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Abstract

We prove new entropy inequalities for log concave and s-concave functions that
strengthen and generalize recently established reverse log Sobolev and Poincaré
inequalities for such functions. This leads naturally to the concept of f-divergence
and, in particular, relative entropy for s-concave and log concave functions. We
establish their basic properties, among them the affine invariant valuation property.
Applications are given in the theory of convex bodies.

1 Introduction

There is a general approach to extend invariants and inequalities of convex bodies to
the corresponding invariants and inequalities for functions. Among the best known
affine isoperimetric inequalities is the Blaschke Santalé inequality [10, 49, 59]. The
corresponding inequalities for log concave functions were proved by Ball [7] and Artstein,
Klartag and Milman [5] (see also [17, 31]). A stronger inequality than the Blaschke
Santalé inequality is the affine isoperimetric inequality for convex bodies [10, 15, 59].
The equivalent of this inequality for log concave functions was established in [6]: For
every log-concave function ¢ : R" — [0, 00) with enough smoothness and integrability
properties and such that f pdr =1,

/ ® In (det (Hess (—In)) > dx < 2 [Ent(p) — Ent(g)], (1)
Supp(s)

2
0 ¢ is the

where ¢ is the Gaussian, supp(p) is the support, Hess(y) = (

dzi9z; ) 1<ij<n
Hessian and Ent(p) = fsupp(¢) @ In pdz is the entropy of . Thus, the affine isoperimetric
inequality corresponds to a reverse log Sobolev inequality for entropy. Equality holds in
(1) if and only if ¢(z) = Ce= (A% where C is a positive constant and A is an n x n
positive definite matrix. This characterization of equality in inequality (1) was achieved

in [12].
Here, we strengthen and generalize inequality (1).

Inequality (1) is yet another instance of the rapidly developing, fascinating connection
between convex geometric analysis and information theory. Further examples can be
found in e.g., [16, 28, 42, 44, 46, 47, 54]. In particular, it has been observed [67] that a
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fundamental notion of affine convex geometry, the L,-affine surface area can be viewed
as Rényi entropy from information theory, thus establishing a link between information
theory and the powerful L,-Brunn-Minkowski theory [41] of affine convex geometry.
Due to a number of highly influential works (see, e.g., [19]- [23], [29], [30], [34]- [48],
[58], [62]- [67], [69], [72]), this theory is now a central part of modern convex geometry.
Rényi entropies are special cases of f-divergences whose definition is given in Section 2.
Such divergences and their related inequalities are important tools in information theory,
statistics, probability theory and machine learning [8, 13, 18, 24, 32, 33, 53, 55, 71].
Consequently, it is desirable to have such divergences available also in the theory of
convex bodies and this was achieved in [68].

In this paper, we further develop that direction. We introduce f-divergences for
functions and establish some of their basic properties, among them the affine invariance
property and the valuation property. Valuations were the critical ingredient in Dehn’s
solution of Hilbert’s third problem and, in the last decade, have seen rapid growth as is
demonstrated by e.g., [1]-[3], [9], [22], [34]- [40], [60].

We prove the following entropy inequality for log concave functions, i.e. functions of
the form ¢ = e~% with ¢ : R” — R convex. This inequality is stronger than inequality
(1). Tts proof uses methods different from the ones used in [6].

Theorem 1. Let f : (0,00) — R be a convex function. Let ¢ : R — [0,00) be a
log-concave function. Then

/supp(gp) o f ( 5% o2 (det (Hess (— In gp)))) dx

=/ (G‘ij; ) (/Supp(ap) Sde) ' ®

If f is concave, the mequality is reversed. If f is linear, equality holds in (2). Equality
also holds if p(x) = Ce= 4% where C is a positive constant and A is an n x n positive
definite matriz.

—(z,y)

Here, Vi denotes the gradient of ¢ and ¢° = infy,cgn [ ) } [5] is the dual function

of . We will demonstrate that the left hand side of the inequality (2) is the natural
definition of f-divergence D () for a log concave function ¢, so that inequality (2) can

be rewritten as
[ p°dx
Dite) 2 1 ( J pdx ) ~/Supp(¢) v ) ®)

This is shown in Section 3. Inequality (3) also holds for s-concave functions. We prove
this in Theorem 8.

If we let f(¢t) =1Int in Theorem 1, we obtain the following corollary.

Corollary 2. Let ¢ : R™ — [0,00) be a log-concave function. Then

/Supp(@) o In (det (Hess(_lw)))dx < 2Ent(p) + [|¢l| 1 In [e" (/ s0) (/ <po>] -

(Az,x)

with equality if o(x) = Ce~ , where C' is a positive constant and A is an n X n

positive definite matriz.



We show in Section 3 that inequality (4) involves the relative entropy or Kullback
Leibler divergence Dgr,(¢) (see Section 2 for the definition) of the function ¢ and thus
inequality (4) is equivalent to

09 = ([ 1 o) ()

Moreover, as it is shown in Section 3, the inequality of Corollary 2 is stronger than
inequality (1).

It is important to note the affine invariant nature of the expressions (2), (4) and of
(5) below. Both, the respective left-hand sides and the right-hand sides, are invariant
under volume-preserving linear transformations.

The key ingredient to prove Theorem 1 is (a special case) of the following duality
relation for log concave functions ¢ : R™ — [0, 00) and their duals ¢°.

Theorem 3. Let ¢ : R™ — [0,00) be a log-concave function. For a convexr or concave

function f:(0,00) — R, let f*(t) =tf(1/t). Then

Dy(¢°) = Dy (9). (5)

We present several applications. In Section 4, we consider f-divergence for special
functions f, which, on the level of convex bodies, correspond to L,-affine surface areas.
We refer to [41, 51, 63] for the definition and to e.g., [23], [37], [39], [40], [50], [61], [62],
[66]-]70] for more information on L,-affine surface area for convex bodies. The L,-affine
surface areas for functions were already introduced in [12]. Here, we establish several
affine isoperimetric inequalities for these quantities. They are the functional counterparts
of known inequalities for convex bodies. Another application is given in Section 5, where
we apply our results about log concave functions to convex bodies. Finally, in Section 6
we obtain a reverse Poincaré inequality that is stronger than the one proved in [6].

Throughout the paper we will assume that the convex or concave functions f :
(0,00) — R and the s-concave and log concave functions ¢ : R™ — [0, 00) have enough
smoothness and integrability properties so that the expressions considered in the state-
ments make sense, i.e., we will always assume that ¢° € L!(supp(y), dr), the Lebesgue
integrable functions on the support of ¢, that

¢ € C*(supp(y)) N L' (R", dz), (6)

where C?(supp(p)) denotes the twice continuously differentiable functions on their sup-
port, and that

e ®

(Veo,x)
cpf( = det (Hess(—lngp))) € L' (supp(y), dz). (7)

See also Remark (iv) after Definition 9.



2  f-divergence for s-concave functions.

2.1 Background on f-divergence.

In information theory, probability theory and statistics, an f-divergence is a function
that measures the difference between two (probability) distributions. This notion was
introduced by Csiszar [14], and independently Morimoto [52] and Ali & Silvery [4].

Let (X, 1) be a measure space and let P = pu and Q = qu be (probability) measures

on X that are absolutely continuous with respect to the measure p. Let f: (0,00) — R

be a convex or a concave function. The *-adjoint function f* : (0,00) — R of f is defined
by

1) = tf(1/1), te (0,0). (8)

It is obvious that (f*)* = f and that f* is again convex if f is convex, respectively

concave if f is concave. Then the f-divergence D;(P, Q) of the measures P and @ is
defined by

DyP.Q) = /{ ot ({3) gdp+ £(0) Q ({z € X : plx) = 0})

+ f70) P({r € X :q(x) =0}), (9)
provided the expressions exist. Here
FO) =lim (@) and £(0) =l £ (1), (10)

We make the convention that 0 - oo = 0.

Please note that
D¢(P,Q) = Dy-(Q, P). (11)
With (10) and as

F7(0) P({z € X : g(x) = 0}) = /{ s (z)pdu /{ qo}f(’q’) adp

we can write in short
p
Dy(P,Q) = / f (q) qd. (12)

X

Examples of f-divergences are as follows.

1. For f(t) = tInt (with x-adjoint function f*(t) = —1Int), the f-divergence is Kullback-
Leibler divergence or relative entropy from P to @ (see [13])

DL (P|Q) = /X pin 2. (13)

(0%

2. For the convex or concave functions f(t) = t* we obtain the Hellinger integrals (e.g.

33])
Ha(P.Q) = /X gt dp. (14)



Those are related to the Rényi divergence of order a, o # 1, introduced by Rényi [56]

(for > 0) as
11n (/ paql—adu) _
X

The case a = 1 is the relative entropy Dgr(P||Q).
More on f-divergence can be found in e.g. [18, 32, 33, 53, 55, 68, 71].

Do (P|Q) =

In (Ho(P,Q)) . (15)

2.2  f-divergence for s-concave functions.

Let s € R, s # 0. Let ¢ : R™ — R,. Following Borell [11], we say that ¢ is s-concave if
for every A € [0,1] and all x and y such that ¢(z) > 0 and ¢(y) > 0,

P((1— Nz +Xy) = (1 - Np(a)® + Ap(y)*)'/*.

Note that s can be negative. Now we want to define f-divergence for s-concave functions.
To do that, let

det |:7Hess(tp) + (1 _ S) V1,0®2VL/J:| v
s ¥ ¥ s ¥, T
e RPN SN
_ $,x °
Ny

Recall that we assume that the functions satisfy the conditions (6) and (7).

Definition 4. Let f : (0,00) — R be a convex or concave function. Let s € R and let
@ :R™ — [0,00) be an s-concave function. Then the f-divergence DSCS) (P(E7 ), b ) of v
18

s
D}s) (PL,(OS)’QEDS)) :/ @ f ¥ n+lfl (1 *S< ©s >) dz.
Supp(e) o2 (1 _ s<w,x>) . ¥
@

We will sometimes write in short D;S)(ga) for D;s) (Pés), g)>.
Please note also that for s # 1 expression of the definition can be rewritten as

D) = DY (P, Q) =

/ of det [(Hess (—lny) + ijf%lvw)} (1 . (Ve, )
upp(«) o2 (1 _ SW) s ®

) dz. (16)

Remark. A similar expression holds for D(S)( ff), Pé,s) ), namely
D(S (Q(s j2) s))
n+i+1
©? (1 — 87<V%w)) ’ det {(Hess (=lnp) + SLD%V“’)}
¢ @
/su / 1 V¢®Vw v s A1)
PP (¢) det [(Hebb( ny)+s )] o (1 _ d i,x))



By (11), D s) (QEDS), PS(OS)) = D}i (Pff), Ef)) = Dgf* (). Therefore it is enough to only

(
f
consider D}S) (ngs), &8)). We will do this throughout the paper.

The motivation for this definition of f-divergence for s-concave functions comes from
convex geometry. In [68], f-divergence for a convex body K in R" was introduced. We
refer to [68] for more information and special cases and give here only the definition.

For © € 0K, the boundary of a sufficiently smooth convex body K, let Nk (z) denote
the outer unit normal to 0K in z and let ki (z) be the Gauss curvature in x. g is the
usual surface area measure on K. We put

__ rr() _
pr(r) = ma gk (v) = (v, Nk (x)) (18)
and
Px =px pr and Qg = qx px. (19)

Then Pr and Qi are measures on JK that are absolutely continuous with respect to
. Let f:(0,00) — R be a convex or concave function. In fact, Qx and Pk are (up
to the factor n) the cone measures (e.g. [54]) of K and its polar

K°={y:{(z,y) <1Vzx e K}, (20)

the latter provided K has sufficiently smooth boundary.

The f-divergence of K with respect to the measures Pk and @k was defined in [68]
as

D¢ (Pk,Qk) :/

0K

f <pK) arxdpr = /Mf (M) (z, N (z))dpr. (21)

aK z, Nk (z))

For s > 0 such that % € N, we associate with an s-concave function ¢ a convex body
K,(¢) [5] (see also [6]) in R™ x R+,
) -
Ky(p) = {(z,y) e R" xR+ : /1/s w € supp(p), [yl < 9" (V1/s 2)}.  (22)

The following proposition relates the definitions of f-divergence for the convex bodies
and s-concave functions.

Proposition 5. Let s > 0 be such that % € N. Let f: (0,00) — R be a convex or
concave function. Let ¢ : R™ — [0,00) be an s-concave function. Then

Dy (Pr,(p), QK. (p))

() (p(s) o)) =
DY (PO, QW) = (23)
I ( P Ty ) s3vols_, (S%l)
where S~ is the (% - 1) -dimensional Euclidean sphere.
Proof. It was shown in [6] that for z € 9(K(p))
p° — (V(¢),z)
(2, Nk,(p)(2)) = (24)

(L+IV (%) [12)?



and

—Hess ¢ _ VeRVe
RK, (p) (2) | det ( e t—9) ™5 ) (25)
n+i+l ntlilr
(2, Nk, (4)(2)) o2 <1 _ \/g(Vs;x))
where ¢ is evaluated at 1/1/sz = (1/1/sx1,...,4/1/sx,) € R™. We denote the collection
of all points (z1,...,2,,1) € dK,(p) such that (y/1/sz1...,/1/sz,) € int(supp(yp))

by oK, (¢). Since there is no contribution to the integral of Dy (PKS(g,), QKs(q:)) from

K. () \ 0K,(p) (since the Gauss curvature vanishes on the part with full dimension, if
it exists), we get with (24) and (25),

REK, (ga)(z)
D4(P - N d
£ (Pr (), @K, () /aKs(wf( Ve z) n+1 (2, Nk () (2)) i, ()

det (% +(1-y9) ©%), z))
:/~ f v n+ +1 T dprse, (p)
BK . () o? (1_\/§<¢w 1+HV $)[12)

det ( —Hessp + ( V¢®V¢ s s

:2/ . d (W)’x>dx1 cdr, 1y
R™Ts L 2 ( (Vga,x)) +S+1 pTS|x, 1 °

* (1= s nts

where ¢ is evaluated at \/1/sx = (y/1/sx1,...,1/1/sx,). The last equality follows as

the boundary of K(¢) consists of two, “positive” and “negative”, parts. As in [6],

dTpy1...de, 1 1=-2s(. /1 1
- tit e W) (B3).
R~ Tpyp1 2s s

ntys

Hence,

Dy(Px,(4), QK. () =

—Hess ¢ _ Ve@Ve
) / of det <7¢ +(1—s) 5% ) < \[W%x)) i
s 1 )
{x:\/l/sxesupp(p)} <P2 (1 _ \/g (Vi7r>)n+5+1 ¥
where ¢ is evaluated at \/1/sz = (y/1/s21, ..., /1/sx,) and where ¢, = 1 vol1 (BZ%) =

voli_, (Sﬁfl). With the change of variable y/1/sz =y,
Di(Pk.(0), QK.0) =

det | — (Hess(@) _ (1—3s) Ve@Ve
Y (S P,
Supp(y)

>)n+§+1
z y(s) s s
cost DY (S, QL)) .

2 _ Ve
%) (1 "



Now we describe some properties of the f divergence for s-concave functions. By
(11), it is enough to do this for D;‘S)(PS((J ), 5, ) only.

Lemma 6. Let ¢ : R" — [0,00) be an s-concave function and let f : (0,00) — R be

a convex or concave function. Then Dgf)(gp) = D;s)(Pés),Qf;)) is invariant under self
adjoint SL(n) invariant linear maps and it is a valuation: If max(p1,@2) is s-concave,
then

DY (1) + D (2) = DY (max(p1, ¢2)) + DY (min( o1, ¢2)).

Proof. Let A:R™ — R" be a self adjoint, SL(n) invariant linear map. By Definition 4,

PP QR = [t (1T

SUPP(poA) p(Ax)

dot (wmz) Hess<so<Ax>>+<1fs><v<<p<Ax>)®v<so<Ax>>))
(p(A2))?

n+i41
(p(An)? (1 - s (Tofehel)

f dx

det —Hess(¢) + (1 _ S) V@@;ch
@(15<V@’y>>f (detA)2 [ ¥ P ]
¢ 2 (Ve,y

© (1 -5

|det Al /Supp(w

= DP(PL, Q).

Next. we establish the valuation property. There, A® denotes the complement of a
set A C R"™.

() s s (8)( p(s 8)\
DfY (£L2.05) + D (P QL) -

Y1
Hess(p1) Vgo1®Vw1
/ o1 o [P0 <1 V% )d+
SUPP(1)NSUPP(2) o2 <1 <w1,x>)”+ H
1 1
Hess(¢1) V@1®V901
/ (plf det [ w1 + ( thl,.%'>> da +
SUPP(1)N(SUPP(2))C o (1 _ {Vera) ”* *1
1 e1
Hess(p2) V<P2®Vt/72
/ P2 f o [ - 0 ) (1 V% ) dz +
SUDD(¢1)NSUPD(2) 1 o (Term )" T i
('02 P2
Hess(¢2) VAP2®V<,02
/ LPZ det |: o + (1 VQOQ, >) dm
SUDD(2)(SUPP (1)) o3 (1 §{Te2.0) ”* =
2 p2
_ ) pls) (s) ( p(s)
= D (Piide(or.ony Qumstonion) T P Prinoron): Quntator on))
provided that max(p1, ¢2) is s-concave. O



Let s € R, s # 0 and let ¢ : R” — R, be an s-concave function. Let supp(¢) = {z :
(x) > 0} be the support of ¢. Then supp(yp) is convex. We will assume throughout the
rest of this section that supp(y) is open and bounded, that ¢ is C? on supp(y) and that
lim, _asupp(e) ¥°(z) = 0. We define a function 1 on supp(p) (see also [57]) by

_1-¢%(x)

Y(z) , € supp(y). (26)

As ¢ > 0 on supp(yp), ¥ is well defined, 1 is convex on supp(p), ¥ < %, if s > 0
and ¢ > %, if s < 0. We will use the following duality definition from [12]. First,
let (supp(p))” = {y : SUPgesupp(y) (T ¥) < 1} Note that we can assume without
loss of generality that 0 € supp(y). If 0 ¢ supp(p), pick z € supp(yp) and consider
(supp(p) — 2)* + z. Then (supp(¢))” is convex, open, bounded and 0 € (supp(p))*. On

the set w we define

) y € . . (27)

(z,y)
1

— () (supp())”
— s1(

w@) (y)=sup
zesupp(y)

Then w(*s) is convex, and, as for s > 0, (z,y) < % for z € supp(p) and y € (supp(y))”,
we have that 7/’?5) < %, if s > 0 and, similarly, that wz”s) > %, if s < 0. Observe also that
for s — 0 we obtain the Legendre transform L (y) = sup, [(z,y) — ¢ (z)]. We denote

gio(@) = (1= sy (@)

the function corresponding to wz‘s). 4,02‘5) is well defined, s-concave and, putting <pfs) =0

outside w, coincides for s > 0 with L,()(y) = infupp(e) % from [5].
The supremum in (27) is attained at = such that
= m Vip(z) which means y = (1 — sy, (y)) Vip(z).
Moreover,
1 1 —sy(x)
" = =1+s((Vy(z),x) —(x)), 28
o " T reg) = L () — vl (28)
and the relation between y and z is
Vij(x)
Y T o) 2

It was noted in [12] that the Jacobian is given by

1— s¢(x)
(14 s((Vi(@), ) — ()"
It was also noted in [12] that the duality (¢7,)){,) = ¢ holds and that therefore,

dy = |det dTy(z)| dx = det Hess 9 (z) dx.
det (dT(z)) det (dTw(*S)(y)) ~ 1. (30)

Now, the next theorem provides a duality formula for an s-concave function ¢ and
<p>(“s). It is a generalization of a duality formula proved for special f in [12].



Theorem 7. Let f: (0,00) — R be a convex or concave function. Let ¢ : R"™ — [0, 00)
be an s-concave function such that C, is open and bounded, ¢ is differentiable on C,
and that lim,_gsupp(e) ¢° () = 0. Then

D(P) Q) = DR (PP, QP). (31)

Remark. In particular, if f = 1, or, equivalently, f* = Id, formula (31) becomes

* det [5plel 4 (1 — ) Tegve]
(1+sn) / P(sdr = / s . (32)
supp() 0 (1 _ S<V<Zw>) s

Proof. By Definition 4, the change of variable (29) and (30)

D(i) P, ) _— . 1 det Hess v (z) 1
P (pep) / I <<1 — sib(2)) 1 — sv(x) + s(w, V() s+n+l>
x (1= sip(2)) 1 = s(() — (2, Vip(a)))| da
. det dTy(z)
L. ((1—sw<x)>i 1—sw<x>+s<x,w<x>>|i>
x(1- sw(m))gfl (1- swz‘s)(y))fl dx
(1— v, (y)'~* detHess ¥, (y)
/R" f %+n+1
‘1 — sy () + s(y, Vi, (v))
x (1= svty ()
- D;S) (P;(SZVQ‘(/;%)) '

1

s

‘1 — st (y) + s(y, Vi, ()| dy

O

The proof of the following entropy inequality for s-concave functions is immediate
with Jensen’s inequality and identity (32).

Theorem 8. Let f : (0,00) — R be a convex function. Let ¢ : R" — (0,00) be an
s-concave function such that C, is open and bounded, ¢ is differentiable on C, and that
hmw_,asupp(tp) QDS (I’) = O Then

| f(p* dx
f ( ® ® ) SuppP(e) f pdz

If f is concave, the inequality is reversed.

10



3 f-divergence for log concave functions.

A function ¢ : R — [0,00) is log concave, if it is of the form ¢(z) = =% where
1 : R™ — R is a convex function. A log-concave function ¢ can be approximated by the
sequence of k-concave functions {¢x}52

-

or=104+knp)}, keN (33)

where for a € R, a4 = max{a,0}. This motivates our definition for f-divergence for log
concave functions. We put

1 (Vo ,x)

Q,=¢ and P,=¢ e ¢ det[Hess(—Ingp)] (34)
and define now the f-divergences for log concave functions.

Definition 9. Let f : (0,00) — R be a convex or concave function and let ¢ : R" —
[0,00) be a log concave function. Then the f-divergence Dy(Py,Q,) of ¢ is
(Ve,x)

[ (4

of ( 57— det [Hess(—lngo)]) dx. (35)
upp(p) ¥

Ds(Po @) = |

S

Again, we will sometimes write in short D¢ (y) for Dy(P,, Q).

Remarks and Examples. (i) Similarly to (35),

4 (Ve >

Df(Q@,PW):/ e e ¢ det[—Hess (Iny)] f( o) )dw.
Supp(«) e ¢ det[Hess(—Inyp)]

As by (11), D#(Q,, P,) = Dy« (P,, Qy), it is enough to consider Dy (P, Q).

(i) If we write a log concave function as ¢ = =¥, 1 convex, then (35) (and similarly
D¢(Qy, Py)) can be written as

D¢(P,,Qy) = / eV f (ew_ww’””> det [Hessz/)]) dx. (36)

Supp(y)

(iii) Let A be a positive definite, symmetric matrix, C' > 0 a constant and ¢(z) =
Ce~(A%2)  Then

2"det(A)> Cnn/? (37

Di(r Qo) = 1( ) T

(iv) Let a be a non-zero vector in R”, C' > 0 a constant and let ¢(z) = Ce(»*). Then
C f(0) - !
Ds(Po Q) = i ([ v
A 1 T a \UJr

which is infinity, unless f(0) = 0. Therefore, we require that ¢ = e~¥ is such that v is
strictly convex.

If ¢ is an sg-concave function, then ¢ is s-concave for all s < sq. In particular, ¢ is
log concave. Thus D¢ (P, Q) is defined for ¢ and D¢(P,,Q,) = D;O)(Pg(,o), SDO)).

11



On the other hand, as it was remarked in (33), every log concave function can be
approximated by s-concave functions. The next Proposition shows that Definition 9 is
compatible with Definition 4 for s-concave functions.

Proposition 10. Let f : (0,00) — R be a convex or concave function. Let s > 0 and

1
for a log concave function ¢ : R" — [0,00) put s = (1 4+ slnp);. Then

lim D;S) (p;z)7Q$S)) = D(P,, Q).

5—0

1
Proof. Let s > 0 and let ¢, = (14 slny);. Then

1 Ve, x)
D (P, QL)) :/ L4 shng)t [1- V@)
f ¢57Q¢S ( +s H@)-‘r §0(1+81n(,0)+
Hess(—1n ¢) sV(Inp)®V(lng)  sVeRVe }
f det [ (1+slntp)2+ + (1+slrlt,0)2+ g02(1+slng0)i de.

)n+§+1

2
2 s(Vp,x)
(14+slny); (1 - m

Therefore “
tim DY (P, QL)) = Ds(Po. Q).

Note that we can interchange integration and limit because conditions (6) and (7) hold.
Compare also [6]. O

Similar to Lemma 6, f-divergences for log concave functions are affine invariant val-
uations. Also, the proof is similar to the one of Lemma 6 and we omit it.

Corollary 11. Let f : (0,00) — R be a convex or concave function and let ¢ : R™ —
[0,00) be a log-concave function. Then D¢(P,, Q) is invariant under self adjoint SL(n)
maps and it is a valuation.

Recall that for ¢ : R™ — [0, 00), the dual function ¢° [5] is defined by

°(z) = inf {“W]
T) = 1l
4 ver™ | o(y)

This definition is connected with the Legendre transform Lo(y) = sup,cpn [(z,y) — ©()],
namely for ¢ = e~ Y,
©° = e~ L(=Inp) _ —L(¥) (38)

Remark. Please observe that Proposition 5 justifies to call @, and P, the cone measures
of the log-concave function ¢ and its polar ©°.

The next Theorem 3, already mentioned in the introduction, gives a duality relation

for a log concave function and its polar. We will see in Section 5 that it is the functional
analogue of a duality formula for convex bodies.

12



Theorem 3. Let f: (0,00) — R be a convex or concave function. Let ¢ : R"™ — [0, 00)
be a log-concave function. Then

Dy(Ppe,Qye) = Dy (Py, Q) (39)

Remark. In particular, for f = 1, or, equivalently, f* = Id, formula (39) becomes
Ve,z)

/ ©’dx = / @~ (det (Hess (—Ing))) e (40)
Supp(¢) Supp(¢)

Proof. We give a direct proof. But please observe that the proof also follows from
Theorem 7, if we let s — 0, together with (38) and Proposition 10.

We write ¢ = e~ ¥, 9 convex, and let £1(y) be the Legendre transform of . Please
note that when 1 is a C? strictly convex function, then

() + LY(y) = (z,y) if and only if y = Vip(x) if and only if x = VLY(y).

It follows that
vy € R", (VLY (y)) = (y, VLY(y)) — LY (y) (41)

and

Vipo VLY =VLYo VY =1d, (42)
so that for any z,y € R”,

Hess (VLY (y)) Hess L1(y) = Id = Hess LY(Vip(x)) Hess (x). (43)

Using equations (41), (42) and (43), the change of variable x = VL(¢(y)) gives

(Vo)
Dy+(P,,Q,) = /ngo fr (det [Hess (— In )] ¢ 802 )daﬁ

—24(z)+(Vp,)
) ¢ v@—(vea) (£ "y
/R det (Hessy/(x)) e U (Hess(z)) ) ©*

_ / det (Hessth (VLib(y))) e?(TE0W)~w V(b))

n

EEl

e 20 (VLY (y))+(y, VLY (y))
! ( det (Hessy (VLY (y)))

_ / LV det(Hessw( ) e—<y,vw(y>>+2w<y>> dy

(Ve©,x)
= /n ©° f (det [Hess (— In¢°)] e((pz)Q)

= Djy(Ppo,Que).

) det (HessL(y)) dy

13



A consequence of Theorem 3 is the following entropy inequality for log concave func-
tions. This is Theorem 1 of the introduction.

Theorem 1. Let f : (0,00) — R be a convex function and let ¢ : R™ — [0,00) be a
log-concave function. Then

D¢(P,,Qy) >  f <ffijj) (/supp(sa) <de> .

If f is concave, the inequality is reversed. If f is linear, equality holds. FEquality also
holds if p(x) = Ce A7) where C is a positive constant and A is a n X n positive
definite matriz.

Proof. The inequality follows immediately from Jensen’s inequality and identity (40).

1
Or, if we approximate ¢ by ¢, = (1 + slnyp)3, the inequality follows from Theorem 8
letting s — 0.

It is easy to check that equality holds if f is linear and that equality holds for
o(x) = Ce~4%2) by (37). In fact, one can assume that A is positive definite and
symmetric. O

If we let f(t) = Int in Theorem 1, we obtain the following corollary which is a
reformulation of Corollary 2 of the introduction.

Corollary 12. Let ¢ : R™ — [0,00) be a log-concave function. Then

D(PQ,) < ( [ s@daC) w (). (44)

Equality holds if p(z) = Ce= A2 where C' is a positive constant and A is a n X n
positive definite matriz.

Remarks.

(i) Inequality (44) is stronger than (1). Indeed, as

D(P,||Q,) = —2/<pln<pdx—n/<pdx—|—/g0 In (det (Hess (—ln(p)))da:,

inequality (44) is equivalent to
/ ¢ In (det (Hess (—Inp)) )dx
Supp()

< 2Ent(p) + ||o|lr: In [e" (/ godx) (/ go"dac)} .
Supp(s) Supp(¢)

Now we apply the functional form of the Blaschke Santalé inequality [5, 7, 17, 31]. We
assume without loss of generality that [¢dr = 1. Observe that we can also assume

14



without loss of generality that [z¢(x)dz = 0. If [zp(z)dr = g, replace ¢ by ¢(x) =
o(x 4+ x0). We then get,

/ ¢ In (det (Hess (—1Iny)) )dm < 2Ent(p) + In (2me)"
Supp(«»)

which is inequality (1).

(ii) The characterization of equality in (1) now follows by the equality characterization
of the Blaschke Santal6 inequality. Indeed, from the arguments in (i), if there is equality
in (1), there is also equality in the functional Blaschke-Santald inequality. This implies
that the function has the form ¢(z) = Ce™ 4%} by [5].

Let us state another corollary to Theorem 1. Its proof follows immediately from The-
orem 1 and the functional Blaschke Santalé inequality and its equality characterization.

Corollary 13. Let ¢ : R" — [0,00) be a log-concave function that has center of mass
at 0. Let f:(0,00) — R be a convex, decreasing function. Then

(2m)"
D (P,,Q,) > f | —— da | .
Per @) f((f wd:c)) </supp<w>¢ )

If f is a concave, increasing function, the inequality is reversed.

Equality holds in both cases if and only if p(x) = ce= AT} where ¢ is a positive constant
and A is an n X n positive definite matriz.

4 Applications to special functions.

Now we consider special cases of f-divergences for log concave functions. Please re-
call that in subsection 2.1, the a-Rényi entropies (15) were introduced as special f-
divergences. Examples of such Rényi entropies are, for log concave functions ¢ : R"™ —
[0,00), for f(t) =t*, —00 < A < oo, the Ly-affine surface areas asy(p) of o, introduced
in [12],

Neow) A
7
asx(p) = / © € 5— det [Hess (—Ing)] | dz, (45)
Supp(s) ¥
or, writing ¢(z) = e~ ¥(®), 4 convex,
asx(p) = asx(e™?) = / A=V =M, VY(0) (et Hess 1(z))” da. (46)

Especially, asq(p) = fsupp(gp) pdx and, by (40), asi(p) = fsupp(go
also that for any log concave function ¢ we have that asy(p) > 0. Moreover, by Corollary
11, the asy(¢) are affine invariant valuations.

)go"da:. Please note

We first want to give a definition for as. (@) and as_.(¢), similarly as it was done
1
for convex bodies [51]. To that end, for A > 0, let dsx(¢) = (asx(¢))> and denote
(Vo,@)

e P

h= (gpﬁ 7det [Hess (—Ing)].

15



1
Denote by || f||x = (J f*dz)* the Ly norm of a function f. Then, for A — oo,

> (Vo)
dsa(p) = (/ h%.) = JIhllx = ol = max S — det [Hess (— In)].
SuUpp(y) zeSupp(p) ¥
Therefore, it is natural to put
(Veo,z)
(& P
as = max ——— det |[Hess(—Inyp)]. 47
wle) = _max C det[Hess (o) (47)
Similarly, for A — —oo,
- 1
aSA(SO) - (Ve,z)
max,esupp(y) <5z — det [Hess (—In )]
o?
= min = aS_co (). (48)

=€SUPP(e) o TE op [Hess (— In ¢)]

Hence we have that 1

asoo ()

It is also easy to see that these expressions are invariant under symmetric affine trans-
formations with determinant 1.

as oo () =

The next theorem gives the analogue, for log concave functions, of a monotonicity
behavior of the Ly-affine surface area that was established for convex bodies in [41, 69].
The case =0 and « = 1 was already proved in [12].

Proposition 14. Let a # B, # (3 be real numbers. Let ¢ : R® — [0,00) be a log
concave function.

= (asal) .
(i) If 1 < §& < oo, then asx(p) < (asa(tp))% (f L,O)aTik

(iii) If B < \, then asx(¢) < (a5 () asp(p).

(i) If 1 < % < 00, then asy(p) < (asq(p))

If % = 1n (i), respectively & = 1 in (ii), then o = X and equality holds trivially in
(i) respectively (). Equality also holds if p(x) = Ce™(A®2),

Proof. The proofs follow by Holder’s inequality, which, in (i), enforces the condition
i—g > 1. The case(ii) is a special case of (i) for 8 = 0. We show (i). The others follow
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similarly.

(Ve.x) A

asx(p) = / 7 ¢ 2 det [Hess (—Inp)] | dx
Supp(«) ¥

S} o)

(Vo) B a=p
X | (e(pz det [Hess(—lngp)]) dx

It follows from Proposition 14 (ii) that for 0 < A < a,

0= () = (5:2)

which means that for A > 0 the function A — (%Sﬁdx) is bounded below by 0 and
is increasing for A > 0. Therefore, the limit

-y (2212 o

exists and the quantity 2, is an affine invariant. It is the analogue for log concave
functions of an affine invariant introduced by Paouris and Werner in [54] for convex
bodies. The quantity €, is related to the relative entropy as follows.

Proposition 15. Let ¢ : R™ — [0,00) be a log concave function. Then

-t () () oo (25

17



Proof. By definition and de "Hospital,

= () e (i (722)

(Ve,z) A
[ [gp (6;; det [Hess(—lngp)]) }dw
= e li
Ao asx(?)
(Veo,x)
J¢ In (e sr— det [Hess (—Ingp)] dx)
= exp Tods

. <D<ﬁ|d§¢>> |

M=

It also follows from Proposition 14 (ii) that for A < 0, the function A — (asfiff)dx) is

1
increasing We compute lim g (a}ﬁf)> * as above. O

Corollary 16. Let ¢ : R™ — [0,00) be a log concave function.

(i) Q, < (af”(f ) for all X >0 and Q, > (af”(d“a))A for all A < 0.

(ii) Qp Qpo < 1.

(iii) Q, = limg_ ( afgp(i)) =2

Equality holds in (i) and (ii) if p = Ce™{A%2)

Proof. (i) is deduced immediately from the monotonicity behavior of the function A —

1
(Md:v> * and the definition of Q.
e @

(ii) By (i), Q, < ?;(d‘i) = fffp(j; and Qo < ?;(Ozﬁ = If;ddz Here, we have also used

the bipolar property (¢°)° = ¢. Thus (ii) follows.

(iii) We use the duality formula asx(¢) = as;—x(¢°) which was first proved in [12]. Note
that it can also be obtained as a special case of Theorem 3 for f(t) = t*. By definition

Q0 = lim (SN gy (Ba0)) Ty (2al0)) T
@ A—0 f(p A—0 f(po a—1 f(po ’

1
Therefore, Q, = lim,_q (a}“égm)) e O
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5 Application to convex bodies.

Let us now consider the case of 2-homogeneous functions v, that is ¥(Az) = A\2¢(x)
for any A € Ry and = € R™. Such functions ¢ are necessarily (and this is obviously
sufficient) of the form 1 (z) = ||z||% /2 for a certain convex body K with 0 in its interior,
where we have denoted by ||.||x the gauge function of K,

|z]|x = min{A >0: v € K} = m:}m{x(m,y} = hgo(x).
yeKe

Differentiating with respect to A at A = 1, we get
(z,Vip(x)) = 2¢(x). (50)

Now we apply this function to the identities and inequalities which we have obtained
for f-divergences for log concave functions. It was already observed in [12] that the
Ly-affine surface area for log concave functions is a generalization of Ljy-affine surface
area for convex bodies, Indeed, it was noted there that if one applies the log concave

function px = exp <7%> to Definition 45, then one obtains Ly -affine surface area for
convex bodies. Please note also that
=k (27m)% | K| / _l=leo (2m)3 |K°|
e 2 dr=-—-—— and e 2 dr=—0m—. (51)
/ B3| | B3|

Recall that B3 denotes the n-dimensional Euclidean unit ball, and for a convex body K
in R™, K° is the polar of K (20) and | K] is its volume.

The following is a generalization of a result in [12] but it is proved in exactly the
same way. We include the proof for completeness.

2
Theorem 17. Let K be a convex body in R™ with 0 in its interior. Let o = exp (— H'QK)

and f: (0,00) = R be a convex or concave function. Then

27r) %
Df(PwkaQSOK)_E,L[TB)g' Df(PK’QK)'

Here, Px and Qg are as in (19) and, for pr, Py and Qg are as in (34).

Proof. We will use formula (36) for ¢ = ”'g%( and integrate in polar coordinates with

respect to the normalized cone measure % (19) of K. Thus, if we write z = rz,

with z € 0K, dr = r"“'drdPk(z). We also use that the map = ~— det Hess ¥(x) is
0-homogeneous. Therefore, with (50),

+oo 2
D¢(Pu, Quy) = /0 e T dr aKf(detHessz/J(z)) dPk(z)

- 2(2| | (detHess(2)) dPic(2).

It was proved in [12] that for all z € 9K,

kK (2)

det (Hess,v) = o N ()

(52)
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Observe that for the Gk (2) introduced in this lemma, |Gk (2)|| ke = (z, Nk (2)). Thus

Df(waQwK) = (QW)E f( H(x)

) (o, Nic () ()

n|By| Jox © \(z, Nk(x))"+!
(27‘()%

= —Dy(Pr,Qxk).
n[Bg[ ™

Now we apply Theorem 1 to ¢ = exp (— \|<!§() and we obtain the following inequal-

ities. Those were already proved, with different methods, in [68]. In fact, it was shown
there that equality holds if and only if K is an ellipsoid.

Corollary 18. Let K be a conver body in R™ with the origin in its interior. Let f :
(0,00) — R be a convez function. Then

Dy, @) 2 n 1511 (). (53)

If f is concave, the inequality is reversed. Equality holds if K is an ellipsoid.

2

btk ||x||%<)>D (2m)3 || <K°|>
e 2 d Hess | — dx .
/supp@) 7 ((aec (s (5 = il T \K

Now we use again (52) and, as above, make the change of variable, x = rz, z € 9K.
Then this becomes

[ s (@7 NZ(Q»W) (e, Nic(@))duxc () > n |K|f (f;') |

For f concave, the direction in the inequality changes. O

Proof. Let ¢ = exp (— H'“%() and let f be convex. By Theorem 1, together with (51),

In this way, by applying them to the particular log concave function exp (—%),

many of the known inequalities for convex bodies can be deduced from the corresponding
ones for log concave functions. Examples include:
(i) For —oo < p < 00, p # —n, the function f(t) = %7 is concave for p > 0 and convex
for p < 0. Then, as a consequence of Theorem 1 applied to ¢ = exp (—%), and the
Blaschke Santalé inequality [10, 49, 59] we obtain the L,-affine isoperimetric inequalities
of [41, 69]. If we apply Proposition 14 to ¢ = exp (7%), we obtain the monotonicity
behavior of the Ly-affine surface area for convex bodies proved in [41, 69].
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(i) If we apply Proposition 15 and Corollary 16 to ¢ = exp (—%), then we obtain

entropy inequalities first proved in [54] for convex bodies. E.g, Corollary 16, together
with the Blaschke Santald inequality gives the following isoperimetric inequality of [54]

n
By

IBg ™

l-ll%
2

ality formula for convex bodies and is a generalization of previously established duality
formulas [27, 69] for convex bodies, as,(K) = as,2 (K°). See also [37]. We skip the

proof.

Finally, the duality formula (39) applied to ¢ = exp (— corresponds to a du-

Proposition 19. Let K be a convex body in R™ and let f : (0,00) — R be a convex or
concave function. Then

Dy(Pro,Qko) = Dy (P, Qx)-

6 Linearization.

In this section we linearize the inequalities of Corollary 13 around its equality case.
We treat only one inequality. The other one is done in the same way. We rewrite the
inequality in terms of a convex function 1 : R® — R such that ¢ = e~% and get

/ e (2T et (Hess() ) i > (W} ( / e—wdx) (54)

Corollary 13 requires that ¢ has center of mass at the origin. This is the case if ¥
is even. We then linearize around the equality case 1(z) = |z||>/2 and obtain the
following functional inequalities. See also [6], [25], [26]. The proof, which we include
for completeness, follows [6]. Throughout, ||.||zs denotes the Hilbert Schmidt norm and
An = tr(Hess 1) is the Laplacian of 7. -, is the normalized Gaussian measure on R”

and Var,, (n) = [z, 7?dvn — ([gn nd’yn)Q is the variance of 7.
Corollary 20. Let n € C?>(R") N L*(R",~,) be even. Then
(i) % Jgu (D= (V0,2))* dyn < fpo [|Hess nll%g doyn.

.. 1
@) [ Al = [ G (Tna)? v < Vo, () <

1 1
/ [Vnl* dv, — 5/ (& — (Vn,z))? d%+§/ || Hessn|| % s dvn-
R™ R R

Remark. The left hand side of Corollary 20 (ii) together with Corollary 20 (i) gives the
following reverse Poincaré inequality obtained in [6] (see also [25], [26])

Hess n||2
[ e - BB, < v, o,
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Proof. We first prove the corollary for functions with bounded support. Thus, let n
be an even, twice continuously differentiable function with bounded support and let
(x) = ||z]|?/2 + en(x). Note that for sufficiently small € the function ¢ is convex and
that ¢ is even as 7 is even.Therefore we can plug ¢ into inequality (54) and develop in
powers of . We evaluate first the right hand expression of (54).

(27()?1 < 7HIH2/2*E >
f <(IR" e llel*/2=en d$)2> /n c " dx
2
(27T)n/2 f <1 25/’ ndyn 52/’ 772an 4 3e2 (/ nd%}) >

2
(1 — 8/ ndyn, + % 772d7n> + O(e?).
n Rn

As f(1+t) = f(1) + f/(D)t + @tz + O(t3), we get that the right hand side of (54)
equals

en? (10 +er - ) [ ] [, (12 )+

(/ "d”")z (1) + 2f”(1)]D +O(ED).

We evaluate now the left hand expression of (54). Since Hess ) = I + ¢ Hess 7, we
obtain for the left hand side

/ e—l\%||2/2_8”f (ee(2n—<Vn,:c>)det (I + & Hess 77)) dz.

By Taylor’s theorem this equals

/n o—llzl?/2 (1 e 522,72) . f( (1 +e(2n — (V@) + %(277 — (v, ac})Q)

-det(I + ¢ Hess n))dx +O(e%).

For a matrix A = (a;)i j=1,....n, let D(4) =>"1" Z;;Z laiia;; — aij]. Note that each
2 x 2 minor is counted twice. Then det(I +¢ Hess ) = 1+eAn+ %D(Hess n) + O(&3).
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Therefore the left hand side of (54) equals
g2
(2m)™/? [/ <1 —en+ 2772> f<1 +e(2n+ An—(Vn,z))

2
+é? <(2’7 — <2v"’ D 4 A2y — (V) + 2051 (HZSS n)) )d%] +0() =

2 (5 +e [0 [ v+ @) ([ 1= () + )|
s2lr [ L - r ([ aei- v+ soa, ) +

7 ( I <(2" — Iy Ay~ (9. + DD 7”) m)

5 2
+@ (/n (20— (Vn,2) + An)zd%> D +0(%).

Now observe that [, (An — (Vn,z))dy, = 0. Also, as the coefficients of order zero and
of order ¢ are the same on the left hand side and the right hand side, we discard them.
We divide both sides by €2 and take the limit for ¢ — 0. Thus, the inequality (54) is
equivalent to

(f’(l) + 2f”(1)> K/" nd%>2d”yn - / n? d%] <
D(Hess 1) dvy,

<f’(1) + 2f”(1)> UR nAn dyn — /R n{Vn, ) d%] + -
L0 [ e+ (f’(l) +f”(1)> { [ Sl - AW<V”vm>d%] |

2 -

f'(1)
2

Integration by parts yields [o, n(Vn,z)dy, = % [p. n*(@) (|=]|* —n) dv, and

/ DA dyn = / IVal? dva+ + [ 02(@) (2] = n) d.

2 Jan

We put @ = f’(1) and b = f”(1). Note that a < 0 and b > 0, as f is convex and
decreasing. Thus, the inequality becomes

(a-+2) (Vars, ()~ [ 19l a, )

a a+b
>5[ e alfs d = "7 [ (Gn—(Tna))?

Hence we have shown that the inequality holds for all twice continuously differen-
tiable functions n with bounded support. Now we extend it to all twice continuously
differentiable functions n € L?(R™,+,,) satisfying the necessary integrability conditions,
by a standard approximation argument, as follows.

Let xi be a twice continuously differentiable function bounded between zero and one
such that x,(z) = 1 for all ||z|| < k and x,(z) = 0 for all ||| > k + 1. Then, for all
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keN

(a+20) (Vafwn(n-xk) / IV (1 x5l dvn)

a a+b 2
> 8 [ s (0 x0lBis o= 50 [ (80030 = 90 00.0))

which is equivalent to

2b [(/n(ﬁ . xk)d%>2 N /Rn IV (- x0) |2 d%]
a [/n(ﬂxkﬁd% + /n ;(A(ka) - <v(n'Xk)7:L'>)2 d%]
(—a) [</n(n.xk)dvn>2+/w IV (- xo) |2 d%+/w % d%]

+ b [/n 2(n - xx)*dyn + /n ;(A(n-xw - <V(77-x;c),$>>2 d%] :

Now we pass to the limit & — oo on both sides and obtain

IN

2
20 [hminf ([ o xan) +mint [ 96 wl? d%]
n —00 R™

k—o0

k—oo

- alliminf/w(wx;c) o +lpmint [ ;<A(n~xk><v<n'xk>,z>>2d%]

2
< (-a) [hgsup ( / <n-xk>d%> +limsup [ 90,
1 2
b [liinsup/ 2(77-Xk)2d7n+li;nsup/ 2<A(U-Xk)— <V(n-x;f),x>> d%]
H 2
- a [limsup/ % d%] .
k—o0 n

Fatou’s lemma and the dominated convergence theorem yield

a

a+b
5 [ e alfys dvo = 52 [ (@ (.0 v,
< (o 20) (Vars, ()= [ (90l ).

Finally, we consider the cases a+2b =0, a+2b > 0 and a+ 2b < 0 and optimize in each
case. O
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