in [23] and [24] which motivated us
to call asy(¢)) the Ly-affine surface area of . This is further justified by Theorem 3 of
the next section (where we also give the definition of Lj-affine surface area for convex
bodies), and by the identity (26) of Section 4.

From Theorem 2 and Corollary 1 we get that A — log (asx(¢)) is convex and that
VA ER, asx(¢¥) = asi—x(¥7). (19)

The following isoperimetric inequalities are a direct consequence of Corollary 2 and a
result of [22] which says that the Santalé point zy in the functional Blaschke-Santal6
inequality (12) can be taken equal to 0 when fme_'/’(z)dx =0or face_w*(r)dx =0.

Corollary 3. Let ¢ : R™ — RU {+o0} be a convex function such that fme_w(x)dx =0
or [xe="" *)dz = 0. Then

1—-2A
YA€ [0,1/2], asn(v) < (2m)™ (/X e—¢> ,

1-2)
VA € (—00,0], asx(¥) > (2m)™ (/X e_¢> .

Equality holds in both inequalities for A\ # 0, if and only if there exists a € R and a
positive definite matriz A such that ¢ (z) = (Az,x) + a, for every x € R™.

Remark. (i) To emphasize the isoperimetric character of these inequalities, note that
with (18), the inequalities are equivalent to

oo\ 172
VA € [0,1/2], ask(fﬁ < (fX” — )
asy (7) Je =




and

WA <0, asA(qp)) > <wa e—'t[))l—Q,\'

< |2 IEE

as) o 2

(i) It follows from Corollary 8 and the functional Blaschke Santald inequality that
VA €[0,1/2], asx(¥)asa(v*) < (2m)".

There are several other direct consequences of Corollary 3 that should be noticed.
As observed already, we have for every X\ € (0,1/2],

asx () z/Q A=D)P(2) =Mz, Vip(z)) (det V2¢(w))/\dx.
P

Since wa e < [e™¥ we deduce from Corollary 3 that for any A € (0,1/2],

1—-2X
/ e(PA—DP(2) =A@, V() (det V2¢(x)))\dx < (QW)n)\ (/ ed}) ) (20)
Qy

This inequality holds trivially true also for A = 0. Moreover, by Theorem 2, we know
that asx(v) = asi—A(¢*). Since the inequalities of Corollary 3 are also valid when
[ze¥ @ dx =0, we deduce from (20) that if A € [1/2,1],

/ (P MEIV@) (dot V2h(2)) de = ash ()
Q

—asia(w) < (200 ( ew*>w.

By the Blaschke-Santalé functional inequality (see (15)), we know that [e™% [e™%" <
(2m)™ and we conclude that for all A € [1/2,1],

1-2
/ e(PA=D¥(2) =Mz, V() (det Vzw(x)))\dx < (2m)™ (/ e_w) )
Q

For A < 0 or A > 1, an important case concerns C? convex functions 2. In such a
situation Xy = {1y and Xy« = Qy» and we deduce from Corollary 2 that for all A < 0,

1-2)
/ A=Y (@) =Mz, Vi(2)) (det szb(x))Adx > (27)")‘ (/ ew> .
Qy

For all A > 1, we go back to Corollary 1 and deduce that

1-X
/ eCA—DY(2) =Mz, V(2)) (det V%/}(x)))‘ dz = asy(1) > (/ e—¢> (/ e_w*)
2y

By the asymptotic functional reverse Santald inequality [17] (see also [20] in the even
case), there exists a constant ¢ > 0 such that [ eV Ik e~ %" > ¢". Therefore, for all A > 1,

1-2)
/ A=Y (@) =Mz, Vi () (det VQZ/)(.%)))\dI > A </ ew) .
Qy

We have proved

A

10



Corollary 4. Lett) : R* — RU{+00} be a proper convex function such that [ ze=¥®)dy =
0 or [we™¥" ®)dzx = 0. Then

1-2A
VA € o, 1]7/ e(PA—DY(x) =Xz, Vi(2)) (det V%/)(%)))\d:r < (27T)n/\ (/ e—w) ,
Qy

Moreover, if ¥ € C%(Qy),

1-2X\

VA< 0,/ e(PADY(@) =Xz, V(@) (det V%/J(x)))\dz > (2m)™ (/ 6¢>
Qy
and there exists an absolute constant ¢ > 0 such that

1-2A
VA > 1’/ 6(2)‘_1)11’(I)—)\<I,VU)(1)> (det V2¢(.13)))\d.]3 > cn)\ </ 6—7/’) .
Qy

These are the complete analogues of the L,-affine surface area inequalities due to
[25, 19, 29] and this will be discussed in more details in the next subsection.

3.3 The case of convex bodies.

We continue to study the case Fy(t) = F»(t) = e~*. Additionally, we consider the case of
2-homogeneous proper convex functions v, that is ¥(A\z) = A2y (z) for any A € R, and
x € R™. Such functions ) are necessarily (and this is obviously sufficient) of the form
P(x) = ||x||% /2 for a certain convex body K with 0 in its interior. Here, || - || is the
gauge function the convex body K,

|||k = min{a >0: z € aK} = m%{x(m,w = hgo(x).
yeK®

Differentiating with respect to A at A = 1, we get
(z, V() = 2¢(x).

Thus for 2-homogeneous functions v, formula (17) further simplifies to
asx(¢y) = / (det V2w(x)))\ e V@ dy, (21)
Xy

where X, is the positive cone generated by the points of 0K where the Gauss curvature
is strictly positive. The following theorem indicates why we call asy(¢) the Ly-affine
surface area of 1. First we recall that for p € R, p # —n, the L,-affine surface area for
a convex body K in R™ with the origin in its interior is defined [19, 25, 29] as

asy(K) = /d ‘ “K(”":’;Ll)dm{(x). (22)

x, Ng(z)) =+r

Here, Nk (z) is the outer unit normal to the boundary 0K in the boundary point z, px
is the usual surface area measure on 0K and kg () is the Gauss curvature in z. We
denote by (OK). the points of 9K where the Gauss curvature is strictly positive.

11



Theorem 3. Let K be a convex body in R™ containing the origin in its interior. For
any p >0, let \= -£—. Then

n-+p
- I (2m)3
as,\< 5 = n[B]] as,(K).

Moreover, if (0K)y has full Lebesgue measure in OK, then the same relation holds true
for every p # —n.

Remark. For all p, as,(BY) = n|BY|. Therefore, together with (18), the identity given
in the theorem can be written as

as (55) sy ()

asy (%) asy(By)

We will need the following technical lemma.

Lemma 1. Let K be a convex body in R™ with the origin in its interior and let ¢¥(x) =
Hz||%. Then for all x € (0K),

__ kk(x)
Gk ()5

det (V*3(2))
where G : (0K); — S~ is the Gauss map.

Proof. Let us fix x € (0K)4. The differential d,Gxof Gk at x € JK is a linear map
from the tangent space T,(0K) to TGK(QC)(S”*). We can identify both spaces with
Gk (x)*+ and view d,Gk as a linear operator on G (x)*. Then by definition (see e.g.,
[28])

ki (x) = det (dyGi (x)).

Let f: 2 € R™ — ||z||g. For all = # 0, consider Ng, the 0-homogeneous extension of
G, defined by N (z) = G (L) Then

[zl &
\V4 =t
@) = W @)l
Using the identity
X
N o N —_- T
o) = T
we get
dzN ((deK)TCE) X NK(:E)
V2f(z) = LS
1) = W@ e N @)%

Therefore, if we put A =d, Nk, u = Ng(z) and a = || Nk ()| ko,

A AT2)®u u®u
= 2 5
a a a

V2(a) = V3(f*(2)/2)

Let B = d,Gg. Then Ay = By for every y € u'. Since N is 0-homogeneous, Az = 0.

Thus
Bzx | Bx |
Au = — = —

(z, u) a

12



where | =z — (z,u)u € ut. Also, as B is self-adjoint (see e.g. [28]),
(ATz,y) = (2, By) = (Bxy,y), Vye€u"

1 1
(ATx, u) = fg@,B:cL) = *a<xL7B1'L>-

The previous computations show that in a basis adapted to the decomposition R" =
span(u) + ut, we have

1 +{(z.,B —a(Bz )T
Viota) < [ 4+ e e o]

Observe that
v%(:c):l[“ _(B;M)T}x[ L0 }

ad | 0 aB —r; aid,_1
Therefore,
. K ()
det (V29 (z)) = a " 'det (B) = ——
[Nk ()| 55
which is the result. O
Proof of Theorem 3. We will use formula (21) for ¢ = % and integrate in polar coor-

dinates with respect to the normalized cone measure ox of K. Thus, if we write z = r0,
with 0 € 0K, dz = n|K|r" tdrdog(0). We also use that the map x — det V23 (z) is
0-homogeneous. Therefore we get with (21),

112 +o0 2

asy (' ”K) — ’I’L|K|/ 'rn_lerT/ (detV%(@))’\ dO’K(Q)
2 0 (0K)+

5 IK]

B3| Jok).

= (2n) (det V246(0))™ dox (6).

The relation between the normalized cone measure ox and the Hausdorff measure py
on OK is given by
(, Nk (z))dpk (x)

n|K| '

Observe that for the function Gk (z) introduced in Lemma 1, |Gk (2)| ke = (z, Ng(x)).
Thus, with A = -2

dO’K(LE) =

e
- ||%<) (2m) 2 ( (x) )k
asy | —= ) = — ———————— | (x,Ng(x))dux(x)
(5 WB31 Jory. \Te Ny B
(2m)%
= ——as,(K),

mBg )

when A € [0,1) or when (0K is of full Lebesgue measure in 0K. O

13



Let us conclude this section with several observations. First, observe that

ll= 1% n
/e* = gy = 23T (1 + g) K.

Combining this with Theorem 3 and Corollary 3, we recover the known L,-affine isoperi-
metric inequalities for convex bodies. Namely, for a convex body K with the origin in
its interior, we get for A € [0,1), which corresponds to p € [0,00) (A and p are related

0\ — P
via A = b)),

asy(K) _ < K] >
asp(By) — \|B3|

with equality if and only if K is an ellipsoid. For A € (—oc, 0], which corresponds to

p € (—n,0], we use Corollary 4 and get that for any C; convex body K,

n—p

o), (181
asp(By) — \|By| ’

with equality if and only if K is an ellipsoid and if A > 1, which corresponds to p €
[—00, —n), then

n—p
e (1ET\ ™7 asp(K) 7

| B3| ~ asp(By)
where ¢ is a universal constant. For p > 1 these inequalities were proved by Lutwak [25]

and for all other p by Werner and Ye [31].

2
Second, the functional definition asy (%) and as,(K) may not coincide for p < 0.

Indeed, if 9K \ (0K)4+ has non zero Lebesgue measure then as,(K) = +oco while it can
happen that the corresponding functional definition is finite. The simplest example is
the convex hull of the point (—e;) with the half unit sphere {} 27 = 1,21 > 0}.

Note that (%) = %, where K° = {y € R": (z,y) < 1Vz € K} is the polar
body of K. Thus the functional duality relation (19) implies the identity

R asy (LY g (Ll
’ 2 - 2 '

Together with Theorem 3 and taken A = p/(n + p), we get the classical duality relation

asp(K) = as%(Ko)

for any p > 0. Moreover, this is also valid for any p # —n when (0K), has full measure
in OK. This duality relation was proved in [19] for p > 0 and for all p # —n in [31], with
some more regularity assumption when p < 0.

4 The L,-affine surface area for s-concave functions.

The purpose of this section is to generalize Definition 1, the functional version of L,-
affine surface area, to the context of s-concave functions for s > 0. We could have defined

14



Fi(t) = Fy(t) = F®(t) = (1 — st)i_/s, where a, = max{a,0}. Since F(*) is log-concave
and non-increasing, one has according to (11), F' = F () and when s — 0, it recovers
the previous case of F(t) = e~*. However, when 1 is convex, F ot and F o ¢* are
not satisfying a good duality relation. Instead of the Legendre duality, we follow in this
section another point of view, coming from the duality introduced in [2] for s-concave

functions.

4.1 The s-concave duality.

We need few notations to explain the definition. Let s € (0,400) and f : R" — R,.
Following Borell [7], we say that f is s-concave if for every A € [0,1] and all z and y such
that f(x) > 0 and f(y) > 0,

P =Nz +Ay) = (1= N f(2)” +Af()*)".

Since s > 0, it is equivalent to assuming that f* is concave on its support. For the
construction, we assume that f is upper semi-continuous. Let Sy be the convex set
{z : f(z) > 0} and assume that 0 belongs to the interior of Sy. This can be done by
choosing correctly the origin of the space R™ and by assuming that f is not a trivial
function. This will not affect the construction. We define the (s)-Legendre dual of f as

. o (sl )y
ﬂJw:£g44ﬁjLL-

It coincides with the definition introduced in [2, 4]. Another point of view is to define a
function 1 on Sy by

1 _ S
b(x) = # z € Sy. (23)
and to associate a new dual function 1/)?5) defined by
* z, B r
Uiy () = sup LD (21)

€Sy 1- Sw($>

As f > 0 on Sy, ¢ is well defined and since f is s-concave, v is convex on Sy. Observe
that ¢ < %, which means that 1 — si) > 0 on Sy. We can now define the (s)-Legendre
dual of f as

o * 1/s
foow = (1=swty) . WeSy,

where Sf(% ={y,1-— swz‘s)(y) > 0}. By definition, Gy 1s s-concave and upper semi-
continuous. It is not difficult to see that as for the Legendre transform, ( f(os))‘(’s) = for
equivalently that ( (*s))fs) = 1. Moreover, it can be seen that for s > 0, Sf(os) = %SJ? =
{z,Vx € Sy, (z,2z) < 1}.

There is an implicit relation between the classical Legendre function ¢* and the
(s)-Legendre function U{;) given by the formula

Vy € Sf("s)v (1 - 51/’(1)(1/)) (1 + sy* <1_Si?)(y))> =L (25)

Our definition in the s-concave case is the following.

15



Definition 2. For any s > 0, let f be an s-concave function and ¢ be the convex function
associated above. For any A € R, let

N —— (1= 5@V (detv2o(@)
’ Lbns Jx, (14 s((z, V() — p(a)) 7+

It does not correspond to Definition 1 with particulars function F; and F5. As in
the log-concave case, we call it the Ly-affine surface area of an s-concave function f.
This is motivated by two main reasons. Like in Theorem 2 , we prove in Theorem 4
a satisfactory duality relation, from which we deduce a reverse log-Sobolev inequality
for s-concave measures. Moreover, in the case s = 1/k > 0 where k is an integer, this
functional affine surface area corresponds to an L,-affine surface area of a convex body
build apart from f in dimension n + k. Indeed, as in [2], we associate the convex body
K(f) in R™,

K (f) = {(x,y) € R" x R? : % €Sy, |yl < f° (\”/35)}

Then the Ljy-affine surface area of f is the Ly-affine surface area of K (f) with p =
(n+3) &=

(1 +ns) as) ) = — 22U _ (26)
S%V01%71 (Sg_l)

Identity (26) follows from Proposition 5 in [10].

Finally, we note that, as it is the case for log-concave functions, the Ly-affine surface
area for s-concave functions is also affine invariant under the action of SL,, and has a
degree of homogeneity.

Theorem 4. Let f be a an upper semi-continuous s-concave function with its corre-
sponding convex function . Assume that 0 € Sy. Let A € R then

asi”)\ (U7,) = asi ().

Proof. Let us start with the case when f is sufficiently smooth, say f is twice continuously
differentiable on Sy and its Hessian is non zero. Then % is CJQr on €2y and

O = [ (L= sp@) 0D @ervrp@)* |
Q

asy’ () = :
A v (14 s({z, Vi(z)) — w(x)))/\(n+;+1)71

 1+ns
A simple computation tells that the supremum in (24) is attained at the point x € Sy
such that

Yy = :ll__iij(’i/; V)(x) which means y = (1 — sy, (y)) Vi (2).
Therefore (x,y) = tiﬁf(;’; (x, Vip(z)) and we get that
1 1 —sip(x)

=1+ s((V(z),2) — (). (28)

L—syf(y) 1 s(zy)
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Finally, we get that 1) )
* z,Y)— 1/}(95

if and only if
. V() Vi)
L+ s((V(x), z) = ¥(x)) 1+ sy*(Vip(x))
We define the change of variable

Vi(x)
1+ s(Vip(z), 2) — ¢ (x))

A straightforward computation shows that
v (Id s
14 (Vi (x)) 14 sV (x))

= Ty(a). (20)

d; Ty = zQ® Vzb(z)) V23(z).

Since

s s
- e © ) =1 )
we get that the the Jacobian of T, at x is given by

1— sy(x)
(14 s((V(x), ) — ()"
As the the duality (¢(,)(;) = ¥ holds, we see that Ty o Ty, =Id and Ty, 0Ty = 1d
from which it is easy to deduce that for y = Ty (),

det (Id (x, Vip(z))

dy = |det d, Ty| do = det V24 (x) d. (30)

det (dyTy) det (dyT%) -1 (31)
We make the change of variable y = T,(x) in formula (27). From (28) and the fact that
(1/1{5))25) = 1), we have
-
1- Swfs) (y)
Combining with (30) and (31) we get that

I- 3¢(*5) (v)

T s((V00, W) v) — 07,

= 1+5((Vip(2), ) —¢(z)) and

1
s — LUVl W) 9 =) )

n+2
detV2e(x) ( (y)> det V2, (y) = 1. (32)

Posing y = Ty (x) we get
(1 sp(@) (DN (detry 2y ()
(L+ s({z, Vip(a)) —9p(a))) P DD
(1= sup ()OO
2z, (1 +5((y, VL, () — v, (1)
(1 - 51/1(*3)(1/))“%_1) (detv2¢(*s)(y))

~Ja,. (e an-1 Y
st (14 s(ly, Vo, () — v1, @)

= (1 +ns) asi?, (v7,).

(1 +mns) as&s)(w) = /Q |det d, Ty | d
»

5 11—
det V247, (y))
)(n+2)<1—x)+(§—1)(1—x>—1

1-X\
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This concludes the proof in the smooth case. In the full generality, we need several
observations. By (3), we have a.e. in {1y,

(14 s((z, Vi (2)) = ¢ (x))) = 1+ s¢*(Vi(2))

Therefore, we can use a result of Mc Cann [26], see (10), to get

s (1 —sy(x) (detVQQ/) )
(s s w) = [ <1+s¢< ())(MH) @

y (1= su(Vy* ()T (detv2ye (7))
Xor )

1-X

dz.  (33)

We make the change of variable z = T'(y) = #*(y) Since 1 — 51/1(*3) is convex, it
()

is not difficult to see that T' is an injective map. From (25), our change of variable is

equivalent to y = m Therefore, a.e. in Q¢(*S>, a similar computation to (30) gives
1+s ,L/}*S * vw*s y
\det d,T| = W) (Viiy () (34)

(L= sur,, (g™

It can also be proved that it maps X, to Xw(*g) and that the Alexandrov derivatives
satisfy (this is similar to proposition A.1 in [26])

1- Sw&) (y) " deth’(/)* (y> _ detV21/)*(Z)~ (35)
Tt s(0,))* (Vi (4) *

Since (¢{,))(s) = ¥, we deduce from (25) that

vae sy, (1= sva@) (14500 (1= ) ) =1

Using (25) and the definition of T, it is not difficult to prove that a.e. in Qy-,

Vi (2)
1= stp(Vip*(2))

which shows that for z = Ty,

= Vi, (y), for z=Ty

1
1+ 3(¢fs))*(vw&) (v)) .

We have all the tools in hand to make the change of variable z = T'(y) in (33) and to
deduce from (34), (35), (36) that

1 — sp(V*(2)) =

(36)

1-X\

(1- 5¢fs>(y))A(%_l) (det V27, (w)

st (14 sl Tt @) — vt @)

(14 ns) asg\s) (v) = /X dy.

This finishes the proof of the duality relation in the general case. O
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4.2 Consequences of the duality relation

In this section, we suppose that f satisfies more regularity assumptions: it is twice
continuously differentiable on Sy, its Hessian is non zero on Sy, lim, a5, f*(x) = 0 and
recall that the origin belongs to the interior of Sy. With such assumptions, Xy, = S¢
and X¢<*5> =9 e, and we remark that the definition of asg\s) (v) is made in such a way

that
@)= [ J@de and asf? / fs> (37)

Indeed,

a5 () = 1+1n8 / 1—stp(2)* 7 (1 + s((Vp(), 2) — (@) do

- 1+1n5 /f (1_ JJZ(( ) /f

where the last equality follows from Stokes formula and the fact that lim, a5, f*(x) = 0.
The second relation follows from the duality relation proved in Theorem 4.

In a way similar to the proof of Corollary 1 and Theorem 1, it is possible to de-
duce from Theorem 4 some isoperimetric inequalities and a general reverse log-Sobolev
inequality in the s-concave setting.

Proposition 1. Let f be a an s-concave function that satisfies the reqularity assumption
defined at the beginning of Section 4.2 and 1 be its associated convex function. Then

YA€ 0,1], as 9>(1/,) (/ fdx) (/ fs)dx>;
D01, st () > (/ fdz> (/ o, dx>

Proof. We use Holder inequality, (37) to prove the first inequality.
1

1+ns [ (/n (1= s(@))* " (1 - s(@) + s{a, V() dac> -

A

/ det V21 (z) i ]
R (1 — sp(z) + s(z, V¢(az)>)"+5

(L) (L)

Similarly, we use reverse Holder inequality to prove the second inequality. O

as(p) <

The next theorem gives the log-Sobolev inequality for s-concave functions. There,

we put
dx

14+ns’

By (37), p is a probability measure on R”. We let S(u) = f—log( )du be the
Shannon entropy of .

du= (1 —s0)7) (1 4+ s((Vep, 2) — )
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Theorem 5. Let f be a an s-concave function that satisfies the regularity assumption
defined at the beginning of Section 4.2 and 1 be its associated convex function. Assume
moreover that f is even and that [ f(z)dx =1. Then

[ 1o (et (V20@)) die < [ 10g ({14 s((, To@) = @) ) do = S0

) (14 ns) (D1 + £))°
Hg((s) (Ca+3+2)" ) o

There is equality if and only if there is a positive definite matriz A such that f(x) =
% _n 1 —1
co (1 -5 |Ax|2) : , where ¢y = (g) 2 (%) .

Remark. S(7,) = log (2re) 2. Therefore, the right hand side the inequality (38) tends
to 2[S(vn) — S(w)] for s — 0 and we recover the inequality of Theorem 1.

Proof. The proof follows the line of the proof of Theorem 1 presented in Section 2. By
the definition (24) of 1/’( ), e have for all € Sy and for all y € 51 that

w =

F@) [y () = (1= sp(2))* (1= sl (1) " < (1—s{z,1))°

We let p(t) = (1 —st)? % As f =0 outside Sy and f7,) =0 outside L , the functions f
and f(,) satisfy the assumption (12) with zp = 0 because f is even. It follows from (13)

that
() () < (Ja-smort) =2 280

By Theorem 4, we have ff o) = aso (w( ) = asg ) (1) which means that

R 1 detV2(x)
fooy = ~ dx
[ =t /X (1+ s({z, V(@) — (@) ")
_ 1 / det V24 (z) dx
s L (14 s(e, V(@) — va)) () di)

dp(z)
Since [ f =1, p is a probability measure and we get from Jensen inequality
log (/ f("s)) > S(u) —log(1+ns) + /log (detV?v) dp
1o (1 st Vi) — ) ) d

Therefore, with (39) and as [ fdz =1,

/log (det (V1)) dp < /log ((1 + 5((x, Vip(x)) — 1/)))%") dp — S(p)

+log(1 + ns) + log ((Z)n r
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When equality holds in (38), then in particular equality holds in the Blaschke Santald
inequality (39). It was proved in [16] that this happens if and only if, in our situation,

f(z) = co (1 -5 |ALE|2) | for a positive definite matrix A and where ¢y as above is
chosen such that [ fdx = 1. On the other hand, it is easy to see that equality holds
1

in (38), when f(z) = ¢ (1 -5 \Az|2) TS, for a positive definite matrix A and a positive
constant c. O
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