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Abstract

We prove new L, affine isoperimetric inequalities for all p € [—o0,1). We
establish, for all p # —n, a duality formula which shows that L, affine surface area

of a convex body K equals L, affine surface area of the polar body K°.
p

1 Introduction

An affine isoperimetric inequality relates two functionals associated with convex bodies
(or more general sets) where the ratio of the functionals is invariant under non-degenerate
linear transformations. These affine isoperimetric inequalities are more powerful than
their better known Euclidean relatives.

This article deals with affine isoperimetric inequalities for the L, affine surface area.
L, affine surface area was introduced by Lutwak in the ground breaking paper [26]. It
is now at the core of the rapidly developing L, Brunn Minkowski theory. Contributions
here include new interpretations of L, affine surface areas [32, 37, 38|, the discovery of
new ellipsoids [21, 28], the study of solutions of nontrivial ordinary and, respectively,
partial differential equations (see e.g. Chen [9], Chou and Wang [10], Stancu [39, 40]),
the study of the L, Christoffel-Minkowski problem by Hu, Ma and Shen [16], a new
proof by Fleury, Guédon and Paouris [11] of a result by Klartag [18] on concentration of
volume, and characterization theorems by Ludwig and Reitzner [23].

The case p = 1 is the classical affine surface area which goes back to Blaschke [6].
Originally a basic affine invariant from the field of affine differential geometry, it has
recently attracted increased attention too (e.g. [5, 20, 25, 31, 36]). It is fundamental in
the theory of valuations (see e.g. [1, 2, 22, 17]), in approximation of convex bodies by
polytopes [14, 38, 24] and it is the subject of the affine Plateau problem solved in R? by
Trudinger and Wang [41, 43].

*Keywords: affine surface area, L, Brunn Minkowski theory. 2000 Mathematics Subject Classification:
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The classical affine isoperimetric inequality which gives an upper bound for the affine
surface area in terms of volume proved to be the key ingredient in many problems (e.g.
(12, 13, 27, 34]). In particular, it was used to show the uniqueness of self-similar solutions
of the affine curvature flow and to study its asymptotic behavior by Andrews [3, 4], Sapiro
and Tannenbaum [35].

L, affine isoperimetric inequalities were first established by Lutwak for p > 1 in [26].
There has been a growing body of work in this area since from which we quote only
Lutwak, Yang and Zhang [29, 30] and Campi and Gronchi [8].

Here we derive new L, affine isoperimetric inequalities for all p € [—o0,1). We give
new interpretations of L, affine surface areas. We establish, for all p # —n, a duality
formula which shows that L, affine surface area of a convex body K equals L,: affine

surface area of the polar body K°. This formula was proved in [15] for p > 0.

From now on we will always assume that the centroid of a convex body K in R" is
at the origin. We write K € C? if K has C? boundary with everywhere strictly positive
Gaussian curvature. For real p # —n, we define the L, affine surface area as,(K) of K
as in [26] (p > 1) and [38] (p < 1) by

mK(m)#p
as,(K) = ——dug( 1.1
(K) /M e k(@ (11)
and
5400 (K) = /8 ) %d/@g(m) (1.2)

provided the above integrals exist. Ng(z) is the outer unit normal vector at x to K, the
boundary of K. kg (x) is the Gaussian curvature at z € 0K and px denotes the usual
surface area measure on OK. (-,-) is the standard inner product on R"™ which induces
the Euclidian norm || - ||. In particular, for p =0

aso() = / (o, Nila) dpc() = I,

where | K| stands for the n-dimensional volume of K. More generally, for a set M, |M|
denotes the Hausdorff content of its appropriate dimension. For p =1

()= [ (o) g (o)

is the classical affine surface area which is independent of the position of K in space.
If the boundary of K is sufficiently smooth then (1.1) and (1.2) can be written as
integrals over the boundary 0By = S™! of the Euclidean unit ball By in R
fic(u)
asp(K) = ——— o do(u).
Sn—1 hK(u) n+p
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o is the usual surface area measure on S™ . hy(u) is the support function of direction
w € S" ' and fx(u) is the curvature function, i.e. the reciprocal of the Gaussian
curvature kg (x) at this point x € 0K that has u as outer normal. In particular, for
p = %oo,

aS+o0(K) = /sw—l hK(lu)"dU(u) =n|K°| (1.3)

where K° = {y € R", (z,y) < 1,Vx € K} is the polar body of K.

In Sections 2 and 3 we give new geometric interpretations of the L, affine surface
areas and obtain as a consequence

Corollary 3.1 Let K be a convex body in C% and let p # —n be a real number. Then

asy(K) = asq2 (K°).

P

In Section 4 we prove the following new L, affine isoperimetric inequalities. For p > 1
they were proved by Lutwak [26].

Theorem 4.2 Let K be a convex body with centroid at the origin.
(i) If p > 0, then

cwW)<OM)W
as,(B3) ~ \IB3l)

with equality if and only if K is an ellipsoid. For p =0, equality holds trivially for all K.
(i) If —n < p < 0, then

) (1)
as,(B3) ~ \IBgl)

with equality if and only if K is an ellipsoid.
(i) If K is in addition in C2 and if p < —n, then

n—p
ik ( K| )"*” < asp(K)
| B3| asy(By)
The constant ¢ in (iii) is the constant from the Inverse Santalé inequality due to Bourgain

and Milman [7]. This constant has recently been improved by Kuperberg [19]. We give
examples that the above isoperimetric inequalities cannot be improved.




n4+r
In Theorem 4.1 we show a monotonicity behavior of the quotient (a’sr—(K)> ", namely

n|K|
r(n+t)
as,(K) < asy(K)\ {Fn
nlK| ) =\ nlK| .

and as a consequence obtain

Corollary 4.1 Let K be convex body in R™ with centroid at the origin.
(i) For allp >0
asy(K) as,(K°) < n?[K] K.

(ii) For —n < p <0,
as,(K)as,(K°) > n*|K| |K°|.

If K is in addition in C%, inequality (ii) holds for all p < —n.

2 L__»n_ affine surface area of the polar body

n+2

It was proved in [32] that for a convex body K € C%

n+2

) Ks)°| — |K° do(u K (z)n+1
im Cn|( 5) ’L | | _ / L( ) :/ K( ) n+1d/JJK<x>
60 O §nt fre(u) T P (u) oK (x, N (2))
= as—n(n+2)(K)7 (2‘4)
where ¢, = 2 <%> "' and Kj is the convex floating body [36]: The intersection of all

halfspaces H* whose defining hyperplanes H cut off a set of volume ¢ from K.

Assumptions on the boundary of K are needed in order that (2.4) holds.
To see that, consider BL = {z € R™ : max;<;<,|2;| < 1}. As rpn (z) =0 a.e. on 0BL,

n+2

/ Kpn (T) 1 Qi (2) = 0.
0

By, (2, Npy ()"

However

B" ol — |(B™)°
i o (B2 = [(BL)] 05
6—0 5m
Indeed, writing K for B, we will construct a O-symmetric convex body K; such that
Ks C Ky C K. Then K° C K} C Kj. Therefore, to show (2.5), it is enough to show
that Ko Ko
limcn—| 1|_2| ’:oo
60—0 5m
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Let R* = {(v;)7_; : ¥; > 0,1 < j < n}. It is enough to consider K* = R* N K and to
construct (K1)+ =K N RJr
We define (K)™ to be the intersection of RT with the half-spaces H;", 1 < i < n+1 where

H, = {(%‘)?:1 cx; =1} 1<i<n,and H,yy = {(xj)] 1 Z;L=1 r;=n— (nlé)» }, 0>0
sufficiently small. Notice that the hyperplane H,,; (orthogonal to the vector (1,...,1)
) cuts off a set of volume exactly § from K and therefore K5 C K.

Moreover, K7 can be written as a convex hull:
1
K7 :co<{:|:ei,1 <i<n}jU {— (€1,...,6n),6; = %11 gjgn}),
5

where s = n — (nld). Hence

o 2" n
S p——
nt p— (nld)w
and therefore
K| —|K°| 2° i 16)
M llm 5n+1 (71_)1 =0
R §nit nl 50 (n — (nld)n)

Now we show
Theorem 2.1 Let K be a convezr body in C% such that 0 € int(K). Then
|(K5)°| — |5

lim ¢ =as__n (K°).
e ()

As a corollary of (2.4) and Theorem 2.1 we get that for a convex body K € C%
as_n(nt2)(K) = as__n (K°). (2.6)

This is a special case for p = —n(n +2) of the formula as,(K) = as 2 (K°) proved in [15]

for p > 0. We will show in the next section that this formula holds for all p<0,p#—n
for convex bodies with sufficiently smooth boundary. For p = 0 (and K € C%) the
formula holds trivially as aso(K) = n|K| and as«(K°) = n|K]| (see [38]).

For the proof of Theorem 2.1 we need the following lemmas.
Lemma 2.1 Let K € C%. Then for any v € K°, we have
), K||x5||>" ) 1] _ (o Nie(a)?
0=0 p fniT | Cn (Kgo(2))n+T

where x5 € O(K5)° is in the ray passing through 0 and x.
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Proof
Since K, and hence also Kj, are in C% one has that K° and (K;)° are in C3. Therefore,

Nyeo
for x € OK° there exists a unique y € 0K, such that, (z,y) = 1, namely y = R (z) :
" <NK° (27), ZL’>
y has outer normal vector Ng(y) = W and ”TIH = (y, Nk ())-
x

Similarly, for x5 € O(Ks)° there exists a unique ys in 0Kj such that (xs,ys) = 1,

Nk (x
N (K‘sz ()5) X ys has outer normal vector Nk, (ys) = T T and
(Ks)° Ts), Ts

lzsl] [z
L = (ys, Nie,; (ys))-

llzs |l

namely ys =

Let ¥ = [0,y] NOK;s ([z1, 22] denotes the line segment from z; to 2z3) and let y5 € OK
be such that ys = [0, y5] N K.

We have
I%H = (¥, Nx(y)) = (y5, Nk (y)) = QA’ﬁ)’
ﬁ = (5 Nealys) 2 /s Vo) = ' o)
Hence

()] - [ - ()1
() -y -1 [(58) -
(e 27)
and therefore l(”y ”> ]
() - S () (|

We first consider the lower bound.

p o) [(LaalY" ) g o N Vo) (WY )

60 it =0 (Y5, Nis (y5)) gt sl

v

VN
— —
NaJl NS
S | o~
= =
N

N————

3
|
—_
3
I

As 6 — 0, y5 —y. As K is in C%, Nk, (y5) — Nk(y) as § — 0.
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Therefore lims_o(yj, Nk, (v5)) = (y, Nk (y)). By Lemma 7 and Lemma 10 of [36],

e Vi (4)) Kuygu)” 3 1] _ (k)™

0=0 o g ys]| Cn

Hence

oy 200 [ (L"), ool (ex@) ™ _ (e Nio (@)

0=0 g T W Nk() e e, (kge(a))mT

The last equation follows from the fact that if K € C%, then, for any y € 9K, there is a
unique point x € OK° such that (x,y) = 1 and [15]

1

(Y, Nec(y))(w, No () = (R (y) e (2)) 757 . (2.8)

Similarly, one gets for the upper bound

i & Ve () KH%l')n_l} _ @, Nio(2))”

Y [z s (K]Ko(‘r))%ﬂ

Y

hence altogether

p 20 [ (e} ] _ Voot

=0 it ] Cn (HK<SU))%+1

Lemma 2.2 Let K € C2. Then we have

(@, Nio (2)) KHmII)" _ 1} < o(K,n),

2
n i

where ¢(K,n) is a constant (depending on K and n only) and x and x5 are as in Lemma
2.1.

Proof By (2.7)

(z, Nico () KH%II)” _ 1} < (2 Nie @) (y, Nic(y)) K [yl )" _ 1}

n 57%1 (v, Nk () n (571%1 /||

(x, N (z)) (Hyl! )" {y, Nk (y)) {1 _ (M)n} _

(. Ne(w) \lylIl)  now [yl




Since Kj is increasing to K as 6 — 0, there exists dg > 0 such that for all § < dy,

0 € int(Ks). Therefore there exits v > 0 such that B5(0,a) C K5 C K C By(0,) for

all 0 < dg. By (0,7) is the n-dimensional Euclidean ball centered at 0 with radius 7.
Hence for § < dy

(2, Nio(2)) Kuxau)"_ 1} < g2y W NE(®)) [1_ (Hy’H)”} < C'r(y)

due to Lemma 6 in [36]. Here r(y) is the radius of the biggest Euclidean ball contained
in K and touching 0K at y.
Since K is C%, by the Blaschke rolling theorem (see [34]) there is 1o > 0 such that

n—1

ro < min r(y). We put ¢(K,n) = C'ry "*'.
yedK

Proof of Theorem 2.1.

(K| = 1K 1 [ Nt [<u> - 1] Ao (1)

§tt n 5w
Combining Lemma 2.1, Lemma 2.2 and Lebesgue’s convergence theorem, gives Theorem
2.1:

Ks)°| — | K° 1 "
T (G0 el A [ N [(u) —1} A ()
U =0 g1 Jorco ]

_ /BK lim M%L@,NKO(;K» K%)n - 1} dpiges ()
/ (2, Nigo (2))?
o]

1 d KolX
Ko ¢ (Ko (x))ntT pe()
= l as - (K°).

Cn n+2

Remark
The proof of Theorem 2.1 provides a uniform method to evaluate

Ky)°| — | K°
o 10501 — 7

t—0 tnt1

where K is a family convex bodies constructed from the convex body K such that K; C K
or- similarly- such that K C K;. In particular, we can apply this method to prove the
analog statements as in (2.4) and Theorem 2.1 if we take as K; the illumination body of
K [42], or the Santalé body of K [31], or the convolution body of K [33] - and there are
many more.



3 L, affine surface areas

We now prove that for all p # —n and all K € C%, as,(K) = as,2 (K°). To do so, we

P
use the surface body of a convex body which was introduced in [37, 38]. We also give a
new geometric interpretation of L, affine surface area for all p # —n.

Definition 3.1 Let s > 0 and f : 0K — R be a nonnegative, integrable function.
The surface body Ky s is the intersection of all the closed half-spaces H* whose defining
hyperplanes H cut off a set of fux-measure less than or equal to s from OK. More

precisely,
Ky = N H*.

Soxnn— fduk<s

Theorem 3.1 Let K be a convex body in C2 and such that 0 is the center of gravity of
K. Let f: OK — R be an integrable function such that f(x) > ¢ for all x € OK and

some constant ¢ > 0. Let 3, =2 (|By~'|)"*. Then
|(Kps)° — [K°| :/ do(u)
$ 7 hag ) fre )7 (F(Nig! ()™

where Ni : 0K — S™ 1, @ — Ng(x) = u is the Gauss map.

lim 3,
s—0 gn-1

Proof

Let u € S"'. Let 2 € 0K be such that Nk (z) = u and let z; € K¢ be such that
Ni, (vs) = u. Let Hx = H(z — Au,u) be the hyperplane through x — Au with outer
normal vector u. Since K has everywhere strictly positive Gaussian curvature, by Lemma
21 in [38] almost everywhere on 0K,

1
A=0 |OK N HL| Jokany

|f(x) — f(y)| dux(y) = 0.

This implies that

1
lim ——
A=0 0K N Hy| Joknny

f) dpox (y) = f(=). (3.9)

Let by = hg(u) — hi, (u). As H(x —bsu,u) = H(x,,u) (the hyperplane through z, with
outer normal u) and as by — 0 as s — 0, (3.9) implies

1

lim RO H (o] St (oo f(y) duk(y) = f(z). (3.10)
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Hence there exists s; small enough, such that for all s < s,
o< | P dixc(w) < (14 @)K N H (o). (3.11)
OKNH~ (xs,u)

As OK has everywhere strictly positive Gaussian curvature, the indicatrix of Dupin
exists everywhere on 0K and is an ellipsoid. It then follows from (3.11) with Lemmas
1.2, 1.3 and 1.4 in [37] that there exists 0 < sy < s1 such that for all 0 < s < s9

n—1
s<(1+e) f(@) 1By Vfe(u) (2bs) =,
or, equivalently

b l-ac (3.12)

ST By F(NG ()7 ()T

where ¢y is an absolute constant.

Let now zf, € [0, z]N0K,. Then (z},u) < hg, (u). Therefore by = hg(u)—hg, (u) <
(x — !, u).
Hence for s sufficiently small

_ / /o
bS < <ZE xs,u> < <I7U> (1 ||xs||) S <x,u> ||‘rs I“

2 = 2 = 2 - 2
gn-1 gn—1 gn—1 ||$|| gn—1 ||$H
N I\
< (14 B Nk@) {1 . (—”%”) } . (3.13)

lls |
[l

The last inequality follows as 1 — (
Lemma 23 in [38]

)n > (1 —¢) mzell for sufficiently small s. By

[l

.1 Hl”sH)n} 1
lim ——— (z, N 1- - , _. 3.14
i s (o Nee) { ( [E B f(NZH () fic(w) 7 (3.14)
Thus we get from (3.12), (3.13) and (3.14) that
lim 25 — 1 L _. (3.15)
S0 B (Vi () P ()
As (1 —=t)™ > 1+nt for 0 <t < 1 and by (3.15),
. B n n . B n by \ "
i~ (b, (0] = B =ty el | (142 - 1]
: B bs
= )T o
1
_ . (3.16)

()] f(NG ()77 fre ()7t
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As hKf,s<u> > <l‘;7u>7

b (@) (el [l
) 2w el (317)
Since K € C7, hg, (u) — hg(u) as s — 0. Therefore,
5, . B, T (N
iy~ ([, (0] — ] ) = i, ] |1 (S8}
B, LT (1IN B mu [ (1
<t 0 1= () | = it o i [ ()
o i ! ()]
= 8 ) Ty (@ S s o V) (5
1
- (3.18)

[ ()] 1 f (N () 7= i (u) 7=
where the last equality follows from (3.14).
Altogether, (3.16) and (3.18) give

1
[ ()] F(NGH ()7t e (w)7T

lim —5— ([hx,, (w)] ™" = [hx(uw)] ") =

s—0 nsn—1

Therefore

EI-IK B LY Ly
R [(hKf,xu)) (hK<u>>]d”<“)

= [(hxfiw) ) (i) | o

/ do(u) 2
S e ()™ fe (1) 7T (f(Ng (u))) ™

provided we can interchange integration and limit.

We show this next. To do so, we show that for all u € S~ ! and all sufficiently small
s >0,
= m) ~(mw) =
— u
nsin (b)) \bwew)) ] =7
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with [, g(u) do(u) < oo. As 0 € int(K), the interior of K, there exists o > 0
such that for all s sufficiently small By(0,o) C Ky, C K C B3(0,1). Therefore,
aghKf’s(u)ghK(u)géandaghl < 1 L

K@ =T ) S o

With (3.17), we thus get for all s > 0,

-n / n
< i ()]
T, u L \"
<ot [y (1)
By Lemma 17 in [38] there exists s3 such that for all s < s3
/ n
(L)) ¢
s ] (M(x)) 7 1r(z)
where C'is an absolute constant and, as in the proof of Lemma 2.2, r(x) is the biggest

Euclidean ball contained in K that touches 0K at x. Thus, as 0K is C’i, by Blaschke’s
rolling theorem (see [34]) there is ¢ such that r(x) > .

. faKﬁH—(:vs,NKf s (@s)) fdMK
= inf :

0<s |8KHH_(J;$7NKLS($S)’
is the minimal function. It was introduced in [38]. By the assumption on f, My(z) > c.
Thus altogether

M;(x)

(1)
;2 ((hkf,s(u))_n - (hK(U))_n> < —20 = g(u),

n §n-1 n cr1 7y

which, as a constant, is integrable.

Theorem 3.2 Let K be a convex body in C2 and such that 0 is the center of gravity of
K. Let f: 0K — R be an integrable function such that f(y) > ¢ for ally € OK and

_2
some constant ¢ > 0. Let 3, =2 (|B;‘_1|) "=t Then

im [(Kys)° — | K°| _ (x, Ngo(x)) HK(y(x))ﬁ P

Here y(x) € OK is such that (y(x),z) = 1.
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Proof

We follow the pattern of the proof of Theorem 3.1 integrating now over K° instead
of S,

As a corollary we get the following geometric interpretation of L, affine surface area.

Corollary 3.1 Let K € C% be a convex body. Forp € R, p # —n, let f, : 0K — R be
— nfl)(n2+2n+p)

n? p
defined by f,(y) = /ﬁK(y)WIP) (y, Nk (y)) B o) . Then

()
(K, )| = [K°]

lim 3, = as,2 (K°).
s—0 Sn—1 D
(ii)
K: )°| —|K°
s—0 gn—-1

(iii)
asy(K) = as,2 (K°).

n=
P

Proof
Notice first that f,(y) verifies the conditions of Theorems 3.1 and 3.2.

(i) For z € 0K°, let now y(x) be the (unique) element in K such that (x,y(z)) = 1.
Then, by Theorem 3.2, with f(y(x)) = f,(y(z)), and with (2.8)

Kp o) | —|K° N nt
llm ﬁn‘ ( fpy ) 2| ‘ ’ — / <x,NKO (l‘)> <y<x>7 K(y(xg + dﬂKo (x)
s—0 Sﬁ 9K©° K;K(y(x))rrkp

= [ (o) = as. (1)
OK° (1, No(x)) e P
(ii) For u € S"7!, let now y € OK be such that Ng(y) = u. Then f,(Ng'(u)) =
_n24p —(n=1)(n?+2n+p) ) 1 _1
fre(u) 209 hp(u)” 20F» . By Theorem 3.1 with f(Ng (u)) = f,(Ng (u))

(Rl 21 _ [ gt
2 gn—1 hK(u) niﬁ{;pl)

IEI}) B do(u) = as,(K).

Sn—1

(iii) follows from (i) and (ii).
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4 Inequalities

Theorem 4.1 Let s # —n,r # —n,t # —n be real numbers. Let K be a convex body in
R™ with centroid at the origin and such that px{r € 0K : ki(x) =0} = 0.

(i) If Zj: (t ) ;> 1, then

(r—s)(n+t) (t—r)(n+s)

as, (K) < (as(K)) 905 (as (K)) 00,

(i) I

r(n+t)

as,(K) < asy(K)\ 1
nlK| ) =\ n|K]| '
Proof

(i) By Holder’s inequality -which enforces the condition % > 1

r

as.(K) = / < RK(Z‘)HZLI) dug(x)

K (x, NK('T» il
(r—s)(ntt) (t—r)(nts)

_t (t—s)(ntr) 5 (t—s)(n+r)
K (x)n+t KK (T )nts
= / ( x(7) n(tl)) ( o) n<sl>> dpx ()
o \ (2, Nic(w)) = (2, Nic())

(r—s)(n+t) (t—r)(n+s)

< (asi(K)) @90 (as,(K)) &0

(ii) Similarly, again using Holder’s inequality -which now enforces the condition % >

r(n+t)

I _t t(n+r)
K (x)ntr K (x)n+t dpg(x
CLST(K) = / K( ) n(r—1) d/"LK('r) = / < K( ) n(t1)> MK( )(Tft)n
0K <SC’ NK(:L')> n+r 0K <x’ NK(:L')> n+t <x’ NK<x)>(n+7)t
r(n+t) (t—r)n
< (ast(K)) H(ntr) ( |K|) ()t

Condition % > 1 implies 8 cases: —n < s < r <t, s < —n <t <,
r<t<-n<st<r<s<-n,s<r<t<-nr<s<-n<tit<-n<s<rand

—nm<t<r<s.

14



n+r
Note also that (ii) describes a monotonicity condition for (asT(K)> Trif0<r <t

n|K]|
orr<t<-—-n,or —n <r<t<0 then

(i) < ()

We now analyze various subcases of Theorem 4.1 (i) and (ii). For r = 0, if :((;:Lg > 1
s(n+t) t(n+s)
n|K| < (as(K)) "0 (ass(K)) .
For s = 0, if i((zj:;; > 1,
n(t—r) r(n+t)
as,(K) < (n|K|)@ (as,(K)) ™. (4.19)
For s — oo, if 2% > 1,
r—t n+t
as; (K) < (aso(K)) ™ (asi(K)) ™. (4.20)
Forrﬂoo,ifﬁ>1andifKisinCi,
n+tt n+s
asee(K) = n|K°| < (as¢(K)) = (ass(K)) *~*. (4.21)

As for all convex bodies K, as.(K) < n|K°| (see [38]), it follows from (4.19) that,
for all convex body K with centroid at origin,

as,(K) < (n|K|)# (n|K°[)#, r>0 (4.22)

and from (4.20),
t ntt
n|K|(n|K°))" < (asy(K)) ™, —n<t<O0. (4.23)
Similarly, (4.21) implies that, if in addition K is in C?,

|3

ntt
n|K°|(n|K|)t < (asi(K)) *, t<—n (4.24)
(4.22) can also be obtained from Proposition 4.6 of [26] and Theorem 3.2 of [15].

Inequalities (4.22), (4.23) and (4.24) yield the following Corollary which was proved
by Lutwak [26] in the case p > 1.
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Corollary 4.1 Let K be convex body in R™ with centroid at the origin.
(i) For allp >0
asy(K) as,(K°) < n?[K] K.
(ii) For —n < p <0,
as,(K)as,(K°) > n*|K| |K°|.

If K is in addition in C?%, inequality (ii) holds for all p < —n.

Thus, using Santal inequality in (i), for p > 0, as,(K)as,(K°) < as,(By)?, and inverse
Santal6 inequality in (ii), for —n < p < 0, as,(K)as,(K°) > c"as,(By)?. cis the constant
in the inverse Santal6 inequality [7, 19].

Proof
(i) follows immediately form (4.22). (ii) follows from (4.23) if —n < p < 0 and from
(4.24) if p < —n.

Lutwak [26] proved for p > 1

n—p

wmo<(m0w
asp(By) — \|B3]

with equality if and only if K is an ellipsoid. We now generalize these L,-affine isoperi-

metric inequalities to p < 1.

Theorem 4.2 Let K be a convex body with centroid at the origin.
(i) If p > 0, then

wmo<<m0w
as,(B3) ~ \IB5])

with equality if and only if K is an ellipsoid. For p =0, equality holds trivially for all K.
(i1) If —n < p < 0, then

cww>>OM)W
as,(B3) ~ \IB3])

with equality if and only if K is an ellipsoid.
(i) If K is in addition in C% and if p < —n, then

wmozdgom>w,
as,(B3) B3]

where ¢ is the constant in the inverse Santald inequality [7, 19].
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We cannot expect to get a strictly positive lower bound in Theorem 4.2 (i), even if
K is in C’i: Consider, in R?, the convex body K(R,¢) obtained as the intersection of
four Euclidean balls with radius R centered at (£(R —1),0), (0,£(R— 1)), R arbitrarily
large. We then “round” the corners by putting there arcs of Euclidean balls of radius ¢,
e arbitrarily small. To obtain a body in C%, we “bridge” between the R-arcs and e-arcs

by C%-arcs on a set of arbitrarily small measure. Then as,(K(R,¢)) < Rlﬁ%p + 4 7,
A similar construction can be done in higher dimensions.

This example also shows that, likewise, we cannot expect finite upper bounds in
Theorem 4.2 (i) and (iii). If —2 < p < 0, then as,(K(R,¢e)) > o ¥ R If p < -2,
then —2 < % < 0 and thus

—2 1243p

asy(K(R,€)°) = asa(K(R,)) > Rv#? 25 |

LSS

Note also that in part (iii) we cannot remove the constant cotr Indeed, if p — —o0,
the inequality becomes ¢|By|? < |K||K°|.

Proof of Theorem 4.2
(i) The case p = 0 is trivial. We prove the case p > 0. Combining inequality (4.22),
the Blaschke Santal6 inequality, and as,(B%) = n|Bj} it

asy(K) _ ([K°[\77 (K] \7 _ (K] )"+
. n S n n S n :
asy(BY) | By | | B3| | B3|

This proves the inequality. The equality case follows from the equality case for the
Blaschke Santal6 inequality.

L .
BY|#+4, one obtains

n+p

(ii) Combining inequality (4.23) and (as,(By)) * = n|By|(n|Bj|)

—n <p<0,
ntp P n—p
(aspuo) = <|K|> (|Kow)n> <|K|> :
aspy(B3) —\IBzl) \IBz[) — \|B
p

where the last inequality follows from the Blaschke Santald inequality. As 2 <0,

3k

, one gets, for

ya
n

(K] K™ > (1B] |Bs])™.

Asn+p >0,

ll) (1)
as(B5) ~ \IBg

The equality case follows from the equality case for the Blaschke Santal6 inequality.
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(iii) Similarly, combining (4.24), n|B}| = (asp(Bg))%(as(Bg))%, and the Inverse
Santal6 inequality, we get, for p < —n,

n+p n n—p
<a8p(K)> v (|K°!) (|K|>p >Cn<IK|) v
asp(By) —A\IBzl/\IBzl) T \IBY

AS”TTP>O,

The L_, affine surface area was defined in [32] for convex bodies K in C? and with
centroid at the origin by
as_n(K) = max, JCK(U)%Z7JK(u)nT+1
uesS"
More generally, one could define the L_,, affine surface area for any convex body K
(o Nic (@) "
ki (T)2

with centroid at the origin by as_,(K) = sup,cox . But as in most cases then

as_n(K) = oo, it suffices to consider K in C7.

A statement similar to Theorem 4.1 holds.

Proposition 4.1 Let K be a convex body in C% with centroid at the origin. Let p # —n
and s # —n be real numbers.

(i) If HZS f;)rs) >0, then

2n(s—p)

asy(K) < (as_,(K)) "0 a5 (K).

(i) If niﬁj 5+s) <0, then

asy(K) > (as,n(K))% ass(K).
(iii) The L_, affine isoperimetric inequality holds
as_n(K) - | K|
as—n(By) ~ |By|

Proof (i) and (ii)

i) = [ s i

2, Nic(a))

2n(s—p)

_ /'iK(fﬂ) s <$,NK(QJ)>nT+1 (n+p)(n+s) p N
i (<x,NK<as>>"ff+‘s”> < () ) )
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which is
2n(s—p)

< (as_n(K)) 09 as (K),  if % >0,
and ,
CocEe) if _nls=p)
> (as_n(K)) ass(K), if o <0

(iii) Note that _ns=p) () implies that s >p > —-norp<s< -—nors< —n<p.

(n+p)(n+s)
| 1K
as_n(K) > . (4.25)
| K|

If p=0and s — oo, then
This gives the L_,, affine isoperimetric inequality

2 2
CLSL(K) =as_,(K) > K] > K] > ﬂ = K] .
as—n(By) K| [ K| K| B3> |Bs]

Analogous to corollary 4.1, an immediate consequence of (4.25) is the following corol-
lary. It can also be proved directly using (2.8).

Corollary 4.2 Let K be a convex body in C% with centroid at the origin. Then

as_p(K®)as_n(K) > as_,(BY)%

Acknowledgment The authors would like to thank the referee for the many helpful
suggestions.
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