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0 Introduction

Let a; € IR", 7 =1,..., N be a sequence of vectors such they span the space

IR™ and let )
q
][ ,g = <Z |(5E7ai>|*q> ,
1<i<k
where |(z,a;)|*,i = 1,..., N is the decreasing rearrangement of the sequence

|(z,a;)|,i = 1,...,N. We denote the normed space (R",|| - ||xq) by Xk
The unit ball of ||z||;, we denote by By,. We investigate the geometry of
these spaces and their duals in this paper.

The interest for those spaces comes from the fact that they generalize the
class of dual spaces of zonotopes in a natural way. For k = N and ¢ = 1 the
spaces X, are zonotopes and for k = 1 and ¢ = 1 the spaces X}, range over
all possible spaces with a polytopal unit ball with no more than 2N facets.

The geometry of the spaces Xy ; has been investigated in [GJ1], [GJ2],
|[GJN] while the spaces X}, for arbitrary k and ¢ were hardly considered in
the literature.

We provide estimates for the volume of the unit balls of X}, and their
lower dimensional subspaces. We determine the dimension of almost Eu-
clidean subspaces and thus obtain a Dvoretzky-type theorem.

In section 5 we investigate the special case when the set {a;} is {e;}, the
canonical basis of IR". Then the norm || - ||x = || - ||x1 is in a sense inter-
mediate between the ¢;-norm and the f.-norm. Moreover, (IR™,| - ||x) is
an interpolation space between (7 and /2. In fact, by Lemma 5.1, By =
conv { B}, B /k}, where B} and B are the unit balls of ¢} and (7 respec-
tively. We provide asymptotically sharp estimates of the most important
parameters of those bodies such as type and cotype constants, p-summing
norms, volume ratios, projection constants, etc. We would also like to
note that the general case can be reduced to this special case. Indeed, let
{a;}icy € R™ and T : RN — IR" be the linear operator defined by
Te; = aj, j < N. Considering the extreme points it is not hard to see that

By = (T (kBYM)n BY))" = T* =" (conv { BY, B /k}).
So, if the properties of the operator 1" are known we can estimate parameters
of BkJ.
1 Definitions, notations, known results

We shall use the standard notation from the local theory of Banach spaces
(see e.g. [MS1], [Pil], [T]). Given a finite set NV, its cardinality is denoted by
IN|. We denote the canonical Euclidean norm on IR" by |- |, the Euclidean



unit ball by B%, and the Euclidean unit sphere by S™~'. The normalized
Lebesgue measure on S™! will be denoted by dv (or by dv,_; if we need
to emphasize the dimension). By {e;}1<i<, we denote the canonical basis of
IR". The standard norm in £}, p > 1, is denoted by | - |, and the unit ball of
it is denoted by B.

Given z € IR by [z] we denote the largest integer not exceeding x.

Given a sequence {\;}i<ny C IR by {\ }i<n (vesp. {|\i|*}i<ny ) we denote
the non-increasing rearrangement of {\; }i<n (resp. {|\i|}i<n)-

As mentioned in the introduction, given a sequence {a;}i<y C IR™ and
q > 1 for every k < N we define the following norm on R"

k 1/q
%]k, = (Z(K:ﬁ, ai>!*)q> :

=1

The unit ball of ||z||x, we denote by By ,. The norm | - ||51 and its unit ball
By, 1 we denote by || - || and By. Let us note that for ¢ > Ink one has

riria}@(l(:v,aiﬂ = llzlli1 < zllkg < ellzfl11

Therefore working with ||z, below we always assume that ¢ < Ink.

By a convex body K C IR™ we shall always mean a compact convex set
with the non-empty interior, and without loss of generality we shall assume
that interior of K contains 0. The gauge of K is denoted by | - ||k, i.e.,
|z||x = inf{\ >0 | z € AK}. The n-dimensional volume of K is denoted
by |K].

The n-dimensional normed space defined by a norm || - || (resp. by a
centrally-symmetric convex body K') we denote by (IR"™, ||-||) (resp. (R", K)).
Usually we identify the n-dimensional normed space with its unit ball.

Given centrally-symmetric convex bodies K, L in IR", we define the
Banach—Mazur distance by

d(K,L) =inf{af|a>0,8>0,(1/8)L CUK C aL},

where the infimum is taken over all linear U : IR" — IR".

By {gi}, {hi}, {9i;} we shall always denote sequences of independent
standard Gaussian random variables. Given integers m, n by the Gaussian
operator G : IR™ — IR"™ we mean the operator

G = Z Gi,j€i Q €. (1>
i<m,j<n

By g we denote the standard Gaussian vector in R", i.e. g =Y ", g;e;.
The expectation of the Gaussian vector in the space X = (IR", K) is denoted
by

E(X) = E(K) := Elg[|x. (2)
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It is well known (and can be directly checked) that

EX)<vi [ leldv < cB(X),
Sn—1

where ¢, tends to 1 as n grows to infinity. We also denote

Ztel

i<n

eo(K) = |Id : 07 — (R",K)|| = max

>t2=1

(3)

K

Given two sequences a = {a;} and b = {b;} by a-b we denote the sequence

{aibi} = {(a-b)i}.
We recall also the definitions of an Orlicz function and an Orlicz norm.
A convex function M : R™ — IR* with M(0) =0 and M(t) > 0 for ¢t # 0 is

called an Orlicz function. The Orlicz norm on IR"™ is defined by

[#][ 5y = inf {p >0 : ZM(|xi|/p) < 1} :

Any Orlicz function M can be represented as

¢
M) = [ pl)is,
0
where p(t) is a non-decreasing, right continuous function. If p(¢) satisfies
PO =0 and  p(oo) = lim p(t) = o, (1)

we define the dual Orlicz function M* by

v = [ st

where ¢(s) = sup{t : p(t) < s}. Such a function M* is also an Orlicz
function and
[ llar < Mll2[I] < 2[[#[[ar,

where ||| - ||| is the dual norm to || - [[ar+ (see e.g. [LT]). Moreover,
s< M*Y(s)M'(s) < 2s

for every positive s (see e.g. 2.10 of [KR]). The last inequality shows in
particular that to define an Orlicz norm || - ||5s it is enough to define the
function M*~!. We shall use this below. Note that the condition (4) in
fact excludes only the case M (t) is equivalent to ¢, i.e. case when there are
absolute positive constants ¢, C' such that ¢t < M(t) < Ct. Moreover, g
satisfies condition (4) as well and ¢ = p~! if p is an invertible function. We
refer to [KR, LT] for further properties of Orlicz functions.

The letters C, ¢, ¢y, c1, ... denote absolute positive constants whose values
may be different from line to line.



2 Preliminary results
The following lemma can be proved by direct computations.

Lemma 2.1 Let N be an integer. Consider the sequence {|gi|}i<n. For
every k < N/2 one has

cvIn(3N/k) < E|gi|” < C/In(3N/k),

where ¢, C are absolute constants.

Remark. Thus for every k£ < N one has

k
cky/I(3N/k) < E |gi|" < Ck+/In (3N/k),
i=1
where ¢, C' are absolute constants.

Throughout we shall use the following inequality proved in [Go3].

Theorem 2.2 Let {X;}i<ny and {Yi}i<n be two sequences of centered Gaus-
sitan random variables which satisfy

E|X, - X, <EY; - Y?

for all v, 5. Then for all k < N we have

k k
EY X/ <E) Y/
i=1 =1

As a corollary we have

Lemma 2.3 Let {a;};<y C IR". Then for every k < N

cek/In(3N/k) < E(By),

where € = min;z; la; — a;| and ¢ > 0 is an absolute constant.
Moreover, if {a;}j<on C S™ ! then for every k < N

E(By) < Ck\/In(3N/k),

where C is an absolute constant.



Proof: First we show the “Moreover” part of the lemma. Let g be the
standard Gaussian vector in IR"™. Define centered Gaussian random variables
by X; = (g,a;), Yi = V2h;, for i < N, and X; = —X,;_n, Y; = —Y,_y for
N < ¢ <2N. Then

E|X, - X, <4<E|Y,- Y.

Since for every k < N

k k k k
MNIXl =X and D Vi =) V7,
=1 i=1 i=1

=1

using the previous two statements, we obtain

k k
E(By)=E) X; <E) Y <ck\/In(3N/k),
=1 =1

which proves the upper estimate.

Let us turn to the lower estimate. Let g and X;, 1 <i < 2N, are defined
as above. We define centered Gaussian random variables Y; by Y; = ¢h;/2,
1< N,Y,=-Y, N, N <i<2N.

Then by Theorem 2.2 and Lemma 2.1 we obtain

k k k
E(B)=E) X;>E) Y =E) |Vi|" > cky/In(3N/k),
=1 =1 =1
which proves the lemma. O

We shall need the following theorem from [GLSW] (Theorem 4 with the
remark after the proof of Proposition 6 and Example 16).

Theorem 2.4 Let k < N and 1 < g <InN. Let A = {\;};i<n C IR. Let
g ={1gil"Yi<n, f = {Ifi|}i<n, where {g;}icn denotes a sequence of indepen-
dent standard Gaussian random variables and {f;};<n denotes a sequence of
standard Gaussian random variables (not necessarily independent). Then

k k

* 4 *
EY |(A-1),'s —S EX I
=1 =1

and

k
()™ I Mlae, < ED 191" < (Ca)? [Mas,,
i=1



where 0 < ¢ < 1 < C are absolute constants and My, , is the Orlicz function
defined by

0 t=20
Mig(t) = Lexp (—q/ (kt)/7) te (0,t0)
at —b t 2 tO?
a/2
to = 1 ﬂ a = ﬂe—QH b= le—Q/?
E\q+2 eqkty ’ eqk

Remark 1. Note that the inequality in the remark after Lemma 2.1 follows
from this theorem as well.

Remark 2. Let us mention that to prove the theorem we use that for
every Orlicz function M there exists a sequence y; >y > ... >y, > 0 such

that
e—1

2e

][ ar < 7" § max |z;y;,| < 2||z||m
1<i<n
1§]177]7’L§n

(see Lemma 5 and Lemma 9 of [GLSW]). We would like to note also that all
¢,-norms are Orlicz norms with the Orlicz function M (t) = |¢t[F.

The theorem leads to the following extensions of Lemma 2.3.
Corollary 2.5 Let {a;};<y C IR". Then for every k < N

where C' is an absolute constant and My, 1 as in the previous theorem.
Moreover, denoting \; = min;; |a; — a;|, we have

eI H I, < E(BY)
for some absolute constant ¢ > 0.

Proof: The proof mimics the proof of Lemma 2.3. Indeed, to obtain the up-
per estimate we need to define X; = (g,a;), Xy = —X;, and Y; = \/ﬁlai\hi,
Ynii = =Y, for every i < N. To obtain the lower estimate we take the same
X;and Y; = \hi /2, i < N, Y, ==Y, n, N <i<2N. O

Remark. It can be shown that

k
[ Hlnn, ~ DN+ b e AT+ T

i=1

for every A € IR™.



Corollary 2.6 Let ¢ > 1. Let {a;};<ny C IR". Then for every k < N

1/q
B(Brg) < Cva (IHailY )
where C' is an absolute constant and My, , as in the previous theorem.

Proof: We apply Theorem 2.4 to the standard Gaussian random variables
fi = {g,a;)/|a;|, where g is the standard Gaussian vector in IR". Let f =
{Ifi|"}i<n and A = {]a;|?}i<n. We obtain

k 1/q k 1/q
E(Byg) = E (Z(|<g,ai>|*)q) < (EZ(K%CHH*)Q) =

i=1 i=1
k 1/q de i 1/q
(esi0nr) < (A5e0ar) <

cva (e ,,) "

IA

O

We conclude this section with the piecewise continuous version of theorem
2.4, namely

Corollary 2.7 If{a,,0 <1 <1} is a piecewise continuous path in IR", and
if0<t<1,q>1 are fixed, and if

2q (I/2
sup |@r|q < (m) Zo,

1 _ ar2/q
xO::inf{x>O:/eXp<%)dT§t}7
0 ar

1 t
E (z/ | <g,a; > |*qd7‘> < (eq)??xy.
0

where

then

/2
Remark. If a; C S"! then it follows that o = (%log (%))q and the

condition is that ¢ satisfies 0 < ¢t < e=*3. A more careful analysis of the
discrete version can give an estimate valid for all piecewise continuous paths,
that will hold for all values of ¢.



3 Volume estimates

Theorem 3.1 Let n < N be positive integers. Let {a;}i<y C S™ . Then
for every k < N one has

C

9
3N
ky/In k+n

where C > 0 is an absolute constant.

Remark. Let k = 1. Then BY = conv {a;}, and
C

/In 3N 7
which was proved independently by Barany and Fiiredy ([BF]), Carl and
Pajor ([CP]) and Gluskin ([G1]). See also [FJ] and Corollary 2.2 of [GJ1],

which generalizes it for an arbitrary set {a;} C IR". Thus our Theorem 3.1
extends this result.

|B1|l/n Z

Proof: Let g be the standard Gaussian vector. Integration over Euclidean
sphere and Lemma 2.3 we obtain give

ama = ([ el ae) 2 ([ ) 2

k
CQ\/E
civn/ Ellgll, = aiv'n/ ) | E [(g,a)|]" > ————,
; k+/In (3N/k)
where ¢; and ¢y are absolute positive constants.

To conclude the proof it is enough to notice that ||z||x < k||z||;. Together
with the result of the remark above this implies that

C2

oy /1n 2

where ¢ is an absolute positive constant and the theorem follows. O

n ]‘ n
[Bel'" = - |B" =

Remark. Since

(1821 /1B21) " < (o) /1083 < v [ aledvla),

Sn—1

using Urysohn’s inequality, one can similarly show that

loBY" Y < %\/m (3N/k).

The following theorem generalizes Theorem 3.1.

9



Theorem 3.2 Let n < N be positive integers. Let ¢ > 1 and {a;}i<y C IR".

(i) For every k < N and every | < n there exists an l-dimensional sub-
space E C IR"™ such that

\/ﬁ b
VIg (Il {lasltyienlag., )

where || - ||a,., s the Orlicz norm with the function My (t) defined in Theo-
rem 2.4 and C > 0 is an absolute constant.

|Br,NE" > C

1) For every k < N and every l-dimensitonal subspace E C IR™ we have
(it) Y Y D

‘Bk,q N Ell/l >

c 1 1 )
I + )
max;— |det (Qpa;)ier [V (kq In(3N/1) (Vg N V1) N
where Qg : IR™ — E is the orthogonal projection onto E and ¢ > 0 is an
absolute constant.

(iii) For every k < N and every l-dimensional subspace E C IR"™ we have

1
Na

Br,NE" < C

1
l

(S et @ayer 1)

Q=

(k)

where Qg : IR — E is the orthogonal projection onto E and C' > 0 is an
absolute constant.

Remark. Notice that if {a;};<xy C S™! then

(3N /k)
V4

1
I {lailhien ) = ke

and
|det (Qpai)icr | < 1.

Thus in this case, for every [ there exists an [-dimensional subspace E such
that

|Br,NE"' >C

\/ﬁ
ke V1 /In(3N/k)

Moreover, in this case for all [-dimensional subspaces E we have

|Br,NE" > ¢ (

1
ka \/ (3N/I) \/"/\\/— )

10



If in addition ¢ = 1 in the last expression, then
1 1
S > e (— " _).
k \/In(3N/l) N

Proof of Theorem 3.2:

(i) Let Gy, denote the Grassmanian of m-dimensional subspaces of IR™
and dp denote the normalized Haar measure on it. Then integration over the
Grassmanian gives

‘H N lBk,q’> I Z
| Bs|

(L 2 ann) = (] ot ) "

nl

x|y, dv(z _1_ C\/ﬁ— oV Va’
([ el ) = s > "t {\a”q}mum,q)/

where the last inequality follows by Corollary 2.6. That proves (i).

maxgca,, (

(il) We first give a proof for the first expression.

As By, D ﬁBl, it is enough to consider B; N E. Without loss of
generality assume that {a;} is symmetric. By the inverse Santal6 inequality
BM]

1/1 ¢
|B1 N E| ZH(BlﬂE)OP/l
and therefore it is enough to estimate the volume of the polar of the section
By N E from above. The polar of By N E' is the orthogonal projection of the

polar BY = conv {#a; : 1 <i < N} onto E. Observe that
conv{z+a; : 1 <i< N} =T(BY),

where BY is the N-dimensional /; unit ball and 7' : RN — IR" is the map
defined by T'(e;) = a;,1 <i < N.
By a result of Meyer and Pajor [MP]
BN _ T
|BY|» 1By

for all 1 < p < oo and by a result of Gordon and Junge [GJ1] we have for all
p' with p/ = p%l
7(B,)|
By

<P Z |det (a;)ies|” :

[I|l=n

11



where ¢ is a constant. Therefore

T(BN)| N N 7
M < C\/E (( ) max|zj—, |det (ai)iel\p)
| BT = n
and thus
Nyl Ne i 1 1
IT(BY)|™ < /P (7) max|r—, |det (a;)ics|*™ | By V™.

Hence for |(B; N E)°|V! = |Qp(T(BNM))*" where Qp : R® — E is the
orthogonal projection, we get

Ne\ '
Qe(T(BY)|'' < ev/p! (7) max|r— |det (Qra;)ics|" |BiM".

We choose p' = ln% so that /p/ (%)1/ ? is minimal and then observe

that
c Ne
Qe(r(BINP < )T s det (@ear)icl
Since (B; N E)? = QT BY, we obtain

c

BN EM > :
ln# max|r— |det (Qpa;)icr|!

Therefore

|Bk,q N E|1/l >

C
]{?é «/111% maXm:l |det (QE%’)Z’EIP/Z

Now we give a proof for the second expression.

Note that
N\ ¢
By, C By C (?) By, (5)
and
By, =T(B)), (6)
where BZZ)V is the unit ball of lév, % + % =1,and T : RY — IR" is the map

defined by T'(e¢;) = a;,1 <i < N.
By the inverse Santalé inequality [BM] we have for every [-dimensional
subspace E

B.. N E|Y > ¢
Bra VBN 2 T, T BT

and therefore it is enough to estimate the volume of the polar of the section

By NE from above. Again, the polar of the section By ,NE is the orthogonal
projection of the polar B?qu = T(BI])V) onto E.

12



By [GJ1]

Co Z det (ai)ier|? <
[I|=n
\T(BN)!%

\B”] < (VgAyn) Z det (a;)icr|? ) (7)

[I|=n

where ¢; and ¢, are constants. Therefore

|T(BN)|" < (VIAVR) (( ) max|r—, |det (ai)i€1’q> na

| By

and thus
Nyl Ne\ ' 1 1
TN < e (Vanvin) (50) T oy fdet (aerl B

Hence for |(By,, N E)°|Y" = |Qp(T(BLY))|*" with the orthogonal projection
Qr: IR" — FE we get

Ne\ Ve
Qe(T(BMN)M' < e (Varvi) (T) max|y—; |det (Qpa;)ier|"! |BL"!

N1/a
<C (VanN \/Z) —; |det (QE%)ieI’l/l

Therefore

C

’Bk,qﬂEP/l 2 1 ’
(vaA V1) Na max |det (Qpas)ies|'/!

(iii) By (5) and Santalé inequality we have for all [-dimensional subspaces

E 1
C [N\« 1
B, nEM <= () ——
B0 8 < (7)) e
which by (7) is
<c Ak

1T -

k0% ( Sildet (Qeaierlt)
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Theorem 3.3 Let k, n, N be integers such that 20*nk < N < 20"nk. There
exists a sequence {a;}i<y C S™ such that for every I < n and every I-
dimensional subspace & C IR™ one has

Begn BV < 0 Y2
ke \/1\/In(N/(nk))

Remark. Clearly, (1/k)BS C Bj,. On the other hand, if N > k5" then
we can take k copies of some 1/2-net in S*~! (i.e. a sequence {a;;}i<k j<sn,
where {a;;};<sn is the same 1/2-net for each fixed 7). Then for all 4

3
|2 lleg = & max; [{aij, 2)] = 7 & [a].

Thus By, C % B and, hence, for some positive absolute constants ¢, C

1
kI

C

1
< By nEM < O

We shall need the following simple fact. Let p be the geodesic distance
on the Euclidean sphere S"~!. Let S(x,d) denote the cap with center x and
radius J

S(x,0) ={y eS| p(z,y) <3}

When the choice of the center is not important we write just S(d). As before
v = v,_; denotes the normalized Lebesgue measure on S™1.

Fact 3.4 For every 6 € [0,7/2] and n > 3 one has

dsin® 24§ 1 [7/? dsin™ 24§
— < p(5(9)) = — e | A ——
2em 11 =0 =5 /,,/2_5 o8 ="9r

where P
1 s
SI:/ cos" 2t dt < T
n—1 0 2(” - 1)

Proof: The equality for v(S(d)) follows from the direct computation as well
as the inequalities for I (see e.g. [MS1], Ch. 2). The upper inequality for
v(S(9)) is obvious, since the cos is a decreasing function on [0, 7/2]. Now let

B € (0,1). Then

/2 /285
Iy := / cos" 2t dt > / cos" 2t dt >
w/2—5 w/2—0

14



(1 - B)5sin™(86) > (1 — F)F" sin" 2,

since sin(30) > Fsinod for § € [0,1], 0 € [0,7/2]. Taking 8 = (n—2)/(n—1)
we obtain I > %4)5 sin® 2. That concludes the proof. a

(n

Proof of Theorem 3.3: Our proof based on a construction by Figiel
and Johnson ([FJ], see also[G1]).

It is enough to show the result for By as By, C kl_% By.

Take m = [logyg(N/(nk))]. Then 4 < m < n. Denote M = 2[Nm/n] and
choose § such that M = (7/6)™ !, i.e. 6 = 2m(1/M)V(m=D < 7/10.

The standard volume estimates show that there exists a symmetric se-
quence {z}i<m, ie. {—z}; = {2}, which is a J-net (with respect to
geodesic distance) in S™!. Indeed, take a maximal d-separated set N on
the sphere. Clearly, N' U —A is a symmetric d-net on S™ 1. Let a be the
cardinality of . Since the caps S(§/2) with the centers in N are disjoint
we have av(S(6/2)) < v(S™ ') = 1. Using Fact 3.4 and the inequality
siné > 2v/26/m on [0, 7 /4], we obtain for m > 12

[ 27 e(m—1) evm—1/( = \™* T\ m—1
0= m2—1 5/251nm_215/2) §4 N 1<\/§5> S%(E) '

Thus for m > 12 the cardinality of N/ U —N is less than or equal to M.

Set
K = conv {Z zl}
I [I|=k,JC{1,...M}

To continue the proof we need the following claim, which will be proved
below.

Claim 3.5 The body K, defined above, satisfies
(k/2)By* C K.

Now, let so = n/m. Without loss of generality we can assume that sg is
an integer. For every 1 < s < sg define the operator ¢5 : IR™ — IR" by
ise; = e, where | = (s —1)m+j. Then, taking af = i52;, we have aj € S" 1.
Set {a;} = {af}is. By the choice of M and s, one has that the cardinality of
the set {a;} is M'sy < 2N. Also, by construction, we have that {—a;} = {a;},
i.e. we need only half of a;’s to define By.

Denote B = conv {i;K };. Using the claim we obtain

S0 k
B> (k/2 ®By" D

som
B2 3

15



where Y @ denotes the ¢;-sum. It follows
2 2
B’ c \/_B" v Bj.
ky/m ?
It is not difficult to see that BY D B. Thus By C 2v/n/(ky/m)By. Thus for

km '

Proof of the claim: Consider u € S™ !. Choose the minimal angle § such
that there are at least k points of the z;’s with (u, z;) > cosf. Since k < M /2
we have 0 € [0,7/2]. Assume that Z;, Zo, ... are those points. Then we have

k
P
i=1

Denote A = {i | (Z;,u) > cos@}. By minimality of § we have |A| < k.
Since {z;}icnr is a d-net in S™! {Z;}ica is a d-net in S(u,0 — §). That
implies

2
|EﬂBk|<‘ */_Bl
kym?

O

2 k
Z Zi, Z;) > k* cos(20) = k*(1 — 2sin?0).

1,j=1

Zl/m 1(5(2i,0)) > Vim—1(S(u, 0 = 9)).

€A
Using Fact 3.4 we obtain
(0 — ) sin™2(0 — 9)
e(m—1) '

Thus sin™ (0 — 6) < e(m — 1)ké™ 1. Now if § > 0/2 then § < 20 < 7/6
and 1 —2sin®f > 1/2. If § < 6/2 then

k§sin™ 2§ >

sinf < 2sin(6/2) < 2sin(d — 6) < 2(emk)Y ™ V§ = 21 (emk/M)Y MY,

By the choice of m, M we have

g\ YD (m-1) 1
sinf < 27 on §27T< c ) < —.
9N 2 20m 9

Thus 1 — 2sin®?@ > 1/2. That means that for every u € S™ ! there is
z=3"F  Z such that |2|> > k?/2 and (u, z)/|z| > cos# > v/3/2.

The estimate now follows by the standard technique. Indeed, let b the
best possible constant such that for every x € IR" we have |z|x < b|x|.
Then for every u € S ! one has

lullx < W2/12] Ml + llu = 2/12] I <
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1|2] +blu—z/)2] | < V2/k +b(2 - V3).
By minimality of b we obtain b < v/2 Jk+b(2— \/g), which means
be V2 _on

(V3 -1k

That proves the claim. O

4 Dvoretzky’s theorem

First we recall the following version of Dvoretzky’s Theorem (see Theorem
2.5 and Corollary 2.6 of [Gol]).

Theorem 4.1 Let X be an n-dimensional space. Letm <n and G : (' —
X be the Gaussian operator defined by (1). Then

E[|G] = Emax|Gz]| < BE(X) + Vmes(X),

and
Eln%g |Gz|| > E(X) — \/E&:Q(X),

where e9(X) is defined by (3).
In particular, if E(X) > \/meo(X), then there exists an m-dimensional
subspace Y C X such that

E(X) + vme(X)
E(X) = vmea(X)

Moreover, the subspace can be taken in a “random” way.

v <B[G] [Bnin|Ga| <

Theorem 4.2 Let o € (0,1) and 1 < m < n. Let {a;}j<ny C S"* be such
that |a; — aj| > € for every i # j and let X = (IR", By), k < N. There are
absolute positive constants ¢ and C' such that

(1) if
o2 c?e?k*In (3N/k)
B (e2 (Br))”

then there exists an m-dimensional subspace Y C X satisfying

dy < 1—}—04;
1l -«

17



(i1) if /mea(B)) < cely/In(3N/1) then there exists an m-dimensional
subspace Y C X satisfying

Ck+/In(3N/k) + \/mey(By)
dy < max {1, I/k} nBN/k) + vimes(Br)
cel\/In(3N/l) — /mes(B)))

Moreover, the subspaces can be taken in a “random” way.

Proof: The first part of the theorem follows by Theorem 4.1 and Lemma 2.3.

To show the second part of the theorem note that [|z||, < |z|x <
(k/s)|lx||s for every s < k. Let G be the Gaussian operator G : £5" — X.
Then by Theorem 4.1 and Lemma 2.3

E |G| < Ck\/In(3N/k) 4+ /mes(By).

If [ > k then
k
Emln |Gz||, > max — Emm |Gz||, >
ja 2k 1 Ja=
max— (cely/In(3N/1) — v/mey(B)))
If I < k then
Elrmn |G|, > max Elmln |G|, >
max (celn/In(3N/1) — \/mea(By))
The result follows by Theorem 4.1. O

Remark 1. The general case (when {a;} ¢ S™!) can be treated using
Corollary 2.5.

Remark 2. As gy(By) = maxjy— (7, a;)[" = maxgy 5=y | D ;e Fai| and
likewise for e5(B;), we may replace e5(By) and e9(B;) by these values.

5 Properties of the spaces intermediate be-
tween /; and /.,

In this section we investigate the spaces whose unit balls are convex hulls
of {B},(B%/k)} and their duals, (kB}) N B, where B} denotes the unit

[oop)

ball of [} and Bl the unit ball of [Z. As we shall see in Lemma 5.1 those
spaces are particular cases of spaces with unit balls By, and BY, when N =n

18



and the sequence {a;}; is {e;};. Henceforth By will refer to this choice of the
sequence {a;};.

In the first subsection we investigate Dvoretzky’s theorem, type and co-
type constants of such spaces. In the second subsection we provide asymp-
totically sharp estimates of volume ratio of By, and B, and of the projection
constant of By. Finally, in the third section we investigate p-summing norm
of the identity operator acting on some special spaces. As a corollary we
obtain asymptotically sharp estimates of the projection constant of BY.

Lemma 5.1 Let {a;}i<n = {€:}i<n and k < n. Then
By, = conv {B?,(B"/k)} and B} = (kB})N B

Proof: Denote B := (kB})N Bl. Fix z. Without loss of generality assume
that only k terms of {|z;|} are larger than or equal to z}. Define z = {z;} by

sign x; for |z;| > xf,
Z; = .
! 0 otherwise.

Clearly z € B, and hence

k
lellpo = max(a, y) > (@, 2) = 3 |l = |-
i=1

To get the inequality in the other direction, assume, as we can, that

X1 > xg > ... > x, > 0. Then for every y € B one has (x,y) < Zlf x}, le.
llz||go < ||z]|x. That proves the first equality. The second follows by duality.
O

Below we will use Khinchine’s inequality, which states that there exists
an absolute constant ¢ > 0 such that for every p > 1 and every {b;}; C IR
one has

o\ 1/2

= (8)
p> 1/p

1 1 p\ 1/p 1
() =2

n
g bigi
i=1

n

Z bi&fi

i=1

" 1/2
(o) <o (3

£

where the sum is taken over all € € {—1,1}" and

<p<
Ap§{1 for 1 <p <2,

cy/p forp>2,
Pl for p > 2.
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5.1 Consequences of Dvoretzky’s theorem.
Type 2 and Cotype 2

We start with a well known estimate of type and cotype constants (see e.g.
[Pil], [T]). Let Cy(B) and Ty(B) denote the cotype and type constant of the
space with the unit ball B.

Lemma 5.2 Let B C IR" be a convex body with m > 1 extreme points. Then
Cy (BY) < T5(B) < evVInm,
where ¢ 1s an absolute constant.

In the following statements we describe the properties of By, and BY. We
start with a trivial fact.

Fact 5.3 The following sharp inclusions hold
min {1,k/v/n} By C BY € VkBy

and
1
Vk

In particular it means e2(By) = Vk and e2(BY) = max {1, /n/k}.

B} C By C max {1,v/n/k} Bj.

We shall also use the following estimates.

Lemma 5.4 There are absolute positive constants ¢ and C' such that

ckIn(2n/k) < E(By) <C k /In(2n/k)

and

¢ (Vinn+n/k) < E(BY) <C (Vinn+n/k).

Proof: The first estimate is a consequence of Lemma 2.1 (and the remark
after it). The second estimate can be obtained directly, since

1/2 ([#]oo + 21 /k) < 2]l gy = max{|z]oo, |2[1/k} < [2]oo + 2] /k,
where | - |; is the l;-norm and | - |« is the ly-norm. 0

The next two corollaries give Dvoretzky type theorems. They follow
immediately from Theorem 4.2.
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Corollary 5.5 Let 1 <m <nand 1 <k <n. Let o € (0,1). There are
absolute constants ¢ and C such that

(1) if m < cké*In(3n/k) then there exists an m-dimensional subspace

E C IR™ such that
1+5'

d(B,NE,BY) < 5
(i) if m > kIn(3n/k) then there exists an m-dimensional subspace E C

IR™ such that
m

k In(3n/m)

Moreover, the subspaces can be taken in a “random” way.

d(BxyNE,B") < C

Proof: By the definition of the body Bj, we have |a; — a;| = /2 and by
Fact 5.3 e5(By,) = vk. Thus the ﬁrst estimate follows by Theorem 4.2.
If m >k In(3n/k) then k < gz, On the other hand there exists an

absolute constant ¢; > 1 such that if |l = Clm then coV2y/In(3n /1)l >
2v/mA/1. Since | > k, e5(By,) = V1 and |a; —a]| = \/_ for i # j, we can apply

the “Moreover” part of Theorem 4.2 in order to obtain an m-dimensional
subspace Y C X with

p cky/In(3n/k) +\/_ <C Vm
= ckv/2+/In(3n/l)  — "V In(3n/(c;m))’

which implies the desired estimate. O

Corollary 5.6 Let 1 < m < n and 1 < k < n. There are an absolute
constant C' and an m-dimensional subspace E C IR"™ such that

(i) if k <n/+/In(2n/m) then

d(ByNE,By) <C(1+km/n);

(it) if k > n/+/In(2n/m) then

d(BYNE,By) <C <1 + m>

Moreover, the subspaces can be taken in a “random” way.
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Remark. The second estimate is known in a general case. That is for every
convex body K and every m < n/2 there exists an m-dimensional subspace
E, such that

d(KNE,By)<C (1 * m>

([MS3], see also [MS2, GGM, LiT, Gu]).

Proof:
Note that for every 1 <[ < n

T x x
[z g0 = max {%,Mw} > ﬁ-I— 2lec >

lzli | 1 .

where | - |; is the [y-norm and | - |, is the l,-norm. Using the estimates for
the Gaussian operator G : [5' — (IR", BY), Fact 5.3 and Lemma 5.4, we get

evinn+/m  for k> n/\/In(2n)
E|G|| < E(BY)+Vmes (B)) < q ¢ +/m for /n <k < n/+y/In(2n)
cr for k < /n.

Consider now the new norm defined by

l

[y 1 ]
el = B4 257 ol < 2 ol .
i=1
Clearly e ((R™, ||| - ||])) < ‘/75 + \/ii Therefore, by Theorem 4.1 we have
B int 2 |Gy 2 B i Gl 2 B[ ]| - vmes (G 1 11) 2
- o= i<n

w2 e - vin (4 L) =
Y (o~ i) + R ED =V

We can assume that m < n/2 (otherwise the corollary is obvious). Choose [

satisfying cv/I/In (2n/1) ~ v/2m, so that [ ~ T@ngmy - Lhen
E|i1|r1_f1 |Gz go > 1 (n/k‘ + \/ln(2n/m)>

for some absolute constant ¢; > 0. Thus for £ < n/y/In (2n/m) one has
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< — E |G| Scn/l€+\/_<0 k\/ﬁ ‘
Einfjy - [[Gz| 5o 2cin/k n

That proves the first case. If k > n/y/In(2n/m) one has

E |G| \/ m+cvinm m
dp < <C(1+ /77>
Einf};— HG:UHBO In (2n/m) In (2n/m)
which proves the second case. g

For the proof Proposition 5.8 as well as in Section 7 we need the fol-
lowing result of S. Kwapien and C. Schiitt (Corollary 2.3 of [KS2], see also
Theorem 1.2 of [KS1]).

Lemma 5.7 (i) Let ¢ > 1. Let b € IR" such that by > by > -+ > b, > 0.
For every x € IR™ one has

Lo ) n2 1/q | n 1/q
— s+ (- ) <= bt <

n n2 1/q
S3 )+ (% > s(j>q> ,
J=1 J=n+1

where {s(k)}i is the non-increasing rearrangement of {|x;b;|}i ;.

(i) Let ¢ > 1. Let b € IR™ such that by > by > -+ > b, > 0 and such
that » i, bi = n. For every x € IR" one has

/1 1/q 9
Z( ) ‘.CEHNb ~ |Z (ijz (%) ) S 8(1 + m) ”xHNM

where Ny, is the Orlicz function defined by

1 N\ 1 o I+1
*—1 g=1 *—1
ng (E) S E E bl +l a ( E bg) S 2Nb (T) .

1<i<l I+1<i<n

The following Proposition provides estimates for the type and cotype
constants of the bodies.

Proposition 5.8 There are absolute constants ¢ and C such that
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(i) for k < /n we have
eVk < Cy (BY) < Ty (By) < min {\/n/k, C\/Ex/H}

and

ev/n/k < Ty (BY) < v/n/k;
(ii) for k > /n we have
vk < Cy (BY)) < T (By) < Vk
and

¢ max {Vin &, V/afk} < T (BY) < min {VE, /n/k Vinn}

(1ii) for all k we have
cv/nlk < Cy(By) < Cy/n/k.

Proof:
(i) To prove the first upper estimate note that the set of extreme points
of BY is the set of points z = {z;} satisfying

o+l forie A
T 0 otherwise,

for some set A with cardinality |A| = k. Therefore by Lemma 5.2 we have

Cy (BY) < Ty (By) < ¢y/In (Qk (Z)) < e1Vkv/In(2n/k),

and as k < y/n we have that In(2n/k) is, up to a numerical constant, of the

same order as Inn.
Since Ty (By,) < dp,, we get with Fact 5.3 in the case k < y/n that

This is the other upper estimate.
To obtain the lower estimate for Cy (BY) it is enough to take the set of
points x; = e;, 1 < k. This works for all 1 < k < n.

Again, since Ty (BY) < dp,, we get with Fact 5.3 in the case k < y/n that

1 (Bl(c)) < Vn/k.
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The lower estimate for Ty (BY) will follow from (ii4), since Ty (BY) >
Cy (Bg).

(i) We have that Cy (BY) < T, (By) and the upper estimate for Ty (By)
follows again from Fact 5.3 as now k& > \/n. The lower estimate for Cy (BY)
is as in (i).

The first upper estimate Ty (BY) < vk follows again from the fact that
T, (BY) < dp, and Fact 5.3.

The other upper estimate for Ty (BY) follows from (iii) and the fact that
Ty (BY) < vInn Cy (By) (see [Pi2)).

Taking the k-dimensional subspace E = span{e; };<) of IR" one can easily
check that (¥, C (IR", By). Therefore

Ty (By) > VIn k,

which gives the first lower estimate for Ty (By). As Ty (BY) > Cy (By,), the
other lower estimate for Ty (BY) for all k will follow from (iii).

(iii) We get the lower estimate for Cy (By,) by taking [2] vectors z; of the
following form
vi=(1,...,1,0,...,0),

with 1 on the first k coordinates, 0 on the others;
zo =(0,...,0,1,...,1,0,...,0),

with 0 on the first k£ coordinates, 1 on the next k£ and 0 on the others. We
continue with the other x; in the obvious way.
To prove the upper bound for Cy (By) we consider for z € IR" the norm

el = S fail* w%( 3 ||)

i<k k+1<i<n
& |||, we obtain

2% < [ll2]l] < |2l + VEVR = klawa ] <
n—=k
[E41P2 (1 + - > < 2v/n/kl|z[l

Thus the Banach-Mazur distance is

AR 1), (B - ) < z\/%

Since |xp41|* <

Now we show that (IR", ||| - |||) has cotype 2. This will follow once we
have shown that (IR", |||-|||) is c-isomorphic to a subspace of L' where ¢ does
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not depend on the dimension n and on k. This is what we shall prove now:
By Lemma 5.7 we have for all n € IN, b,z € IR"

2 1/2

. . . 1/2
% s(j) + (% > 8(]’)2) < %Z (Z !xibwu)I?) <

j=1 Jj=n+1 ™

n 7L2
1 ‘ 1 2
- s(j)+ | - s(j :
" ; v (n j:;rl v )
where {s(k)}, is the non-increasing rearrangement of {|z;b;|}; ;.
Using Khinchine’s inequality (8) one can prove that (IR", ||-||) is equivalent
to a subspace of L', where

n 1/2
1
lzll = - > (Z !l’ibwmI?) :
=1

™

We choose b = (1,...,1,0,...,0) with m coordinates equal to 1 and the
others equal to 0. Assume that n/m is an integer. Then

n n/m n? n
Zs(j) =m Z |z;|* and Z s(j)> =m Z |2
j=1 j=1 j=n+1 j=(n/m)+1
Hence
1 n 1 n? 1/2 n/m n 1
. . m * m * 2
Iy s+ (— > s<y>2> SISkl (O )
=1 j=n+1 j=1 j=(n/m)+1
Without loss of generality we may assume that n/k is an integer. Choosing
m such that & = ™ we obtain that (IR", ||| - ||[) is isomorphic to a subspace
of L.
This proves the proposition. O

5.2 Volume Ratios. Projection constants of B,g
We start with the estimate of the volume ratio of the bodies. Let us first
recall that for a body K C IR™ the volume ratio vr(K) is

vi(K) = (K[ /1EN'",

where £ is the ellipsoid of maximal volume in K.
By the volume ratio of the space we mean the volume ratio of its unit
ball.
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Lemma 5.9 There exist absolute constants ¢ > 0 and C such that
cv/n/k <vr(Bg) < Cy/n/k
and
cmax i 1 <VI"<BO) < C'max i 1
N k) = N b

Proof: Since the bodies have enough symmetries, the ellipsoids in Fact 5.3

are of maximal volume. To estimate the volume of By note that BY /k C
By, C (n/k) B}. Hence

(2/k)" < |By| < (2¢/k)"
and, by Santalé inequality and inverse Santalé inequality [BM],
(cik/n)" < |BY| < (cak/n)".

This implies the result. g

Remark. This result should be compared with the corollary of Theorem 7
of [GGMP] which says

c Vi
E(K) max; HeiHKo’

Evi(KNE)>

where the expectation E is taken with respect to the normalized Haar mea-
sure on the Grassmanian of all /-dimensional subspaces £ C IR". By Lemma 5.4

we obtain y:
l

Evi(BiNE) > ——V"

k+/In(3n/k)

and

c Vi
\/E—l—n/k.

Evr(B.NE) >

The volume ratio estimates allow us to obtain the following estimates for
the projection constant A. Recall that for every n-dimensional body K one
has A(K) < y/n and \(K) < d(K, B2).

Theorem 5.10 There is an absolute constant ¢ > 0 such that

(i) for every /n < k <n one has

n n
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(i1) for every 1 <k < ./n one has
cvn < A (By) < V.

Proof: To prove the first upper estimate we use a well-known estimate
AMK) < d(K, BY). The estimate d (B, Bs) < % is trivial. Since A(K) < y/n
for every K C IR" we obtain the second upper estimate.

To obtain the lower estimates we use the following inequalities from
[GMP)]. For every n-dimensional normed space X one has

Vn <evr (X, ly) vr (X) < +en

and
evr (X, ly) zr (X) < A (X)),

where evr and zr denote the external volume ratio and zonoid ratio cor-
respondingly (see e.g. [GMP] for the precise definitions). For every n-
dimensional normed space X with a 1-unconditional basis one has

1 <zr(X)zr(X*)<C,

where C' is a numerical constant. Since X = (IR", B) and X* = (IR", BY)
have a 1-unconditional basis we obtain

A(BY) > ¢ vr@gy

The result follows by Lemma 5.9. a

Remark. The estimate on vr (BY) allows us to obtain lower bounds for the
GL-constant gl, of subspaces of B} since by [GJ2], for every n-dimensional
normed space X there exists a subspace Y C X, dim Y < 2, such that
vi(X) <czr(Y)and zr (V) zr (Y*) < cigly, (Y), where ¢ and ¢; are positive

absolute constants (|[GMP]).

5.3 p-summing norms and related invariants

We shall obtain the estimates for the projection constant of By as a corollary
of the following lemma, in which we compute the p-summing norm 7,(K) of
the identity operator Id : (IR", K) — (IR", K) for some special bodies K.
Recall that m,(K) is the best possible constant, satisfying

N N
Dyl < 7B(K) sup > [y, HIF
=1 IF1-<1 =1
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for every N and every yi,%s,...,yny € E = (IR", K), where || - ||« denotes the
norm in E* = (IR", K°).

Let b € IR™ be such that b; > by > ... > b, > 0 and b; > 0. Define the
norm [zl = ¥, bilzil"

Lemma 5.11 Let K} be the unit ball of || - || Let p > 1. Then there is an
absolute constant ¢ such that

1 ! p ! P
?sup Z;L ||x||b 5 S Wp(Kb) < Bp sup :L ||ml|b T
paF0 Y (Zi:l ’mibw(i)‘z) " a0 >on (Zi:l ‘xibﬂ(i)P)
where
<p<
A < 1 for1 <p<2,
cy/p forp>2,
gl V2 for1<p<z,
L | forp > 2.

Proof: To prove the theorem we shall use Khinchine’s inequality (8).

Given x € R", ¢ € {—1,1}", and a permutation 7 of {1,2,...,n} denote
the vector {g;x(n(i))}; by ex™ Let y; € R", 1 < i < m. Consider N =
2" - n! - m vectors {eyf }c j~. Then

ZZZH%HP—W nl- S [yl
5 j=1

and for a vector f € IR"

ZZleeyj, |p—zzlz Z% <
m n p/2
a2y > (Z |yj<w<z'>>fi|2)

by Khinchine’s inequality (8). Thus we obtain
m » p/2
Sl < 450 s 53 (Sl
Jj=1 T j=1 =1

It immediately follows from the definition that the extreme points of K7,
the unit ball of || - ||, are {€b"}. ». Hence

leyg |”<Ap(7fp Kb) ‘ZZ<ZI% )W’

7j=1 T j=1 =1
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which implies (taking m = 1)
n! y|?
su%) Iyl o7 < AP (m,(Ky))P
0y (S [y )

To show the right-hand side inequality of the lemma we use (8) and the

set of extreme points of K} once more:

sup Z| |”>HJ§|1|1<1 5 n,zzz Zazyg fm

flle<t; r e j=1|i=1
/2
P Y f7r =
BY 1. <1n';;(Z‘J )|>
p/2
. 2
S (S ol
Therefore
P m |P
(ﬂ_p(Kb)) < B}f nl sup 23:1 1y 1l5 >
i m n . 2
Y e (S s @be )
| p
- ololp
Y (S @)
which completes the proof. O
..b, >0 and

Proposition 5.12 Let 1 < p < 2. Let b € IR™ with by > by >
let By, be IR™ with the norm ||x||, = >, b;|z;|*. Then we have
||x||b < ¢y Wp(Kb);

c1 mp(Kyp) < sup - <
w0 |[(Jzal?, .. [ealP) D

where ¢1 and ¢y are positive absolute constants and where the Orlicz function
Ny is defined by

1 . (1 1 2p o\ L fl+1
=Ny (ﬁ)<ﬁ oWt ( > bz.) < 2N} (T)

1<i<l I+1<i<n

In particular for p =1 we get

1 m(IG) < bl g, < e m(£G),
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where ¢; and co are constants and where the Orlicz function Ny is defined by

1

1 *—1 l 1 2 ’ *—1 l+1

pun (3) = smnevi (3 w) =2 (),
i<l I+1<i<n

[

Proof: We may assume that Zlgign b’ = n. By Lemma 5.11 we have

K
WP<B 0) < sup Izl /o7 1/p < A, mp(Kp).
T n 2
P [E S (et )]
By Lemma 5.7, applied for ¢ = 2/p, we obtain
1 1 1/p

1/ - 1/p
O e I (Y ST

1/p

1 n p/2
< |2 (Z |$ibw(i)|2) <
’ i=1

™

1/p 2\ p PY||MP
8 1_|_m H(’l’ﬂ ,---7’$n’ )HNbP’

where the Orlicz function Ny is defined by

1 .. (1 1 2p o\ 1+
Lo (s s (5 e ) Lo (12!

N——

1<i<i 1+1<i<n
Thus we get
7p(Ks) [l _ A A (K))
1 — 1 — 1 :
8Up (142" B, = w0 (|1, |za?) N2~ (& — L)

If p = 1, this can be simplified as then by definition of the || - ||;-norm

Lo
“u bl bl = bl
w20 [|(|z1]?s ..o |zl Ny, I0@1ledenDllg =1
where |x| denotes {|z;|};. O

Using Lemma 5.11 we obtain the following result of Gluskin [G2] and
independently Schiitt [S].
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Corollary 5.13 There is an absolute constant ¢ > 0 such that
(i) for every v/n < k <n one has
cv/n <X (By) =n/m (By) < V/n;
(i1) for every 1 <k < +/n one has
ck < XN(By) =n/m (By) < k.
Proof: It is well known ([GG]) that for a symmetric space (IR", K') one has
MK)mi(K) = n. Clearly, (IR", Bg) is a symmetric space. This shows the

equality. The upper estimates hold, since A\(K) < /n for every K C IR™ and
A(Bg) < d(Bg, BL) < k. It remains to prove the lower estimates.

Take b € IR™ such that by = by = ... =by =1, b1 = ... = b, = 0. Then
By =Ky and || - || = - ||lp- Clearly,
1 & k
el AN |
j=1 i<n/k
and
2 1/2 1/2
1 N9 k #1\2
j=n+1 i>n/k

Thus by Lemma 5.11 (applied for p = 1) and Lemma 5.7 (applied for ¢ = 2)
we have

N\ 1/2
MBy) > % i (F/1) 3 icnyi lmil™ + ((k/n) > sk (7l%) ) )

a0 ]l
172
b Sicalnl (0/8) Do (i)
— - min
20 =70 dick il
Now, if & < y/n then
A(By) > —-minM >

If £ > /n then

k ) Zign/k |2 + <(n/k) Zk2i>n/k (|xz|*)2>

1/2

AMBg) > — -min >
) = 20 =0 D ik il -
ﬁ - mnin Zign/k |zi|* + (V/n/k) Zk2i>n/k |z ]* S ﬁ ‘ ﬂ
20 z#0 Zigk |l’1|"< 20 k-
That completes the proof. O
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