New affine measures of symmetry for convex
bodies *

Mathieu Meyer, Carsten Schiitt and Elisabeth M. Werner

Abstract

Griinbaum introduced measures of symmetry for convex bodies that
measure how far a given convex body is from a centrally symmetric one.
Here, we introduce new measures of symmetry that measure how far a given
convex body is from one with “enough symmetries”.

To define these new measures of symmetry, we use affine covariant
points. We give examples of convex bodies whose affine covariant points
are “far apart”. In particular, we give an example of a convex body whose
centroid and Santalé point are “far apart”.

1 Introduction.

The last quarter of a century has witnessed a virtual revolution in the study of convex
bodies. While the study of the Euclidean aspects of these bodies dominated most of the
20th century, a number of highly influential works (see, e.g., [6], [8], [12], [15] - [17], [20] -
[34], [38] - [43], [46]) redirected much of the research in this field to the study of the affine
geometry of these bodies. In fact, some questions that had been considered Euclidean
in nature turned out to be affine problems. For example, the famous Busemann-Petty
Problem (finally laid to rest in [4, 7, 35, 44, 45]) was shown to be an affine problem with
the introduction of intersection bodies by Lutwak in [26].

In his seminal paper [14], Griinbaum initiated the systematic study of measures of
symmetry of convex bodies. More formally, Griitnbaum introduced measures of symmetry
on the set of convex bodies (convex compact sets with non-empty interior), that take
values between 0 and 1 and are 1 if and only if K is centrally symmetric. Thus, these
measures tell how far a given convex body is from a centrally symmetric one.
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In this work we will propose a radically new approach: towards affine measures of
symmetry based on affine invariants — or to be more precise affine covariants — of convex
bodies. In Griinbaum’s view, a measure of symmetry might identify a highly symmetric
object such as the regular simplex as “most asymmetric”. In our view, a measure of
symmetry should identify convex bodies that have “sufficiently many” symmetries: the
group of symmetries of that convex body has exactly one common fixed point. Since
they may play a significant role in major open problems in convex geometry, convex
bodies that lack sufficiently many symmetries have to be investigated. This has not
been done before.

We call an affine map A a symmetry of a convex body K if A(K) = K and say
that a convex body has enough symmetries (compare with [9]) if there is only one
point of the convex body that is left invariant under all these symmetries. Clearly,
centrally symmetric bodies have enough symmetries, but also simplices. On simplices,
Griinbaum’s measures of symmetry are small in general, whereas our measures are 1.
Thus, the measures of symmetry that we introduce measure how far a convex body is
from one with enough symmetries.

To define our measures of symmetry, we use affine covariant points. For a convex
body K in R™, we call a point a(K) affine covariant if for every nonsingular affine map
T of R™ we have

o(T(K)) = T(a(K)). (1)

Examples of affine covariant points are the centroid, the Santalé point and the centers
of the John ellipsoid and of the Léwner ellipsoid (see the definitions below).
Of particular importance is the Santalé point, which is the unique point s(K) €
int(K), the interior of a convex body K, such that
L (K*5) = mi (K —2)° = mi L, (K*?).
VU = it YO U =207 = i veln ()
Here,
K ={yeR"(y,x —z) <1 for every z € K}

is the polar of K with respect to z. In the symmetric case, s(K) is just the center of
symmetry. The importance of the Santald point is due to the Blaschke-Santald inequality
which provides an upper bound for (the affine invariant quantity) vol,, (K*%))vol,, (K).
To determine the exact lower bound for vol, (K*¥))vol,(K) is a major open problem.
Mahler conjectured that in the symmetric case the lower bound is attained at the [ -unit
ball and in the general case at the regular simplex. We refer to [5, 37] for an overview.

Thus, it is important to be able to decide how badly asymmetric a general convex
set, can be.

Let KC,, be the set of all convex bodies in R™. We consider here only affine covariant
points 7 on K, such that for all K € K,,, 7(K) € K. For two affine covariant points 71
and w9 on IC,,, we define their affine invariant distance by

d(ﬂ'l(K),’/TQ(K)) :0, if 7T1(K):’/T2(K) and

[ (K) = m(K)ll2
voh((NK) if m (K) # m2(K), (2)

d(?Tl(K),T(Q(K)) =

where £ is the line through 71 (K) and mo(K) and ||.||2 is the Euclidean norm on R™.



We then define as a measure of symmetry the map
K — ny iy (K) = 1 — d(mi (K), m2(K)) 3)

on the set of convex bodies. Note that ¢, ~, is continuous if m; and 5 are continuous,
takes values between 0 and 1 and is invariant under affine bijective maps. However, since
all affine covariant points coincide when K is a simplex, the centrally symmetric bodies
are not the only ones for which ¢, »,(K) = 1. Consequently, there are bodies which, in
this sense, are much more asymmetric than the simplex.

A natural problem is to determine
s d(m1(K), ma(K). @)

What are the bodies where this maximum is reached? What is the order of magnitude of
this maximum in terms of n? It appears that not much is known about this problem when
w1 and 7o vary among all classical affine invariant points. We address these questions
in this paper and give examples that show that affine covariant points can be far apart.
Our main result shows that in the distance (4) the centroid g and the Santal6 point s
are far apart from one another. Namely we show

Theorem 1 There is an absolute constant 0 < ¢ < 1 and ng € N such that for alln > ng
there is a convex body C,, in R" Tt that satisfies

¢g,s(cn) <ec.
In fact, the proof of Theorem 1 shows that

(Cn) =s(C)ll2 _ [18(Cn) —s(Cn)ll2
voli ({ N Cy) we, (u) ’

1= e d(g(C), 5(Cn)) = LB (5)
Here, ¢ is the line through g = ¢(Cy,) and s = s(C,), hx(u) = max,ck(u,z) is the
support function of K and we, (u) = he, (u) + he, (—u) is the width of C), in direction
of the unit vector u of /.

The important point of the theorem is that the measure of symmetry of all C,,,
n € N, is smaller than a constant that is strictly smaller than 1. We do not know
whether there is a sequence of convex bodies K, in R™, n € N, such that

lim ¢, s(K,) =0,

(we know that this is not the case for the bodies C,, of Theorem 1) or, more generally,
whether there are two affine covariant points m; and 7o such that
lim ¢x, x, (K,) =0.

n—oo

The paper is organized as follows. Section 2 introduces more necessary notations.
In Section 3, we give the construction of the convex bodies that satisfy Theorem 1 and
state the main tool, Proposition 3, needed for its proof. Section 4 is devoted to the
proof of Proposition 3. For this purpose, we collect and establish necessary lemmas, in
particular various probabilistic lemmas involving volume estimates which are of interest
in their own right. Section 5 gives another example of affine covariant points that are
far apart.



2 Further Notation.

Throughout the paper we use the following notations.

For a € R" and r > 0, B¥(a,r) is the Euclidean ball in R™ centered at a with
radius r. We write BY = B%(0, 1) for the Euclidean unit ball and S™~! for its boundary.
(, ) denotes the standard inner product on R™. For = (z1,...,x,) € R", let ||z|, =
>r, |xi|p)% if 1 < p < ooand [[2]e = maxi<icy |7 if p=o00. B} ={z € R":
[|z]|, < 1} is the unit ball of the space I;y = (R",||.|[5)-

If A and B are convex subsets of R™, then

co[A,B]={da+(1-Nb:a€ Abe B,0< A< 1}

denotes the convex hull of A and B.

A convex body K in R" is called centrally symmetric if K = 2z — K for some x € R™.
We denote the volume of K in R™ by vol, (K) (if we want to emphasize the dimension)
or by |K|. We write K for the boundary of K.

Let K be a convex body in R™ with 0 in its interior and z € R™. Then |z|x =
inf{\: 2 € AK} is the Minkowski functional of K.

For £ € 8", let ¢+ = {z € R (z,£) = 0}. Let s € R. The (n — 1)-dimensional
section of K orthogonal to £ through s¢ is

K(s,6) = {z € K|(§,2) = s} = KN (s§ +&7).
We just write K (s) if it is clear which direction £ is meant.

The centroid g(K) of a convex body K in R™ is the point

1
g(K) = 7\,01”(]() /dem.

As remarked above, the Santald point s(K) of a convex body K is the unique point
z € int(K) at which vol,, (K®) attains its minimum.

It is easy to see that both g(K) and s(K) are affine invariant. As s(K) is defined
implicitly, it is more difficult to locate the Santalé point than the centroid.

For convex bodies K and L in K,, and natural numbers k, 0 < k < n, the coefficients

Vo—kro(K,L)=V(K,...,K,L,...,L) (6)
———— ——
n—k k
in the expansion [AK +pL| = <Z> ARV, k(K L), A > 0, are the mized
k=0
volumes of K and L (see [37]).
Finally, for quantities a and b we write a ~ b if there are absolute constants ¢1,co > 0
such that c1a < b < csa.



3 The main result.

Our main theorem gives an example of a convex body whose centroid and Santalé point
are far apart.

Theorem 1 There is an absolute constant 0 < ¢ < 1 and nyg € N such that for all
n > ng there is a convex body C,, in R™ ! that satisfies

$g,5(Cn) < c.

The proof actually provides a sequence C,, € K, 41 such that

Q|

\/\e/TiQ <liminf d(g(Cy),s(Cn))

-2
e—1

<limsup d(g(Cy),s(Cp)) <

n—oo

Je—1
-
\/é—i_efl

Q| =

The left and right hand sides in these inequalities are of the order 0.083 and 0.107
respectively, and for the measure of symmetry we have asymptotically

0.893 < ¢,..(C) < 0.917.

We will frequently use the next lemma which is well known (see [37]).

Lemma 2 For any convex body K, an interior point x of K is the Santald point of K
if and only if 0 is the centroid of (K — x)°.

This lemma can be rephrased as follows:
Let K be a convex body. Then 0 is the Santald point of K9,

Indeed, K95) = (K — g(K))° and (K — g(K))°® = K — g(K). Since 0 is the centroid of
(K —g(K))°°, it follows by Lemma, 2 that 0 is the Santalé point of (K —g(K))° = K95,

Remark. We do not know whether there exists a constant ¢, 0 < ¢ < 1, such that
d(s(K),g(K)) < c holds for all convex bodies K in R". The best upper bound that we
know is

2
n+1

d(s(K),g(K)) <1-

3

or, in terms of the measure of symmetry,

2
J(K) > .
Buo(K) > ——

To see this, let g = g(K) be the centroid of K and s = s(K) its Santal6 point. It is well
known (see [37], p. 308) that
K- gcCn(g—-K). ()



By Lemma 2, 0 is the centroid of K*® so with (7), K® C —nK?®. Polarity with respect to
0 gives
K —scCn(s— K). (8)

Let u be the unit vector parallel to s — g. Then

g, ) =i ) = (u.9)

and

a. ) = 9 + a y = ) - i 9 .
merrfggﬁ(}{)(u x) =nlu, g) ngnd}(du x) =nlu,g) nlrzrélg(u x)

We use (7) to compare the two expressions above and get

max(u, ) +nmin(u, z) < (n+ 1){u,g). (9)

On the other hand

IénérlS(u,x) = grbrg%(u,@ —(u, s)

and
zerr}(lirg}()(u,x) = n(u,s) — nglea;({(u, x).

Now we use (8) to compare the last two expressions,

min(u, z) +nmax(u, z) > (n+ 1)(u, 5). (10)

Inequalities (9) and (10) give

(s — g) < =1 <max<u, ) — min(u, m))

n+1 \zeK z€K
or, a8 U = =i
n—1 .
s = la = 21 (mgstus) — minu o))
0

Now we introduce the convex bodies which will serve as candidates for Theorem 1.
Namely, for convex bodies K and L in R™ that contain the origin in their interior and
real numbers a > 0 and b > 0, we construct a convex body M,, in R*+!

M, = co[(K,—a),(L,b)] = {t(z,—a) + (1 —t)(y,b)]xr € K,y € L,0 <t <1}. (11)

The bodies used in Theorem 1 will be the polar bodies of M,,. The polar M; of M,, with
respect to 0 can be described as follows: for —é <s< %, the sections of M, orthogonal
to e,41 through se, i are

My (s) = My (s,ent1) = (14 sa)K° N (1 —sb)L°. (12)



We show this:

M; = {(z,5) e R" xR|Vz € K,(z,2) —sa <1and Yy € L, (z,y) + sb < 1}

{(z,s)|z€ (14 sa)K° N (1—sb)L°| . <s< ll)}
a

The body M,, in R™*! is the convex hull of two of its n-dimensional faces, K and L. In
the following proposition we choose specific bodies for those faces. We choose them in
such a way that their volume product differs greatly. This will have as effect that the
centroid and the Santalé point of Mﬁ(M") are “far apart”. One face will be chosen to be
an Fuclidean ball and the other a cube, both centred on the z,;-axis and normalized
so that their volume is 1.

Proposition 3 Leta =1 and b = -1y Let sy = fff;; = —0.290815... and s; =
Tl = —~0.225705....

Let K = |BB;|L:L and L = % BZ and let M, be the convex body in R" ™t defined in (11).
Then

(i) limy, oo g(M,) =0.
(ii) The (n+ 1)th coordinate g(M?)(n + 1) of the centroid g(M;) of MS satisfies

so < liminf g(M7)(n+ 1) < limsupg(M,)(n+1) < s7.

n—oo

(#ii) The Santald point of M M) satisfies s(Mﬁ(Mn)) =0.
(iv)
—s1 < liminf [g(MIM))(n + 1) — s(MIM))(n + 1)

< limsup |g(MIM))(n + 1) — s(MIM))(n 4+ 1)| < —sq.

n—oo

As for the proof of Proposition 3, it follows from Lemma 2 that s(MS(M")) = 0. The
remaining part of the proof of the proposition is in the next section.

Proof of Theorem 1. We take C,, = M,gL(M”)7 as defined in Proposition 3. O

4 Proof of Proposition 3.

The proof of Proposition 3 is given at the end of this section.



Lemma 4 Let K and L be convex bodies in R™, ¢ > 0 and M, = co[(K,0),(L,c)] C
R+, Then the (n+1)th coordinate g(M,)(n+1) of the centroid g(M,) of M, satisfies

C Zzzo(k + ]-)ank,k(Ka L)
n+2 ZZ:O Vn—k,k(Ka L)

g(Mp)(n+1) =

Proof. By definition

fo w)|dw

g(My)(n+1) = IR \M )|dw .
0 n

Note that co[(K,0),(L,c)] = {((1 - %)K + %L, w) ‘ 0<w< c} . Therefore

f0w|1—7)K+wL|dw_ f t(1—t)K +tL| dt
Jo (1=K + 2 L|dw fo (1 —t)K +tL| dt

9(Mp)(n+1) =

Now we use the mixed volume formula (6) to get

ch —o (D) Va—r (K, L)tFH (1 — )" ~kat
fo Zk o (1) Vi o (K, L)tE (1 — t)n—Fdt
¢ ko(k+ DV—pr(K, L)

n+2 3o Va-kr(K,L)

g(Mp)(n+1) =

O

The next lemma is well known ([18], p. 216, formula 54).

Lemma 5 For alln € N and t > 0 one has |By +tBL|=>"}_, (Z)2k|Bgfk| tF with
the convention that voly(BS) = 1. Therefore, for 0 < k <n,

Vooww(BY,BL) = 2% | By

By B
Lemma 6 Leta,b>0, K = ﬁ, L= ?” and M,, = co[(K, —a), (L,b)]. Then the
2 n

center of gravity g(M,,) of M,, satisfies g(M,) = (O, oo 0,9(My) (n+ 1)) and

(—a)+ (1— 1) b.

lim g(M,)(n+1) = .

n—oo

Q|

Proof. By symmetry, the centroid of M, has coordinates (0, cey 0,9(Mp)(n + 1))
Instead of M,, = co[(K, —a), (L,b)], we consider M,, = co[(K,0), (L, a+b)] with centroid



g(M,) = g(M,,) +aeny1. Let g(M,) = (O, oo 0,9(My) (n+ 1)) = (07 ooy 0,9(Mp)(n+
1) + a). We use Lemma 4 with ¢ = a + b to get

a+b Zzzo(k + 1)ank,k(K, L)

M,)(n+1) = n
g( )( ) n-+2 Z}czovrb—k,k(K7L)

By Lemma 5 and the positive linearity of the mixed volumes in each component, we get
n nk n—

A - a+b Sp_o(k+1)|By|=|By*

gL n+1) = = S0 Sk BT LR

n Zk:o|32|"|B2 |

b ZZ:O Ek-l—l
_ a+ I'(14n/2)n T(14+(n—k)/2) (13)
n+2 35, : .

T(14n/2)% T(1+(n—Fk)/2)

Now we apply Lemma 16 of the Appendix. [

Eventually we will have to investigate expressions of the form
By By

1
| By | |BY

+ |, for ¢t > 0.

n

Schechtman and Zinn established asymptotic formulas for large n for the volumes of
B, ntBy [36]. To do so, they considered real independent random variables kY, ... h?
with Weibull density ([3], p. 52)

o lt?

2M(1+ 1) (14)

when p > 0. We denote by P the probability measure on R™ with density f, : R" — R
defined by

— R TV SR S e
fp(x) fp(xlv"wxn) gfhl ('TZ) (2F(1+ %))’ne .

Here, we need uniform estimates instead of asymptotic ones.

Lemma 7 Let 0 < p,q < 400 and let h? be a random variable with density given by

formula (14). Then
1 qg+1
E|pP|? = ri——-]). 15

= () (15)

In particular, we get

1
E[h'| =1, B[ = 2 and E|p? = o (16)

The next lemma follows from the law of large numbers.



Lemma 8 Let (2,P) be a probability space. Let g; : Q@ — R, 1 < i <mn, be independent
N(0,1)-random variables and let h} : Q@ — R, 1 < i < n, be independent random
variables with density e~!!l. Then, for every v > 0 there is ng such that for all n > ng

1 n
= o 1Gi /2 1
(% Zi:l |g¢|2) T

(2 iy [hlP)?
P n zfn 7 _ \/5
{ 7 L bl

Nl=

and

1
<’Y} 25 (18)

Lemma 9 For every convex body body K in R™ with 0 in its interior, one has

1
(DS <1 } .
lzll, — 7

Proof. Since |B}| = (2I'(1 + %))n(l“(l + %))_1, one has
1
1
n |B;}|/ r"_l]P’p {x € R"| Izl < } dr
0 zllp — 7
n

1
" ( ~llzl13 ) n—14
P e X |Tr T
ra+7) /o /{x:rlwuxsnwlp}

Iz llp )

- r(11jr )/n (/Omin(LZHK

= ! — / ! ne_”w”gdx.
F(1+;) » (max(1 HIHK))

> ]l

1
|By NK| = n|B;;|/ A {x € R"™
0

— _ P
r" 1dr)e 213 dgr

Passing to polar coordinates and denoting by o,_; the surface measure on S"~!

1
1
n |B)| r”fl]P’"{x e R™; ]l < —}dr
P ? lzll, — 7
0 P

1 / /+OO —rP||9||E, n—1 1
= e~ WOl =Ldp dop—1(0
L1 +3) Joes,_, ( 0 ) (max(1, Iel< )" 1@

1 1/+°° s mq / 1 !
== e ®sr ds 7 don-1(0)
L1+ 2)p Jo vesuon 1915 (max(1, Jghe))™ "
1 1

ndo’ —1(9)
n /eesnl (max([|6]l,, [16]))" "
=|Br N K|. 0

10



Corollary 10 Let1 <p,q < oo and s > 0. Let hf Q= R" 1<i<n, be independent

random variables with density % and h? = (hY,... ht). Then

ces )

1
1 1§y~ Y
n|Bg|/ TIPS (2, x,) €RT —("lel il );
0 (% ZZL 1 |x1‘p)p
n|Bn| P IP |h Hq 2V dr
IIh"IIp

A more general situation has also been explored in [36].

|B, NsBy|

Lemma 11 For every v > 0 there is ng such that for all n > ng, one has
BY

B €
()2*‘|Bn |Bn|n‘<1f0m”8> \/7+7f'|32|1 ~ (3 E
(22)2_‘

=

By

Vot+y \B2|n T
<1 > 24+79) /=
\B”\’ B"IZ ‘ < 1foralls vn ~ (V2+7) 2Ze

‘B"| 7

-

Proof. The right-hand side inequalities are obvious.

For (i), it follows from Corollary 10 with the substitution s = t(} B I)l/n that

By By
Byl By

1 1 n 1
=> 19 BY\ "
= n/ ,r,nfl P 1n an_l |g | . S S < i|) dr. (19)
0 (3 Yici lgi)z — rv/n \|BY|

By Lemma 8, for every v > 0, there is ng such that for all n > nyg

1 n
=) i 1l9i 2 1
P n22_1|g|1§\/>+’}/ Zi
n 2
(% izt lgi?)? T
Therefore, for every v > 0 there is ng such that for all n > ny and all s that satisfy

: LAY | 2 By
- or, equivalently, s > <\/>+ 7) vn
\/> \f |B7| . B|E

By By
[E R
BylE Byl

Sl=

3=

:\H

)

3=

we have

1
> —.
-2

For (ii), by Corollary 10 with ¢ =2 and p =1,

B™NtB} ! hl
| 1 _ 2|:n/ r”_l]P’{” 1”2 }dr.
| BT 0 At —

11




1
We put ¢ = sl 27

‘ |1 and obtain
By|w

n n

| B s B3
1 1
ERERTE

1
:n/lrn_lp{wnz _sIBYfE
0

< - — o dr.
IRl = 7By }
By Lemma 8, for every v > 0 there is ng such that for all n > ng

15 p112y3
]P (nIZ'L=nl‘ 2‘1)2 S\/§+'Y Z
EZi=1|hi|

Therefore, for 0 < r < 1 and all s that satisfy

DN | =

Bp|w 2

By - 5> V247 or, equivalently, s >
| B3 | vn

we have

. { (3 Xisy [ni )

L
~ <s > .
& izt B Bylw | 2
Using (20), the result follows. |

B;l =B
|By|w

5
_l’_
2
=
e

Sy
=3
3=

B

Now let a,b > 0. By (12), for K =

My (s)

(1B [ (1+ sa)By) N (2(

Bn
(1 +sa)|Bg|% <| 2

1-— B
T 02( sb) |Bi
By|w

By
(1+sa) |Bp|+ |Bp|+ )

Lemma 12 For every v > 0, there is ng such that for all n > ng
(i) and all > s > —

1
n

Vre—2
Vvmea+2b

+ v we have

Je-1

2" (1 — sb)"|BY| < | M (s)| < 2"(1 — sb)"|BY|.
(i) and all—% <s< —Prave — 7 we

have
1 n n|2 o n n|2
51+ sa)"|By " < [My(s)| < (1+sa)"|Bs|

Proof. We only need to prove the left-hand side inequalities. Assume that —
For (i), we have

Logs<
2 <s<

M(s) =2(1 - sb) <(<1+>|le

By nBr.
2(1 — sb) £)n 1)

12

=



Therefore

) = 21—y | (L SBER

2(1 — sb)

Bg) N By

= 21— sb)"|B]|

( 1+sa |By|+ By ) B}
2(1—sb) |By|w | Byl /  |By|«

By Lemma 11, for all v > 0 there is ny such that for every n > ng
Bn 1+sa |By|» By
|By[w 21— sb) [By|w | By

<

— )

1
2

provided that

1
n

1+sa |Bp|+ o V247 |BY
2(1—sb) |Brl= — +/n  |BP|w

or

1 2 By|* —2(v/2
—|—sa2 \[+71,Whichmeansthatsz— V7 | 2|1 (V2+7) )
L=sb ™ v |Byl a /i 1By 1 26(vZ + )

Since |Bg|w ~ \/ 2%, inequality (23) holds provided for a new 7 > 0, one has

V2me — 22 Ve =2

> =Y 44
5 ¢7L\/7T.e—i—2b+7

—_ " 4=
= aV2me + 20v2 K

For (ii), we have

2 1
n

|Bg|w 1+ sa|By|n | By

n

By 1—sb|Br|= B
Mg(s)(1+sa)|Bgi< P plosbIBir By )

By Lemma 11, for every v > 0 there is ng such that for every n > ng and all

1
n

2 B?
t> ([H)\/ﬁ' e
T |BY [

we have
L_| B . B
2 7 [|Bg[Y/m By T
Therefore,
1_| By 1—sb|Br|= By
2 = ||By[Yn "1+ sa By B[V T

provided that

1
n

2 | B2 |= <lsb) | B |
—+ ) n <2 ,
(\/; v f|Bg% 1+ sa |Bg|%




which is equivalent to

2 1 1—8b
— Bl» <2 .
(\/;+7)\/ﬁ| 2l < 1+ sa

As above, inequality (24) holds if for some new v > 0 one has s < — b\.{_i?/lé —~v. O

1-ve
b+ a/e

such that for all n with n > ny,

(i) / (M (s)] ds < <1+7>/S
) [ sl s <

_1 —
a

2 /e

and s1 = ————. Then, for every vy > 0, there is ngy

ay/Te+2b°

Lemma 13 Let s =

s1+y
| My (s)] ds
ol

(=)

S

%
slagge) ds <o [ i) ds

1
a

|M?(s)| ds and/b

s1+vy

1
a

Remarks.

a. Please note that the expression fssolj: s| M7 (s)| ds is negative for small v > 0. This
lemma means that the volume of M} is concentrated between the hyperplanes orthogonal
to e,41 through spe, 1 and sije,41.

b. Although the inequality so < s3 < 0 follows from the above computations, it is
comforting to verify it directly. Actually so < s; is equivalent to (a +b)/e(2 — /) > 0,
which holds for all positive a and b.

Proof of Lemma 13.

Note that if the statements of the lemma hold for a sufficiently small vy > 0, then they
also hold for all v > 7 with the same ngy. Therefore, it is enough to prove the lemma
for a small enough ~.

(i) By Lemma 12, for every v > 0 there is ng such that for n > ng and all s such that

1 1—+/e
—<s< —— — — v = _
ais*b—i—a\/é T=%"T

we have 1
S+ sa)"| By < |Myg(s)| < (1+ sa)"|Bg|*.
Therefore
So—7Y |Bn|2 So—7Y
Mo(s)| ds > 2L 1+ sa)" ds
" 2
so—2y so—27y
1 n+1 n+1
= ——  |B?]? ( 1 — — (1 -2 )
s B8 (1 atoo =)™ (1afso — 20)

I S () (1tals =2\
- 2a(n+1)|B2‘(1+a(80 7)) (1 (1+a(30—v)> )
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For sufficiently large n

[ e ds > B (4 a0 - )"
o(s)| ds > ——— a(sg—7y .
s0—2v 4a(n+ 1) :

On the other hand, by Lemma 12,

so—2 . 9 s0—2v 1 9 n+1
[ mselds < gmE [ s ds = s B (et - 29))
1 n+1 ay el
= —— |BY2(1+a(so— 1-—7 .
G B el =) (1 )

Thus, for n large enough

/ T 3 (s)] s < 4 (1 77>>+ [ el )

_ 1+a(so— o—27y

1
a
and

s0—2 so—"
/ ME(s)] ds < 2 / ME(s)| ds.

Sso—2vy

_1
a

Now we consider the interval [sq, %} By Lemma 12,

s1+2y s1+2v
[ s = [ et sras
s1ty s1+7y
= ”*1ﬂ _ nt+l o n+1
= 2 b(n+1) ((1 b(s1 +1)) (1—b(s1+27)) )

_ n—1|pn (1 - b(Sl + 7))n+1 b,Y n+1
- ey — - ()

Therefore, for sufficiently large n

M?(s)|ds > 2"~ 2B}
y ‘ n( )l = ‘ 1| (Tl+1)b

/SH‘QV (1 — b(51 + ’Y))n+1

On the other hand, by Lemma 12,

|
|

’ b 1 n+1
M7 (s)|lds < |BY 2™(1 — sb)"ds = 2" —— (1 — b(s1 + 2v BT
/51+2’Y| ( )‘ | 1| s1+2y ( ) b(n—l—l)( ( ! )) ‘ 1|
1 n+1 by nt1
= 2"— (1 — 1 —1t B"|.
b(n+ 1) (1=b(s14+7)" " ( T b(s1 + ’y)) | BY]
Thus
& by ntl  rsi42y
M, (s ds§4(1—) / M2 (s)|ds . 26)
/81"!‘2"/ | ( )l 1- b(sl + P)/) s1+v | )‘ (

15



Since s; < 0, for sufficiently big n,

+ s1+2y
[ s <z [ sl (27)
s1+2y s1+y

It is left to pass to a new 7.

(i) By (25)

s0—27vy 11 ay n+1 S0—7Y
[ s < 4max{,} (1 - ) | ).
—% a b 1+a(50 77) s0—27

We choose n big enough. The other estimate is done in the same way using (26). O
Proof of Proposition 3. (i) is proved in Lemma 6. We show (ii). By definition,

J*, s|Mg(s)|ds
g(M(n+1) = —2—"
JE L 1Mg(s) ds

Therefore, one has by Lemma 13 that

s ° 50 — ° 1 °
S 1) — Jooma MG | S Tl MRS L ] M ()lds
' SEMg(s)lds | [P, |Me(s)lds 3 M2 (s)ds

2y,

1
a

IN

for every small v > 0. Thus

f;?f] s| My (s)|ds 5
f% o <g(Mp)(n+1) +27.
1 n(S)|ds

g(M7)(n+1) =2y <

Since s; < 0, we may assume that s; + v < 0. Therefore

s1+vy
/ S| M2 (s)|ds < 0

0o—7
and by Lemma 13 (i)
s1+ ° s1+ o
f5017] S| M2 (s)|ds - fsoli’;f S| M7 (s)|ds _s +

[P Me(s)lds (L) [207 | Mg(s)lds — L+

0=

g(M7)(n+1) —2y <

On the other hand

SO sIMg(s)lds [27 s|Mg(s)|ds
e < =t < g(M7)(n+1)+2y.
JoZTIMg()lds T [F, | Mg(s)|ds

Sg—7v <

16



S1+7y

Therefore, sg — 3y < g(M;)(n+1) <
0 — 3y < g(My)( ) 175

+ 27.

(iv) We apply these estimates to the convex body M, = co [(K, -1), (L, 6_%)} . The
centroid of M, is (0, 6,) with lim,, . 0, = 0. We get

M) = {(z,9)|V(z,y) € K x L: (z,3) —s(1+0,) <1, (z,9) + s(

. —6,) <1}

It is left to apply the above estimates to M, with a =1+ 6, and b = eil —6,. O

5 Centers of John and Lowner ellipsoids.

We want to give another example of affine covariant points that are far apart. This
example involves the John and Léwner ellipsoids of K.

Recall that the John [19] (respectively, Lowner) ellipsoid of K is the unique ellipsoid
contained in K (respectively, containing K) with maximal (respectively, with minimal)
volume. See e.g. [2, 10, 11, 13] for recent results concerning these ellipsoids.

The centers of the John and the Lowner ellipsoid of a convex body K are affine
covariant points.

We also need the following well known fact. For the reader’s convenience, we give
its proof.

Lemma 14 If the John (respectively, Léwner) ellipsoid of a convex body K is aBY
for some a > 0, then, for every s,t > 0, the John (respectively, Lowner) ellipsoid of
sK +tBY is (sa+t)BY.

Proof. It is enough to establish the case when a = s = 1. By a well known characteri-
zation (see e.g. [1]), BY is the John ellipsoid of K if and only if BY C K and there exist
u; € S"1NIK and ¢; >0, 1 <4 < m, such that

m m

T = ch<u“x>ul for every x € R" and 0 = chul

i=1 =1

Let W = X225 Then By ¢ W and u; € OW for all 1 < i < m. Hence By is also the
John ellipsoid of W.
The case of the Lowner ellipsoid is treated accordingly. .

An easy construction shows that the center j of the John ellipsoid of a convex body
K can be far away from the center [ of its Lowner ellipsoid.
Proposition 15 Let L = L,, be the convex body in R =R"™ x R defined by
L = co[(BE,0), (An,1)],

where A, is the regular simplex inscribed in BY. Then the Léwner ellipsoid of L is

centered at (0, %), while the John ellipsoid is centered at (0, c,) with ¢, ~ L.

Thus, the measure of symmetry ¢ ;(L) — % as n — oo.

17



Proof. By uniqueness of the John and Lowner ellipsoids of L, both have the form

2 t— 2
5:{(x,t)eR”+1:R”xR HZDQ“L( b;) gl}, (28)

for some a,b > 0 and ¢ € R. Let € be such an ellipsoid. For ¢ € [0,1], let
L(t) = {z € R"|(z,t) € L} and &(t) = {z € R"|(z,t) € £}.

If £ is the Lowner ellipsoid of L, then L(0) = By C £(0) and L(1) = A, C £(1),
which is equivalent to By C £(0) and By C £(1): the latter inclusion holds, as the
sections of the ellipsoids (28) are Euclidean balls. Since L(t) = (1—¢)L(0)+tL(1) C By,
£ is also the Lowner ellipsoid of

N = co[(B%,0), (B, 1)].
Since N is centrally symmetric about p = (0, ...,0, %), this p is the center of the Lowner
ellipsoid of N and hence also the center of the Lowner ellipsoid of L.

If £ is the John ellipsoid of L, then &£(¢) C L(t) for ¢t € [0, 1] or, more precisely, for
tec—b,c+b], with0 <c—b < c¢+b<1. This means that b € [0,1/2] and ¢ € [b, 1 —b].
Since L(t) = (1 — t)B} + tA, and as the John ellipsoid of A, is 2 BY, it follows from
the preceding Lemma 14 that the John ellipsoid of L(t) is (1 — ¢)Bg + £ By. Thus for

every ¢ € [0,1],
E(t) C (1 _ (=D t) BY.

n

We maximize vol,y1(£) = a"bvol,1(By™") under the constraints b < ¢ < 1 — b,
be[0,1] and

2

t— -1

a 1—< bc) <1-2 t, for every t € [c — b, c + b].
n

To get maximum volume for &£, there should be equality in the preceding inequality for
some t € [c — b, c+ b]. This gives the condition

(1— n;10)2:a2—|— (n;1b>2
a:<<1_n;10)2_(n;1b>2> . (29)

Thus, using (29), the volume of & is maximal for fixed b € [0, 3] if

e (SR CONEIE
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or, equivalently,

Nl=




is maximal. As f is decreasing in ¢, this happens when ¢ = b.
maximize the function f(b) = b(l 72"7_1b) 2. An easy computation shows that f reaches

its maximum at
n

1
B TR e M

It now remains to

If d(I(L), (L)) is the distance between the centers l(L) of the Lowner ellipsoid and j(L)

of the John ellipsoid of L, it follows that d(I(L),

6 Appendix.

(L)) — 3 when n — +o0.

Yoo e
= ny. n—k 1
Lemma 16 lim ra+s) f(H T) _ 1-—-.
et T — e
P(A+%)nT(14+257)
Proof. Note that
n k+1 ZTL nfk;:l
1 Zh=0rapgirarags) 1 TR0 pagy) i rasd)
nt2 S L Cn+2 ) L
Lo D(142) 7 D14+ 255) k=0 r(1+%
k k
n n—k+1)I'(1+5)n +2)n
1 ZkoT_n—i—l 1 Lr—ok I‘(12§)
n+2 r(1+2)n T n+2 n+2 rat+gyn
D e om 2 k=0 r(1+%)
It is thus needed to prove that
k
n ra+3)n
- 12=FTarn 1
lim — = —-
n—oo N Zn r(1+%)n e
k=0 T(1+3)
For every x > 0,
Zrlxk = kka :%Zik
e ( +§) k=1 2 (5) k=1 (5)
1 n x -1 1 n—2 .I‘k
= 23:( + ) = 295( +z
ot rm) " e A ra
Thus for z = T'(1 + %)37
" RD(1 4+ 2) s PR T+ 3"
3 fg 2F(1+E> - +r(1+ﬁ) ( 2,3
prt r(1+4%) 2 I'(s) 2 Pt ria+s3)
Let k
" D(14 )% —~I(1+ %)~
An:Zk( Qk) and B, = » ( 2,3
—T(+4 — T(1+3)
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Equality (30) is equivalent to

. A,
lim =
n—oo an

|

Let ¢, :=T(1+ g)l ~ +/55- Then

In fact, it can be proved that B,, ~ 2ech ~ 2eze , but for our purposes the above estimate
is enough. Also, when n — +o0,

1

L(1+2)5%

(1 + 251 - Ve

Therefore, one has by (31)

r(4+2)n
r(1+%)

F(1+%)nT71
Ap o . 2¢p 1 )

_|_
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