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Abstract

We carry out a systematic investigation on floating bodies in real
space forms. A new unifying approach not only allows us to treat
the important classical case of Euclidean space as well as the recent
extension to the Euclidean unit sphere, but also the new extension of
floating bodies to hyperbolic space.

Our main result establishes a relation between the derivative of the
volume of the floating body and a certain surface area measure, which
we called the floating area. In the Euclidean setting the floating area
coincides with the well known affine surface area, a powerful tool in the
affine geometry of convex bodies.

1. Introduction

Two important closely related notions in affine convex geometry are the
floating body and the affine surface area of a convex body. The floating body of
a convex body is obtained by cutting off caps of volume less or equal to a fixed
positive constant §. Taking the right-derivative of the volume of the floating
body gives rise to the affine surface area. This was established for all convex
bodies in all dimensions by Schiitt and Werner in [62].

The affine surface area was introduced by Blaschke in 1923 [8]. Due to
its important properties, which make it an effective and powerful tool, it is
omnipresent in geometry. The affine surface area and its generalizations in the
rapidly developing L, and Orlicz Brunn-Minkowski theory are the focus of
intensive investigations (see e.g. [14,18,20,21,45,46,65,67,68,70,71]).

A first characterization of affine surface area was achieved by Ludwig and
Reitzner [42] and had a profound impact on valuation theory of convex bodies.
They started a line of research (see e.g. [26,40,41,43,53,54,58]) leading up
to the very recent characterization of all centro-affine valuations by Haberl and
Parapatits [27].

There is a natural inequality associated with affine surface area, the affine
isoperimetric inequality, which states that among all convex bodies, with fixed
volume, affine surface area is maximized for ellipsoids. This inequality has
sparked interest into affine isoperimetric inequalities with a multitude of results
(see e.g. [5,15,26,28,29,37,46,48,49,67,70-72)).
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There are numerous other applications for affine surface area, such as, the
approximation theory of convex bodies by polytopes [9, 10, 23,24, 38, 51,
52,56,59,63-65,69], affine curvature flows [2,3,31-33], information theory
[4,11-13] and partial differential equations [47].

In this paper we introduce the floating bodies for spaces of constant curvature,
i.e., real space forms. Our considerations lead to a new surface area measure
for convex bodies, which we call the floating area. This floating area is intrinsic
to the constant curvature space and not only coincides with affine surface area
in the flat case, but also has similar properties in the general case. Namely, the
floating area is a valuation and upper semi-continuous.

We lay the foundation for further investigations of floating bodies and the
floating area of convex bodies in more general spaces. The authors believe that
both notions are of interest in its own right and will in particular be useful for
applications, such as, isoperimetric inequalities and approximation theory of
convex bodies in spaces of constant curvature.

1.1. Statement of principal results. A real space form is a simply connected
complete Riemannian manifold with constant sectional curvature A. For A € R
and n € Nyn > 2, we denote by Sp™(\) the real space form of dimension n
and curvature A. This includes the special cases of the sphere S™ = Sp”(1),
hyperbolic space H" = Sp™(—1) and Euclidean space R™ = Sp”(0). A compact
(geodesically) convex set K is called a convex body. The set of convex bodies
in R™ with non-empty interior is denoted by ICo(R"™), or Ko(A) if we consider
convex bodies contained in an open subset A C R™. The set of convex bodies
in a space form with non-empty interior is denoted by Ko(Sp™(A)), Ko(S™) or
Ko(H"). For further details we refer to Section 3.

A hyperplane in a real space form Sp™ () is a totally geodesic hypersurface.
It is isometric to Sp™ '(\). Hyperplanes split the space into two open and
connected parts which are half-spaces. We denote by H+ and H~ the closed
half-spaces bounded by the hyperplane H. The standard volume measure on
Sp™(A) is vol2\.

Definition 1.1 (A-Floating Body). Let A € R and K € Ko (Sp™”())). For
§ > 0 the A-floating body F3 K is defined by

Theorem 1.2. Letn > 2. If K € Ko(Sp™())), then the right-derivative of
Vol (FR K) at 6 = 0 exists. More precisely, we have

vol) (K) — vol) (F} K)

RE={# vl (knH") <

The main theorem of this article is the following:

li =, QMK
S 5 ),
where ¢, = 1((n+ 1)//{,1_1)2/("“) and
/ (K, x) "+1 dvolpy g ().
bd K

We call QN(K) the M-floating area of K.
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Here volj, jc denotes the natural boundary measure with respect to Sp™(\)
and H_,(K,x) denotes the (generalized) Gauss-Kronecker curvature on bd K,
the boundary of K, with respect to Sp™()) (see Section 3 for details). Fur-
thermore, k, is the volume of the Euclidean unit Ball B2(0,1) in R", i.e.,
kn = vol, (B2(0,1)).

For A =0, i.e. Euclidean space, Theorem 1.2 was first proved in this form
by Schiitt and Werner [62]. For A = 1, the theorem was established only very
recently by the authors [7]. In this article we now prove the complete form
for all A € R with a new unifying approach. In Section 2 we recall important
notions from Euclidean convex geometry. In particular, we investigate the
weighted floating body. In Section 3 we recall basic facts from hyperbolic
geometry. We use the projective Euclidean model and relate hyperbolic convex
bodies with Euclidean convex bodies. It is well-known that real space forms
admit Euclidean models. We make use of this fact to generalize our results in
Subsection 3.2 to real space forms. The Euclidean models and the results on
the weighted floating body are the main tool to prove Theorem 1.2 in Section 4.
In Section 5 we investigate the floating area and also the surface area measure
of Euclidean convex bodies related to it. In particular, we show the following.

Theorem 1.3. Let A € R and n € N, n > 2. Then the \-floating area
O Ko(Sp™ (M) — R is
(a) upper semi-continuous,
(b) a valuation, that is, for K, L € ICo(Sp™ (X)) such that K UL € Ko(Sp™ (X))
we have that

OME)+ QML) = QMK UL)+ QMK NL),

(c) and invariant under isometries of Sp™(\). For A = 0, Q° coincides with
the affine surface area and is invariant not only under isometries, but all
(equi-)affine transformations of R™.

All the properties in Theorem 1.3 are well known for the affine surface area,
that is, A = 0, see e.g. [36,39,44,61]. Also, in the spherical case, A = 1, we
were able to establish similar results [7].

Finally in Subsection 5.2 we briefly consider an isoperimetric inequality for
the floating area.

2. The Weighted Floating Body

In this section we recall the notion of weighted floating bodies introduced
in [66]. It will serve as a unifying framework for dealing with Euclidean,
spherical and hyperbolic floating bodies. In the following we also recall facts
from Euclidean convex geometry. For a general reference we refer to [19,25,57].
The final goal of this section is to establish Lemma 2.9, which is a crucial step
in the proof of our main Theorem 1.2 in Section 4.

We denote the Euclidean volume by vol;,. If a o-finite Borel measure p
is absolutely continuous to another o-finite Borel measure v on an open set
D C R”, then we write y <p v. The measure p is equivalent to v on D,
uw ~p v, if and only if 4 <p v and v <p p. Evidently, by the Radon—
Nikodym Theorem, for a o-finite Borel measure p we have that y ~p vol;,



4 F. BESAU & E. M. WERNER

if and only if there is Borel function f,: D — R such that du(z) = f,(z)dx
and vol;, ({f, = 0}) = 0. For a convex body K € Ky(R™) we consider o-finite
measures p such that p ~ig x volS, where int K denotes the interior of K.
Thus, without loss of generality, we may assume p to be a o-finite Borel measure
on R™ with support K and for any measurable set A we have

p = [ e dvoly(a).
ANint K
Definition 2.1 (Weighted Floating Body [66]). Let K € Ko(R™) and let u

be a finite non-negative Borel measure on int K such that g ~in k¢ volS,. For
§ > 0, we define the weighted floating body F}' K, by

FUK = ﬂ{H— CWHYNE) < 54}
where H* are the closed half-spaces bounded by the hyperplane H.

We will see that the weighted floating body exists (i.e. is non-empty) if ¢ is
small enough. Since it is an intersection of closed half-spaces, it is a convex
body contained in K.

Example 2.2. For p = vol, we retrieve the Euclidean floating body, denoted
by F5 K. In the literature different normalizations appear. For instance, in
[62] the convex floating body is defined as

Ky=({H :vol,(H' nK) < t},
which is equivalent to our notion since
F5s K = Kgn+1y/2.
We denote by - the Euclidean scalar product and by ||.|| the Euclidean norm

in R™. A convex body is uniquely determined by its support function hg defined
by

hg(x)=max{z-y:ye€ K}, xe&R"
The geometric interpretation of the support function is the following: For a
fixed point € R™ and a normal direction v € S*~!, we denote the hyperplane

parallel to the hyperplane through = with normal v at distance a € R by Hy 4 «,
ie.,

Hovo={yeR":y-v=a+z v} =Hoyatzv-

For a given direction v € S"~!, the support function hx(v) measures the
distance of a supporting hyperplane in direction v to the origin. That is,
Ho,v,hx (v) is @ supporting hyperplane of K in direction v and K is given by

(2.1) K= Hyppewy
vesSn—1
where H,, , ={y €R" 1y -v<a+z- v}

A closed Euclidean ball of radius r and center x € R™ is denoted by BZ(x,r).
For K € IC(R™) the set of points of distance r from K is BJ(K,r). For
K, L € K(R"), the Hausdorff distance ¢¢ is defined by

0°(K,L) =inf{r >0: K C B}(L,r) and L C B}(K,r)}.
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Equivalently, we have that
0°(K,L) = sup ||hx(v)—hr(v)].

vesn—1
Given a continuous function f: S*~! — R the Wulff shape [f] (also called

Aleksandrov body, see [17, Sec. 6]) of f is, unless it is the empty set, the convex
body defined by

(2.2) 1= Howpiwy

vesn—1

For a positive continuous function f the Wulff shape is a convex body containing
the origin in its interior. For a convex body K we have K = [hk], i.e., the
Waulff shape associated with hg is K itself. The concept of Wulff shapes has
many applications, see e.g. [57, Sec. 7.5] for a short exposition.

The weighted floating body is a Wulff shape.

Proposition 2.3. Let K € Ko(R™), p be a finite non-negative Borel measure
on int K such that p ~in i vol, and 6 € (O,M(K)n%). Forv e S* 1, there

exists a unique ss(v) € R determined by

+
M(K n HO,’UJ’LK (v)—ss(v)

):5"7“.

In particular, ss(v) = s(0,v) is continuous on (0, M(K)#) x S"1 and strictly

increasing in 0. Moreover, the weighted floating body F§' K exists if and only if
the Wulff shape [hx — s5| exists and in this case we have that

(2.3) FUK = [hg — s5).
Proof. We consider G': S"~! x R — [0, u(K)] defined by

G(v,A) = M(K n HJMK(U)_A).

Since p is a non-negative Borel measure equivalent to vol,, we can find a Borel
function f,: R™ — [0,00) such that f, > 0 almost everywhere on int K and
fu = 0 else. We can therefore write

hk (v)

G(v,A) = / fu(lz)de = / / fu(w + tv) dw dt.
HJ:’U«}LK(U)*A hK(’U)—AvL

For the second equality we used Fubini’s theorem and the substitution x = w+twv,
where w € v+ = {y € R" : y-v = 0} and t € R are uniquely determined by .
Thus G is strictly increasing in A for A € (0, hx (v) + hg(—v)) from 0 to p(K).
To see that G is continuous, first note that K (v, A) := KOH(;FU he(v)—A depends
continuously on (v, A) € S"~! x R with respect to the Hausdorff distance §¢.
This follows, since hy is continuous and the map (v,\) — HJU’)\ N K is
continuous in v € S"~! and A € R. Now, since vol,, is continuous on Ko(R"),
see [57, Thm. 1.8.20], and since p ~int g vol,, we conclude that p is continuous
on Ko(R™) N K and therefore u(K (v, A)) = G(v,A) is continuous in v.
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Hence, for § € (0, M([()%) there is a unique s5(v) € (0, hx (v) + hx(—v))

such that
n+1
07 =G(v,s5(v)),

which is strictly increasing in § and continuous.

To prove (2.3), we first consider a fixed v € S*~1. For t; < to, we have

. nil

that H(iv,hK(v)ftl - Hofv’hk(v)fw. The maximal ¢ such that G(v,t) <d7z is
t = s5(v). Hence, we have that

_ ntl _
ﬂ{Ho,v,hx(v)—t it € R such that G(v,t) <672 } = Hy o e (v)—s5(v)°

Finally, we conclude that

n+1

Fi K = ﬂ{H&v,hK(v)_t ;v €8S" 1t € R such that G(v,t) < 6T}

- ﬂ HOTU,hK(v)fs(;('u) = [hK - 55]-

vesn—1

q.e.d.

For a convex body K € Ky(R™) and a boundary point z € bd K we define
the set of normal vectors o(K, z) of K in z, also called the spherical image of
K at z (see [57, p. 88]), by

o(K,x) ={veS"': H,,, is a supporting hyperplane to K in z}.

A boundary point z is called regular if (K, x) is a single point, that is, K
has a unique outer unit normal vector N, at x. Note that for a convex body
almost all boundary points are regular (see [57, Thm. 2.2.5]). A boundary
point x is exposed if and only if there is a support hyperplane H such that
KNH=/{z}.

A subset S C S"! is a spherical convex body if and only if the positive hull
posS ={As: A >0,s €S} is a closed convex cone in R™. The spherical image
at a boundary point x is a spherical convex body and the closed convex cone
generate by it is the normal cone N(K,z) = poso(K, ). If K has non-empty
interior, then o(K, z) is proper for any boundary point, that is, the normal
cone does not contain any linear subspace.

The spherical Hausdorff distance §° is a metric on spherical convex bodies
induced by the spherical distance

(2.4) ds(z,y) = arccos(z - y)

on S ! in the following way: For a subset A C S”~! we denote by A, the
e-neighborhood of 4, i.e., A. = {a € S"7! : dy(a, A) < e}. Then, for spherical
convex bodies S and T', we have that

05(S,T) =inf{e >0: S CT. and S C T.}.

The spherical Hausdorff distance induces a metric on the closed convex cones
with apex at the origin via the positive hull pos. Hence, we say that a sequence
of closed convex cones C; converges to a closed convex cone C' if and only if
the sequence of spherical convex bodies C; N S™~! converges to C N S"~! with
respect to §°.
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Fix z € S"~! and let (C;)$2, be a sequence of closed convex cones contained
in the open half-space int HJ ».0- Then C; converges to a closed convex cone
C contained in the same open-half space with respect to 6° if and only if the
sections of the convex cones with the affine hyperplane Hy . ; converge with
respect to the Euclidean Hausdorff metric 6¢ in Ho , 1.

We define the gnomonic projection g, : int HS:%O — 2zt =R ! by

(2.5) g.(x) = (z-2) o — 2.

Then g, maps closed convex cones contained in the open half-space int Hgf 2,0
to convex bodies in z+ =2 R"~!. By the previous statement we find, that the
gnomonic projection induces an homeomorpism between the space of closed
convex cones in int H{f ».0 With respect to the ° and the space of convex bodies
in 2+ = R"~! with respect to 6°. Compare also [6, Cor. 4.5].

By Proposition 2.3, ss(v) = s(d,v) is continuous as a function in (d,v). It
converges point-wise to 0 as § — 01. By the compactness of S*~!, we have
that s5(.) converges uniformly to 0 as § — 0F. This implies the convergence of
[hix — ss] to [hi] = K, see e.g. [57, Lem. 7.5.2]. We conclude

2.6 li LK =K.
(26) . 7,

Our next goal is to show that the convergence of the weighted floating body
is locally determined. This fact and therefore most of the following lemmas are
probably known for the most part. However, since we were only able to find
references in particular cases, for instance see e.g. [64] for related results, and
also for the convenience of the reader, we include proofs for the following.

We consider a regular boundary point € bd K and investigate the behavior
of Fi' K near z for § — 07. The shape of F} K near z is determined by a
neighborhood of directions of the unique normal N, of K at x. For s < t, we
have that F#* K O F}!' K. In particular, if 0 € int F/* K, then for all § € (0,t)
we have 0 € int F§' K. In this case we define zg( as the unique intersection
point of bd ' K with the ray pos{z}. Hence, lims_,o+ 25X = 2. We use z; to
control the limit process F}' K — K near z as 6 — 0T.

The first step is to consider a convergent sequence of Wulff shapes [f;] — [f],
where (f;)ien and f are positive continuous functions on S*~1. Thus 0 € int [f;]
and 0 € int [f]. We show that, for any regular boundary point « € bd [f] and
any neighborhood of directions around the normal N, of [f] at x, there is
ip € N such that, for all ¢ > iy, x; := bd [f;] N pos{z} is determined by the
values of f; in that neighborhood.

Lemma 2.4 (Local dependence of a convergent sequence of Wulff shapes).
Let f;: S"™1 — (0,00), i € N, be a sequence of positive continuous function
uniformly convergent to f: S*™* — (0,00). Then for x € reg[f] and € > 0
there exists 19 € N such that, for all i > iy, we have that

[fi] Npos{z} = ﬂ{ O fi (o) - ds(v, N;) < E} Npos{z},
where N is the unique outer unit normal of [f] at x.

Since the weighted floating body can be viewed as a Wulff shape and converges
to K as § — 0 we obtain the following corollary.
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Corollary 2.5 (Locality of the weighted floating body). Let K € Ko(R™)
be such that 0 € int K. Then for x € reg K and ¢ > 0 there exists 0. > 0 such
that for all 6 < 0, we have 0 € int F§' K and

conv(z¥,0) = F& K Npos {z}
(2.7) = ﬂ{H&v,hK(v)_sé(v) sds(v, N,) < 5} Npos{z}.

where s5(v) s uniquely determined by

n

L _ +
5% = 1K O, b))

Before we prove Lemma 2.4, we recall some common notation. For u € S*~1,
F(K,u) = KN Hypy is the exposed face of K in direction u. The following

is an easy observation.

Lemma 2.6 (Convergence of exposed faces). Let K; — K in Ko(R™) with
respect to the Hausdorff distance 6¢. If u € S*~1 such that F(K,u) = {z} is
an exposed point of K, then F(K;,u) — {x}.

Proof. Since K; converges to K with respect to ¢, any sequence x; €
F(K;,u) C K; has a convergent subsequence with limit y € K, see e.g. [57, Thm.
1.8.7]. Let R > 0 be such that K U|J,cy Ki € BZ(0, R). Then x; € F(K;,u) C
Ho o n(r;,0)NBE(0, R) and also Ho oy, p(k,,u) VB (0, R) — Ho o n(x,u)NBE (0, R).
Hence, for the limit point y of the convergent subsequence, we also have
Y € Ho o n(k,u) and therefore y € K N Ho oy p(x,u) = F(K,u) = {z}. q.e.d.

We denote the set of convex bodies with 0 in the interior by /Coo(R™). For
K € Kgo(R™), K° ={y € R" : z -y < 1} is the polar body of K. For x € bd K,
set T ={y € K°:x-y=1}. Then N(K,z) = posZ, see [57, Lem. 2.2.3].
For x € bd K, we have hgo(x/|z|) = 1/||z|. Hence, T = F(K°,z/|z|), or
equivalently

(25) N(K, ) = pos F(K®, 2/ 1))
For a proof of the following fact see, e.g., [22, Lem. 2.3.2].

Lemma 2.7 (Continuity of the polar map). Let (K;);en be a sequence in
Koo(R™) converging to K € Kgo(R™) with respect to the Hausdorff distance §¢.
Then also K7 — K°.

By (2.8), the normal cone N (K, z) at a boundary point z is related to the
exposed face of the polar body K° in direction z/||z||. Using the continuity of
the polar map, Lemma 2.7, and the convergence of the exposed faces, Lemma
2.6, we now obtain the convergence of the normal cones in regular boundary
points. Note that for a regular boundary point = € reg K, N, /(N, - z) is an
exposed point of K°, i.e., F(K° z/||z|) = {Nz/(N - x)}.

Lemma 2.8 (Convergence of the normal cone). Let f; be a sequence of
positive continuous functions on S"~', wuniformly convergent to a positive
continuous function f. For x € reg[f] we set {x;} = pos{z} Nbd[f;]. Then
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In particular, we have that
Jim o([fi], 2i) = lim N([fi],2:) 08" = N([f],2) n8"7! = {Na}.
Proof. We set = = z/|z]| = z:/||z:. By (2.8),
pos {No} = N([f],z) = pos F([f]°, 2),

or equivalently F'([f]°, z) = {Nz/(Ny - z)}. With Lemma 2.7 and Lemma 2.6,
we conclude that

(29) ZILI&F([fZ}Ovz) = {Nz/(xNz)}

Since 0 € int[f;]° the exposed face in direction z has a positive distance
a; from the origin. Therefore a; = hp(y,10,2)(2) > 0, F([fi]°,2) € Ho, a,-
Also hp(fe,2)(2) = 1/[|z|| > 0 and lim; .o a; = 1/||z||. Hence, the convex
cone generated by the exposed face does not contain any linear subspace, or
equivalently, S; := (pos F([f;]°,2)) NS"~! as well as (pos F([f]°,2)) NS~ =
{N,} are contained in the open hemisphere with center in z.

We have to show that S; converges to { N, } with respect to spherical Haus-
dorff distance §°. This is equivalent to the convergence of g,(S;) to g.(N,) in
2+ with respect to the Euclidean Hausdorff distance. Here, g. is the gnomonic
projection in z, see (2.5). We obtain g, (S;) = (1/a;)F([fi]°, 2) —z and ¢.(N,) =
N./(Ny-z)—z. Since a; — 1/||z|| and F([fi]°, z) = F([f]°,2) = {Nz/(Ngz-2)},
we conclude that ¢, (S;) — ¢.(N.). This yields that S; — {N.}, or equivalently,
the convex cones generated by the exposed faces converge, i.e.,

lim pos F([fi]°, 2) = lim pos S; = pos {N.} = pos F([f]°, 2).
i—00 1—00
By (2.8), this concludes the proof. q.e.d.
We are now ready to prove Lemma 2.4.

Proof of Lemma 2.4. Assume the opposite. Then there exists © € reg[f]
and € > 0 such that, for all i € N, we have

(ﬂ{HO_,U’fi(U) cv e S dy(v, N,) < s} N pos {x})\([fz] Npos{z}) # 0.

By definition, [f;] = {y € R® : y-v < f;(v)Vv € S""1}, Therefore, for
{x;} = bd [fi] N pos {z}, there exists z; € S"~! such that z; - z; = fi(2;). This
yields z; € o([fi],z;) and we conclude

[fi] Npos{z} = conv(x;,0) = H, . ,Npos{z}
= H(iziyzi'wi M pos {I} = HO_az'i;fi(Zi) N pos {J}}

Thus ds(z;, N;) > € > 0 for all i. By compactness of S*~1, there is a convergent
subsequence of (2;);eny with limit z # N,. This is a contradiction, since
o([fi], i) = o([f],z) = {N,} by Lemma 2.8. q.e.d.

By Corollary 2.5, the weighted floating body is locally determined near any
regular boundary point x. If is = also exposed, then a neighborhood of z in K
already determines the shape of F}' K near z for § — 0.
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Lemma 2.9 (Approximation of the weighted floating body). Let K €
Ko(R™) and x € bd K be a reqular and exposed point, that is, there is a unique
outer unit normal Ny and KNHy N, 0= {x}. Fore >0 set K' = KNB(x,¢).
Then x € bd K’ is a reqular and exposed point of K'. Furthermore:

(i) There exists A, such that for all A < A, we have
— +
K'nHly A=KNH\ A

(ii) There exists & and 0. such that, for all v € S~ with dy(v, N,) < &
and A < n., we have

K'nHf A=KnH], A

(iii) Let 0 € int K'. There exists 0. such that, for all § < 6., we have 0 €

int(FY K’ N FYK) and o = 2, where {zX"} = bd F{ K* N pos {z}.

Proof. (i): Assume that the statement is false. Then there exists e > 0 such
that for all A > 0, we have

0# (K0 ANE 0By ) = (BK\BE.2) N H o
C (K\int B}(x,e)) N H;_,Nz,—A'
For A; < A,, we have
(K\int B (z,£)) N H;NI,—Al C (K\int B} (z,e)) N H:,NI;AQ‘

By compactness, we conclude that () # (K\int B?(z,€)) N H:,Nw,O' This is a
contradiction, since K N H;,Nx,o = {«z}.

(ii): Let € > 0. By (i), there exists A/, such that A./; < ¢/2 and
(2.10) (K\int B”(z,¢/2)) N HI,NE,—AE/z =0.
We set 7. = (1/2)A. /2 and

€ = \/2 +(2/8)As sy — \/2 +(1/6)A o
Then 7. < /4 and & > 0. We show that for all v € S~ with d(v, N,) < &,

we have that

(2.11) (K\int B (x,e)) N H,, , =0,

xiv77

which yields K’ N H;v,—A =KnN H;r’v’_A for all A < ..

Assume that (2.11) is not true. Then there exists z € (K\int BY(z,£)) N
szﬁns' Since K is convex, the segment conv(z, ) is contained in K. Fur-
thermore, since ||z — x| > ¢, there exists z’ € bd BY(x,€) N conv(z, x).

We will show that 2’ € H;:sz_As/2’ ie., 2’ - Ny >x- N, — A,/ This will
be a contradiction to (2.10), since z’ € K\int B?(x,£/2).

Since 2’ € bd B?(z,¢), we have 2/ = x + ¢||2’ — z|| 7} (2’ — z) and therefore
2Ny =a- Ny +e|z/ —al| 'z —z)- N,. Since 2’ € Hf, , , we obtain
Zov>zov—nor |2 —z| 7 —x) v > —e e, Putw = |2/ — 2|71z — ).
Then

Jw—v||? =2 —2(w-v) <2(1+e'n.).
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Note that ds(v, N,) < & implies that |[v — N.|| < &. This, together with the
definition of &., implies that

woy =t Ml el - Nl
o~ Na?
=w-v = lw— el o - N -

2
Ne 2 53 Ne &e A5/2

> /o S (JivE =22

- e * age 2 ( +5+\/§ €

Hence 2’ - Ny > - Ny — A, 5.

H-

05K (5.0)" Here

(#i): By Proposition 2.3, we can write 7§ K" = (), cgn-1

—s%'(5,v) is uniquely determined by §("+1)/2 = ,u(K’ N H: and is

0,—sK'(5,0)
continuous in both arguments. By (ii), there exists & and 7. such that for all

v e S" ! with d,(v, NX) < &, we have

,L(K' n H;fvﬁA> = u(K n H;U,,A),

for all A < n.. Hence there exists §; > 0 such that for all § < §; and
dy(v, NX) < & we have s5(8,v) = s5'(8,v).

By Corollary 2.5 applied to K and K’ with e = £, there exist d2 and d3 such
that for all § < min{dy, d2,d3} we have 0 € int F§' K', 0 € int F§' K and

(F{K)Npos{z} = ﬂ{H;U,_SK(é,U) cve S dy (v, NF) < 55} Npos {z}

= m{H;v,_sK/(J,U) cv e S dy(v, NEY) < 55} Npos{x}
= (F¥ K') npos{z}.
This implies in particular that x? "= xg( since it is the unique intersection
point of pos {z} with the boundary of the floating body F§' K’, or F{'K. q.e.d.

3. Hyperbolic Convex Geometry

In the theory of Riemannian manifolds, hyperbolic n-space H™ is the simply-
connected, complete Riemannian manifold of constant sectional curvature —1.
Hyperbolic convex bodies are compact subsets such that for any two points in
the set, the geodesic segment between them is contained in the set. Hyperbolic
convex geometry is the study of intrinsic notions of hyperbolic convex bodies.

In his famous Erlangen program Felix Klein characterized geometries based
on their symmetry groups. In the spirit of this approach, we may view Euclidean
convex geometry as the study of notions on Euclidean convex bodies that are
invariant under the group of rigid motions. In the projective model (also known
as Beltrami—Cayley—Klein model) of hyperbolic space, that is, in the open unit
ball B”, hyperbolic convex geometry can be viewed as the study of notions on
Euclidean convex bodies K € K(B™), invariant under hyperbolic motions.

In the following we recall basic facts about the projective model of hyperbolic
space. For a rigorous exposition see, e.g., [1] or [55].
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We consider B" together with the Riemannian metric tensor g" which defines
a scalar product in tangent space 1,B" for any point p € B" by
h _ XY (Xp-p)(Yp - p) n
9p (Xp, Yp) = e + - ||p||2)2 , Xy, Y, € T,B".
Here and in the following we use the natural identification of T,B" = T,R"
with R™. Then (B", g") is a simply-connected, complete Riemannian manifold
with constant sectional curvature —1 and therefore isometric to H".
The Euclidean metric tensor is g¢ and it is induced naturally by g5 (X,,Y)) =
Xp Y, for X, Y, € T,R" 2 R". When p =0, then

(3.1) 9" (X0, Y0) = Xo - Yo = g(Xo, Yo)

and therefore the Euclidean metric tensor at the origin agrees with the hy-
perbolic metric tensor. Geodesic curves in (B", g") are straight lines in R"
intersected with B™ and the geodesic distance, or hyperbolic distance, dy(p,q)
between p, ¢ € B" is, see for example [1, Sec. 1.5] and [55, Ch. 6],

1-p-q

(3.2) cosh dp(p,q) = .
V1=1lpl?v1 = llal?

Note that

(3.3) tanh dp,(p,0) = [|p||.

Isometries of the projective model are also called motions and the group of
motions is M(B™). The group of motions M(B™) is isomorphic to the restricted
Lorentz group SO™ (n,1) and hyperbolic n-space is characterized by 9t(B™)
in the following sense: the homogeneous space defined by (SOT(n,1),S0(n))
is isomorphic to H", see e.g. [1, Ch. 1, §2]. Note that, in the projective
model, a hyperbolic motion extends to a uniquely determined collineation of
the projective closure of R™ and conversely any collineation that maps B™ to
B”™ restricts to an hyperbolic motion on B™.

Geodesics in (B", g") are the chords of B"”. More general, any totally geodesic
subspace of dimension k, called a k-plane of (B", g"), is the intersection of an
affine subspace of R™ with B™. Hence, a line is a 1-plane or chord of B" and a
hyperplane is a (n — 1)-plane.

The (hyperbolic) exponential map expz in a point p € B" maps any tangent
vector X, € T,B" to the uniquely determined point ¢ in B™ such that d, (p, ¢) =
| Xpl|l- For the unit speed geodesic path «v: [0, || X,|]] = B™ from p to ¢ we have
7'(0) = [|X, /|71 X, By (3.3),

(3.4) expp(Xo) = MXO, Xy € TyB™ = R".
[ Xol

An affine hyperplane H restricted to B™ can be viewed as an object of
hyperbolic space or FEuclidean space, depending on whether we choose the
hyperbolic metric tensor g" or the Euclidean metric tensor g¢. The normal
vector in any point p € H is also depends on the metric we choose and therefore
we distinguish between the hyperbolic unit normal vector NI’} and the Euclidean
unit normal vector Ny. To more precise, NZ,‘ € T,B" is a unit vector with
respect to g" and Ny is a unit vector with respect to g°. The normal vectors are
related and we include a proof of the following fact for the readers convenience.
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Lemma 3.1. Letp € B", Xy,...,X,,_1 € T,B" be linearly independent and
set H =1in(Xy,...,X,_1). Then there are unique N;L,N; € T,B" such that:

(a) N,ﬁ‘ is orthonormal to H with respect to g" and Ny is orthonormal to H
with respect to g°.

(b) The frames (X1,...,Xn_1,N}!) and (Xy,..., X,_1,N§) are positive ori-
ented.

(c) We have that

1 — [Ipll2
(35) N = e (% O N
Proof. Let g be a positive definite linear form on 7,B". Then there is a
uniquely determined vector v € T,B™, up to sign, such that H is orthonormal
to v with respect to g, i.e., for i = 1,...,n — 1, we have that g(X;,v) = 0 and
g(v,v) = 1. The sign of v is determined by the condition that (X7,..., X,_1,v)
is a positive frame, which means that det(Xq,..., X,—1,v) > 0.
To conclude the proof, we only need to show (¢). We define v as the vector
obtained by the right-hand side of (3.5) and verify that v satisfies (a) and
(b) for g". Since N;‘ is uniquely determined by these properties we conclude

h _
Ny =w. q.e.d.

A hyperbolic ball B} (p,r), is the set of all points ¢ € B™ with dj(g,p) <.
For p = 0 and by (3.3), we have

(3.6) By (0,7) = {q € B" : dr(q,0) < r} = BX(0,tanh r).

Hence, the hyperbolic balls with center in the origin are also Euclidean balls
in the projective model. For a hyperbolic motion m such that m(0) = x we
have B} (p,r) = m(B}j(0,7)) = m(BZ(0,tanh 7)). So hyperbolic balls in B™ are
images of Euclidean balls with center 0 under hyperbolic motions and therefore
ellipsoids.

A subset C' C B™ is hyperbolic convex if and only if C is convex in the
Euclidean sense as a subset of R”. Planes and open, as well as closed, half-
spaces are hyperbolic convex subsets. A (hyperbolic) convex body is a compact
convex subset of B™. Recall that Ko(B™) denotes set of convex bodies with
non-empty interior contained in B”.

For a measurable subset A C B", the hyperbolic volume vol”(A) in the
projective model is

(3.7) Vol (4) = /(1  lel?) = dvol® (z).
A

The hyperbolic Hausdorff distance 6" between hyperbolic convex bodies K, L €
K(B™) is defined by

§"(K,L) = maX{SUP inf dp,(p, g),sup inf d(p, q)}7
peK 9€L qeL PEK

and the hyperbolic volume difference metric 6" is

0"(K, L) = vol" (K\L) + vol® (L\K), K,L € Ko(B").
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Hyperbolic convex geometry can be viewed as study of notions on convex bodies
Ko(B™) that are invariant under the group of motions 90t(B™). For instance, the
hyperbolic volume volz, the hyperbolic Hausdorff distance 6" and the volume
difference metric ", are all invariant with respect to hyperbolic motions and
are therefore intrinsic notions of hyperbolic convex geometry.

The Euclidean support function hg(.) of a convex body K measures for any
direction u € S*~! the signed distance of a supporting hyperplane in direction
u to K and the origin. Equivalently, one can use the orthogonal projection
K|¢, of K to the line ¢, through the origin in direction u. Then

(3.8) K|, = conv(—hg(—u)u, hi (u)u).

We will define the hyperbolic support function in a similar way, but first
we have to recall some further facts about hyperbolic space and the projective
model. For a closed convex subset A C H"™ and a point p € H" there is a
unique point ¢ € A that minimizes the distance dy,(p, ¢). The metric projection
pa: H™ — A assigns to each point p this unique point. Hence,

dn(p,pa(p)) = mindy(p, q).
geA

Ifp ¢ A, then pa(p) € bd A and the line spanned by p4(p) and p is perpendicular
to the boundary of A in p4(p). In particular, in the projective model B™ the
projection K|L of a convex body K € K(B™) to a k-plane L through 0 is
given by the Euclidean projection of K to L. This follows, since for any point
p € B" =2 T,B" the normal directions Y, € T,B" are determined by
Y,  lplPp-Yy) p-Y

R A (= TR e e

Definition 3.2 (hyperbolic support function). Let p € H™ be a fixed point
and identify the set of unit vectors in T,H" with S"~!. For any hyperbolic
convex body K C H", the hyperbolic support function hZ(K, ): S = R of
K with respect to p is defined by

(3.10) K|y, = epo (conv(—hZ(K, —u)u, hZ(K, u)u)),

where £, , = expg(Ru), i.e., the uniquely determined geodesic line in p in
direction wu.

In the projective model the hyperbolic support function for p = 0 is related
to the Euclidean support function in the following way.

Lemma 3.3. Let K C B" be a convex body. For u € S"~!, we have that
(3.11) tanh (K, u) = hg (u).

Proof. Since 0 € £y, we have that the hyperbolic projection of K to £y ,, is
the same as the Euclidean projection, see (3.9). Therefore, by (3.8) and the
definition of the hyperbolic support function, (3.10), we have that

conv(—h (—u)u, hi(u)u) = exph (Conv(—hZ(K, —u)u, hZ(K, u)u)).
Using (3.4), we conclude (3.11). q.e.d.
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3.1. Boundary structure of a convex body. Let K € K¢(B™). The bound-
ary bd K is a hypersurface that is endowed with a Riemannian structure de-
pending on the metric used in B”, i.e. either the Euclidean metric tensor g€ or
the hyperbolic metric tensor g".

The hyperbolic surface area element dvoll'y ; is related to the Euclidean
surface area element dvolp 4 i in the following way: The tangent space T,,bd K
at a boundary point x is a linear subspace of T, B and by our identification of
T,B™ with R™ it does not depend on the underling metric tensor. By (3.5) and
(3.7), we find that the Riemannian volume form induced by g and g¢ on the
boundary of K are related, for Xi,...,X,,—1 € T,bd K, by

dvolly i (X1, ..., Xpo1) = dvollk (X1, ..., Xno1, NP)
= (1— ||lz[®) =D 2dvolg (X1, ..., Xno1, (NI - NONE)

(- Ng)?
= 7dvol (X1, Xp—1)-
o
In particular, for K € Ko(B™) and a measurable function f: bd K — R, we
have that

Ne
(3.12) / F(z) dvolly 4o (z / (z)y/ 1_7‘ e dvolba (@

bd K

The Riemannian metric induced on the boundary of K is denoted by g{; =
g{,}\bdK or gy = gplbax. If 0 € bd K, then, by (3.1), gt = g§. Therefore, in
the projective model the hyperbolic curvature of bd K in 0 is the same as the
Euclidean curvature. In the following theorem we collect the relations between
the hyperbolic notions at a boundary point and the Euclidean ones in the
projective model. This is definitely well-known and we again include a proof
for convenience.

Theorem 3.4. Let M be a smooth orientable manifold of dimension n — 1
immersed in B". We denote the metric induced by g", resp. g¢, on M by §",
resp. §¢. The unique unit normal vector field along M is denoted by N", resp.
N¢. Forx € M, we have

det gy = (1~ [l[*)7"(1 = (N5 - 2)?).

Denoting the covariant derivative on B™ by V", resp. V¢, the second funda-
mental form h", resp. he, is determined by

VY = VY +h*(X,Y)N*,
where 7‘, resp. ﬁe denotes the induced covariant derivative on M. Then
= he (1= [l2l?) P (1= (NE - 2)?) T2

Let ST = (§h)=h be the shape operator, i.e., the (1,1)-tensor equivalent
to hﬁ and obtained by raising an index. For the Gauss—Kronecker curvature
H: (M, z) =det SZ, we obtain

_nt1

(313)  H! (M) = By (M.2)(1— [2]?)F (1 - (Ng-2)?) "% .
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Proof. Let g* be a Riemannian metric tensor of B". We identify T, M with
the n— 1 dimensional subspace {X, € T,B" 2 R" : X, - N¢ = 0}. For X,,Y, €
T, M, the induced metric tensor §* is determined by §%(X,,Y.) = g5 (X4, Ya)-
In particular, for g" we have

X, Y, (- Xz)(x-Yy)
~h T T T T
gz(Xm,Yz) = +
1—lz|? (1= lz[?)?
We put T = 2 — (NS -2)NE. Then, for X, € T, M, we have that - X, =% - X,
and ||Z|| = /[|z]|2 — (N¢ - x)2. We define the matrix A = (1 — ||z||*)~1d,, +

(1 —||z||>)~2Zz " and obtain

z z |z|*z 1—(N¢-z2)? =

&l ~ Tl — ) TP~ (- P2

For v € T+, we have that Av = (1— ||p||?)~'v. By definition of A, §*(X,,Y,) =
X, AY,. We conclude that

A

det gt = det A = (1~ [[a]2)~"(1 — (NS - 2)?).

We know that (B",¢") and (B", ¢°) have the same (pre-)geodesics. This
implies, see e.g. [16, (40.7)], that there is a function ¢ such that

dlogdet(g")  Ologdet(g®) oY

ox* oz’ +2n+ )(‘330Z
Since logdet(g") = —(n + 1)log(1 — ||z[|?) and det(g°) = 1, we conclude that
gjﬁ = (1 — ||z||*)"'2;. Consequently, see e.g. [16, (40.6)], for the 1-form p
defined by

(3.14) p(Xz) = (1= |lz)*) 7 (= - Xa),

the covariant derivative with respect to g” can be written as

(3.15) VAY = V&Y + p(X)Y + p(Y)X.

Combining (3.5), (3.14) and (3.15), a straightforward calculation shows that
(V&Y)s - Ny).

This concludes the proof, since h* (X, Yy) = ¢%((V%iY ), NZ) and (3.13) follows
from det S = det(h)/ det(g"). q.e.d.

S ((VAY ), NE) = (1 [Jalf?) (1 — (2~ N9)?)

An immediate consequence of this theorem is, that for smooth convex bodies
the hyperbolic Gauss—Kronecker curvature and the Euclidean Gauss—Kronecker
curvature are related by (3.13). This can be generalized to general convex
bodies with the usual methods: For K € Ky(B") we call a boundary point
x € bd K normal, if bd K at x can locally be expressed as the graph of a convex
function that is second order differentiable in z, see e.g. [30, p. 4]. Hence, in
a normal boundary point the Gauss—Kronecker curvature is defined and since
almost all boundary points are normal, see e.g. [57, Thm. 2.5.5], we obtain a
generalized notion of hyperbolic Gauss-Kronecker curvature H" (K, x) for
arbitrary convex bodies K € ICo(B™).
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Corollary 3.5. Let K € Ko(B™). In a normal boundary point x € bd K,
we have

b 1= a2\
(3.16) HWNK@_HFﬂmel—Mﬁmp) |

The following proposition is well-known, see e.g. [62, Lem. 3]. It is a change
of variables formula, where we switch from integration in Cartesian coordinates
to integration along rays from the origin with the directions parametrized by
the boundary of a convex body.

Proposition 3.6 (Euclidean cone volume formula, see [62, Lem. 3]). Let
K,L € Ko(R™) such that L C K and 0 € int L. For x € bdK we set
{zr} =bd Lnpos{x}. Then

EA
hg (NS
volfl(K\L):/ I”(QE”;”) /t”fldtdvolsz(a:).

bd K llzell

There is an analog of the above in hyperbolic convex geometry.

Proposition 3.7 (Hyperbolic cone volume formula). Let K,L € Ko(B™)
such that L C K and 0 € int L. For € bd K we set {1} = bd L N pos{x}.
Then

dpn(0,x)
, sinh(h{ (K, N¢ . n—
(3.17) vol’(K\L) = / W / sinh(t)"~! dt dvolfy  (x).

bd K dn(0,2L)
Proof. By Lemma 3.3, Proposition 3.6 and (3.3),
( h( )) tanh(dy (x,0)) 1
tanh(hg (K, NS th-
1"(K\L) = 0 - —_—
vol,, (K\ L) / tanh(dp (z, 0))" (1= 2)m)/2
bd K tanh(dp (zr,,0))

dp(z,0)

tanh(hl (K, N¢)) / , .
= z h(¢)" ™" dt dvolf, .
/ tanh(dh (.13, O))n S ( ) VO bdK(x)
bd K dn(zL,0)

Since hi (NE) = x - NS and by (3.3) and (3.12), we have that
cosh(dp(x,0))"
cosh(hf (K, Ng))

dvolf’ 4 o () = dvolf g -

q.e.d.

3.2. A Euclidean model for real space forms. Similar to the projective
model, we may define a Euclidean model for space forms Sp™(\) of arbitrary

curvature A. Let
1/v/=\)B"™ if
B () = (1/vV=X) if A <0,
R™ else.

Further, define a Riemannian metric g* on B"()\) by

Xp- ¥ (Xp-p)(Yp D)
3.18 ANX,,Y,) = 2P\ P 2. X, Y, € T,B"()).
A8 e ) = e N Al T SR
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Then (B"(\),g*) is a Riemannian manifold of constant sectional curvature
M. By the Killing-Hopf Theorem there is, up to isometry, only one simply-
connected and complete Riemannian manifold Sp"(X) of constant sectional
curvature A € R, see e.g. [34, Ch. 6], [35, Thm. 1.9] or [50, Ch. 8, Cor. 25].
Thus, for A < 0, (B*()\), ¢g") is isometric to Sp”(A) and for A > 0, (B"()\), ¢*)
is isometric to an open hemisphere of Sp™(A).

Euclidean straight lines intersected with B"(\) are geodesics in (B"()\), g*).
Therefore the set of geodesically convex bodies in (B™(\), g*) is equivalent to
K™ (B™(X)), i.e. the Euclidean convex bodies contained in B"™()\). Note that in
the spherical setting, A > 0, we define proper convex bodies as convex bodies
contained in an open hemisphere. Hence, when investigating a fixed proper
convex body K € K(Sp™())), we may use the model (B"()), ¢g*) and identify
K with a convex body in IC(B™()\)).

It is useful to define

tanh (v=Aa)/v—=X if A <0,
tan* o = { « if A=0,
tan (v Aa) /v if A >0.
Then the geodesic distance d) between a point p € B™()) and the origin is
given by
(3.19) tan* dx(p, 0) = d*(p, 0) = [|p||-

For a geodesic ball B} (0, @) with center at the origin and geodesic radius a we

have B} (0,a) = B?(0,tan* ), i.e., geodesic balls with center at the origin are
Euclidean balls.
The volume element in (B", g*) is

(3.20) dvoly(p) = (1+ Allp[[*) =" 72 dvoly, (p).

For a convex body K C B"(\) we define a support function h)(K,.) with
respect to a fixed point p € B™(A) similar to Definition 3.2. If p = 0, then

(3.21) tan® h) (K, u) = hg(u), uwe€S" 1

For a fixed convex body K € Ko(B™()\)) and a regular boundary point
r € bd K we can compare the outer unit vector N with respect to g* with
the Euclidean outer unit normal. Analogous to Lemma 3.1 we find that

|1+ ]2
22 N = — AL (N - N9)z).
(3.22) P\ Tra@- v e A Vo)

This implies that

[T+ ANg -x)?
(323) dVOlgdK(SE) = deolbdf((l’).

Finally, we can also adapt Theorem 3.4 and conclude that for normal boundary

points x € bd K,
14 A|z|? (n+1)/2
PREET N

24 H (K,z)=H¢

n—1
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For A = 1, we already obtained (3.20), (3.21), (3.23) and (3.24) in [7, (4.8),
(4.3), (4.11) and (4.13)].

4. The Floating Body in Real Space Forms

For a convex body K € Ko(Sp” (X)) and 6 > 0, we define the A-floating body
by

(4.1) FAK = ﬂ{H— cvol) (K N HY) < §°% }

In the Euclidean model (B"()), g*), the A-floating body is a weighted floating
body [66], that is, by (3.20), we have F K = F& K for u = vol),. Note that
for A = 0, we obtain the well known Euclidean (convex) floating body F§ K,
see e.g. [62]. For A =1, we obtain the spherical floating body Fj K introduced
in [7]. Finally, for A = —1 we obtain the new notion of hyperbolic floating body

FrK.
By Proposition 2.3 we have that
(4.2) FoE=[hg—s3]= () Hy e (=3 (o)
,UeSn—l
where s} is determined by
71,-2l-l o by +
d = VOln (K N H0,1),}LK(11)—5§(U)>'

The A-floating body can be bounded by the Euclidean (convex) floating
body in the following way.

Lemma 4.1. Let K € Ko(B™(A\)), p € int K and 0 < o < f be such that
By (p,a) C K C BY(p, 3). We set

51 = 5(1 + Mtan*(dx (0, p) — a)2), 8y = 5(1 + A tan*(dy (0, p) + 5)2).
If § > 0 is small enough so that B} (p,a) C F{ K, then

(4.3) Fi KCFKCFi K ifA<0,
' FEKCFKCFLK  if A>0.

Proof. Tt will be convenient to use the substitution tan* s(v,d) = hx (v) —
s3(v) in (4.2) to obtain

A —
(44) ‘7:5 K= ﬂ I{O,v,tanA s(v,8)?
vesSn—1

where s(v, ) is determined by

ntl A
(45) 0z = VOln (K N H(;Cv,tan)‘ s(v,&))'

Since K C BY(p, ) and by (3.19), we conclude that, for all ¢ € K, ||¢|| <
tan*(d(0,p) + B). This implies that
(14 Agl|?)~! < cosh(vV=A(dx(0,p) + B))° if A <0,
2
(L4 Allgl?) ™" = cos(VA(A(©0,p) + 8)) if A >0,
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Using this, (3.19) and (4.5), we obtain

6“3 < cosh (VEA(dA(0,p) + 8)) "ol (K N o i) IEA<O,

. n+1
6°F 2 cos(VAWA(0,p) + B)) Vol (K OHT v sosy)  EA>0.
For A < 0, let t(v, d2) be such that

n41
n+1 -2 2

5y :<6cosh(\/—7)\(d,\(0,p)+ﬁ)) )

Then tan® (v, §) < t(v, 62) and therefore
Fy K = [tan 5(.,0)] C [t(.,02)] = Fg, K.

J— € +

For A > 0, an analogous argument gives tan* s(v,d) > t(v, d2), which yields
F3K D Ff K.

For the other inclusions we first note that BY(p,a) C F# K C K implies
gl > |tan*(dx(0,p) — a)], for all ¢ € K\F K. By an argument analogous to
the above, we find that

57 > cosh(vV=A(dr(0,p) — )"

n

11
J 2

Tvolt, (K NV s o)) 1A <0,

n+1
< cos(VA(0,p) =) volly (KN H, s ssy)  TA>0.

Hence, we have that ]-'g‘ K O F§ K, for A <0, respectively .7-"3\ K C F§ K, for
A> 0. q.e.d.

A special case of Lemma 4.1 for A = 1 has been obtained in [7, Thm. 5.2].

Let K € Ko(B"()\)) be such that 0 € int K. For 2 € bd K we denote by zX
the uniquely determined intersection point of bd ]-'g\ K with the ray pos{xz}.
We obtain the following corollary to Lemma 2.9.

Corollary 4.2. Let K € Ko(B™(\)) be such that 0 € int K and let x € bd K
be a regular and exposed point. For ¢ > 0 set K' = K N BY(x,e). Then
z € bd K’ is a regular and exposed point of K'. Moreover, there exists 0. such
that for all § < d., we have that :cg(/ = x(’;{.

Proof. We may move K by an isometry of (B"(\), ¢") so that 0 € int K.
Since the geodesic balls BY(p, ) are ellipsoids, there exists a small Euclidean
ball with the same center p that is contained in B} (p, o). Hence, without loss of
generality, there is 1 := n(e, z, K') > 0 such that 0 € int(KX NBY(z,n)) C int K.
We set K" = K N B%(x,n).

We apply Lemma 2.9 for y = vol)) and & = 7, and obtain (F3 K)Npos{z} =
(F3 K")Npos{z}, for all § < §,,. Note that K C L implies F}' K C F{' L. This
yields

(F? K) Nnpos{z} = (F3 K") Npos{z}
C (F3 K')npos{z} C (F3 K) N pos{z}.

Hence, (F K) Npos{z} = (F} K') Npos{z} and therefore zX = zX for all
0 < 0y =: 0. q.e.d.
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4.1. Proof of Theorem 1.2. We are now ready to prove Theorem 1.2. For
(proper) convex body K € Ko(Sp"(A)) we consider the Euclidean model
(IB%”( ),g*) for Sp™(A) and identify K with an Euclidean convex body in B"(\)
such that 0 € int K.
Analogous to Proposition 3.7 we obtain the following.

Proposition 4.3. Let K, L € Ko(B™(\)) be such that L C K and 0 € int L.
For x € bd K we set {xr} =bd LNpos{z}. Then

izl

T - N¢ tn—l
volN(K\L) = / A / = dt dvolf 4 g (z).
" ]| 1+ M2)"F
bd K |EFA ( )

Let § > 0 be small enough, so that 0 € int F, g\ K. To prove Theorem 1.2 we
have to show that

vol) (K\F} K)
51_1)%1+ ( 5\ : / no1(K, ) ”“ dvolyg ().
bd K
By Proposition 4.3, we have
ll2]l
vol) (K\F} K) z- N¢ =t
4.6 RO S B z dt dvol
(16) ) J i ] ey vt
bd K 2

We will first show that the integrand is uniformly bounded in § by an
integrable function.

Lemma 4.4. Let K € Ko(B™(\)) and 0 € int K. Then there exists ., 3 > 0
and &y > 0 such that BY(0,a) C int F{ K for all § < &g and K C BY(0, ).
Furthermore, for reqular boundary points x € bd K and for 0 < § < dg, define

izl

T - Ne tnfl
o 70 = S / e

x|
Then f(x,9) is bounded from above for all § < 8¢ by an integrable function g(x),
for almost all x € bd K.

Proof. Since 0 € int K, there is §g > 0 such that 0 € int .7-'5; K. Thus
there exists o > 0 such that BY(0,«) C int]—"g\0 K and, by monotonicity, this
yields BY(0,a) C F3 K, for all § < §. Furthermore, since K is bounded,
there exists f > 0 such that K C BY(0,5). By (3.19), this implies that
tan* @ < ||z} < ||z|| < tan* B for all § < dy.

We set
(4.8) 5o dcosh(v/=Aa)~2 if A <0,

' "] dcos(vVAB) 2 it A>0.
By Lemma 4.1, we have that }‘EEK C F{ K and therefore ngf z|| > ||z} —z]|.

For ||z3]| <t < ||z||, we obtain

(4.9) 1 < cosh(v/=AB)" T if A <0,
’ 1+ )\tZ)nTH - cos(\&a)”+1 if A > 0.
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We conclude that
(4.10)
[zl

iz o) [ () e aso( 2 9)\36;?—95”
“(-E . Ne B o] gy o i |
6(x|| ) ar) M) el 3

[EZ
where we put, for A\ < 0, C' := cosh(v/=\3)"*! cosh(v/—Aa) 2, respectively,
for A > 0, C' := cos(vV/Aa)" ! cos(VAB) 2.
This concludes the proof, since the right-hand side of (4.10) is the same
integrand we obtain for the Euclidean (convex) floating body and is therefore

bounded uniformly in 5 by an integrable function for almost all € bd K, by
[62, Lem. 5 and Lem. 6]. q.e.d.

It only remains to show that (4.7) converges point-wise for almost all bound-
ary points. Since almost all boundary points are normal, see page 17, it is
sufficient to show the following.

Lemma 4.5. Let K € Ko(B"()\)) and 0 € int K. Then, for normal boundary
points x € bd K, we have that

izl

N gt He_y (K, )
(4.11) lim & = / = o I D
60+ 5||:v|\”” A (14 A]|?) ™
s

2/(n+1
where ¢, = £((n+1)/kp—1) /(n+1),

Proof. A normal boundary point € bd K has a unique outer unit normal
N¢ and the Gauss—Kronecker curvature HS_; (K, x) exists. We first consider the
case that H¢_;(K,z) = 0 and show that the left-hand side of (4.11) converges
to 0, for § — 0. With & as defined by (4.8) in Lemma 4.1, we find again
the upper bound (4.10). The function in the upper bound is the same as the
integrand we obtain for the Euclidean convex floating body and therefore it
converges to 0, for 5— 07, by [62, Lem. 7 and Lem. 10]. This implies that

llz|l

. N¢ 1 foi—xH
limsupx - / — dtSClimsup(x.Ns>5~:0.
50+ 0|z e (14 A2) =P\l 5
s
Next, let HS_, (K, z) > 0. Let € > 0 be arbitrary and set K’ = KN BY(z,¢).
Furthermore, let p be a point inside K’ and on the segment spanned by z and the
origin, that is, p € int K’ Npos{z}. For a = 0 and § = ¢ define d; and 2 as in
Lemma 4.1. Then, for § small enough, we have p € int 3 K’. Thus, for A < 0,
F5 K' C FAK' C F§, K', respectively, for A > 0, F5 K' 2 FAK' D Fs, K.
Corollary 4.2 implies that
{x3} = bd F§ K nconv(z, p) = bd F3 K’ N conv(z, p).

This yields

(4.12) {”x“f%l” >l —z3| > lo— =5, ifA<0,

lo = 2§, | < llo — 23| < |l — a5, || if A> 0.
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Hence for A < 0, we have

izl

-1
x.Ng/ ol . o Ve <||x§‘||)n @Hx—mgQH
(

6IIwII"H ” T+ M) 1+ Alz)2)" = \ =]l 5 b6
s
Iz X . .
x- Ny " it Tal Ve 6l —af |
6H$|lnu A (L+ X257 (L+A2]2)*F 01
T

Conversely, if A > 0, then

izl

-1
x.Ng‘;/ ol . Tar - Ve <||acg\|)n ﬁ”x—xgln
(

6IIJ:H"H g T+ A2)" 5 (1 Az)2)™ = \ ] 5 &
T
(] T e
I'N; / tnfl Ut < WNQE @Hm—xgz”
5IIwH"H g A+ A2)" %~ A+ Az)2)= 6 &
T

To finish the proof we first notice that the functions that appear on the
right-hand side of the above inequalities are again related to the integrand that
is obtained for the Euclidean convex floating body. Hence, by [62, Lem. 7 and
Lem. 11], for 0, € {d1,d2},

T oo — g,

P el = o

=c,H;, (K, x)%

By the choice of p, we have |||z|| —e| < ||p|| < ||z||. For A < 0, by the definition
of 41 and 05, there exist positive constants C7,Cy > 0, such that

1) 1)
= < (L4 AJ2[*) (1 + Cre) and = > (14 Al2]|*)(1 ~ Cae).

)
Therefore
EA
N -t R s
lim sup : it < limsup —°1 n+171|| Al
ssor Ol L (LMD e (1 A2 0 4
T
1
H¢ ((K,x)»+T
n 1( ) — (1+Cl5),

T (Al

and similarly

1
. =1 HE (K, )7
lim inf = —dt > ¢, n1 (K, 7) — (1 — Che).
S0t STl S e T W Al =

llz3

€T

Since ¢ > 0 was arbitrary, we conclude (4.11), for A < 0. For A > 0 the
argument is analogous. q.e.d.
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Combining Lemma 4.4, Lemma 4.5, (3.23) and (3.24), we conclude

DNE\F} K HE (K, )7
(4.13) lim M: / %dvolid[((x)
e 1+ Al =
bd K
e, / HA_ (K, )7 dvoly  (x).
bd K

This finishes the proof of Theorem 1.2.

5. The Floating Area in Real Space Forms

We denote the Borel o-algebra of a metric space (X,d) by B(X). For
K € Ko(B™(N\)) and w € B(B™(A)) we conclude, by Theorem 1.3 and (4.13),
that

1N ((K\F) K)N ;
1) TR0 [ vl o)
-

(bd K)Nw

Definition 5.1. The A-floating measure Q*(.,.) is defined, for K€ Ko(Sp™()))
and w € B(Sp" (X)), by

(5.2) MK, w) = / H) (K, x)#l dvolpy o (2).

(bdK)Nw
The A-floating area Q*(.) of a convex body K is Q) K) = Q* (K, Sp™()\)).

For A > 0, we distinguish between proper and non-proper convex bodies.
Recall that a convex body is proper, if and only if it does not contain two
antipodal points. Equivalently, a convex body is proper if and only if it is
contained in an open half-space (open hemisphere). By (5.1), the definition
(5.2) makes sense for proper convex bodies. Non-proper convex bodies K with
non-empty interior are either the whole space or a lune. A k-lune is the convex
hull conv(S, L) of a k-dimensional totally geodesic subspace (k-sphere) S and a
proper convex body L in an (n — k — 1)-dimensional totally geodesic subspace
polar to S. Thus, for non-proper convex bodies we either have K = Sp™(\)
and therefore bd K = @) or K is a lune and the boundary is “flat”, that is,
H)_(K,z) = 0 for almost all boundary points # € bd K. Therefore we set
QM K,w) = 0 for non-proper convex bodies. See also [7] for more details.

Finally, from the definition (5.2) it is obvious that the A-floating area vanishes
for “flat” bodies. In particular, the A-floating area for polytopes is zero.

5.1. Proof of Theorem 1.3. We first prove the valuation property. The
proof is analogously to the proof for the affine surface area in [60]. Let
K,L € Ky(Sp"™ (X)) such that K U L € Ko(Sp™(A\)). We have to show

(5.3) MK, w) + QNL,w) = QNK U Lw) + QMK N L,w).
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We first observe

bd K = (bd K Nbd L) U (bd K Nint L) U (bd K N L),

bd L = (bd K Nbd L) U (int K N'bd L) U (K° N'bd L),
bd(K N L) = (bd K Nbd L) U (bd K Nint L) U (int K N bd L),
bd(KUL) = (bd K NbdL)U (bd K NL°)U(K°NbdL),

U
where K¢ = Sp"(A)\K and L° = Sp"(A)\L. Then (5.3) reduces to
(5.4)

A
Hn—l

(K, )7 + H)_; (L, )7 dvoly ()

(bd K Nbd L) Nw

= H) (KUL,2z) 7 + H) (KNL,z)"1 dvolyy, ().
(bd K Nbd L) Nw

Locally around any point z € bdK N bd L, we use the Euclidean model
(B™(\), g*). Hence, H} |(K,z)and H) (K, z) are related by (3.24) at normal
boundary points z € bd K. With [60, Lem. 5], we conclude that

Hy o (K U Lyx) = min{ Hp_y (K, 2), Hy_y (L, 2) },
Hgfl(K N L7(E) = maX{H'r)L\fl(Ka 1’), Hr)L\fl(va)}

This verifies (5.4) and therefore Q*(.,w) is a valuation on Ko(Sp™(\)).

Since Q*(.,w) can be seen as a curvature measure on bd K, the proof of the
upper-semicontinuity of Q*(.,w) is analogous to the proofs presented in [39].
We include the following short argument: Let (Kj)een be a sequence of convex
bodies converging to K € Ko(Sp™(\)). By the valuation property we may
assume, for A > 0, that K U [J,cy K/ is contained in an open half-space. We
choose a Euclidean model (B"()), ¢*) and identify K, and K with Euclidean
convex bodies. Hence,

e T
O\ (K.) = .y )

(1 + Allz]*) =
(bd K) New

The density f*(z) := (1 4+ A||z||?)~™~1Y/2 is continuous and

(K, )7 dvolf g x («)

n—1

QK,w) = / HE
(bd K)Nw

is the classical affine surface area. Thus Q°(.,w) is upper semicontiuous, see
e.g., [44]. To finish the prove let € > 0. By compactness of K and continuity
of f*, we find a finite partition of bd K N w into measurable subsets (wj)N

j=0
and points z; € w; such that |f*(z) — f*(x;)| < ¢, for all x € w;. Therefore
N
lim sup Q* (K, w) < Z(f/\(z]) + €) lim sup Q% (K, w;)
teN iz £eN

(fM(z) + &) (K, w;) < QMNK,w) + e2NQ(K).

I
M=

<.
I
o
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Since € > 0 was arbitrary, this proves the upper semicontinuity of Q*(.,w).

Finally, the fact that Q*(.,w) is invariant under isometries is obvious, since it
is a intrinsic notion. For A = 0, the equi-affine transformations are characterized
as bijective automorphisms that map lines to lines, are measurable and preserve
volume. Note that Sp™()\) is rigid for A # 0, in the sense that there are
no bijective mappings ¢: Sp™(A\) — Sp™()\), other than isometries, that map
geodesics to geodesics, are measurable and preserve volume.

5.2. Isoperimetric inequality. For K € Ky(R"), the classical and well-
known inequality associated with the affine surface area is

_2 n—
(5.5) asy (K) < kg vol® (K) #

with equality if and only if K is an ellipsoid. A natural question is, whether an
extension of this inequality holds for the A-floating area. Inequality (5.5) can
be restated as: For all convex bodies of volume « the ball of radius (av/k,,)"/™
maximizes the affine surface area, i.e.,

sup {as1(K):vol (K) =a} =as; (B’; (0, (a/ﬁn)l/">).

KeKo(Rm)
Therefore, we define
(5.6) CMa) = sup {Q)‘(K) svolM(K) = a}.
KeKo(Sp™ (X))

Then, for A = 0 and by (5.5), we conclude

2 p_1

C%a) = nkp T an,
For A > 0, Ko(Sp™()\)) is compact. Since Q*(.) is upper semi-continuous, there
exists K* € Ko(Sp™(\)) such that QN K*) = C*(a). We conjecture, that K*
is a geodesic ball, that is, for arbitrary p € Sp™(A), we have

CMa) = QN (B (p, 1)),

where 7 is determined by a = vol} (BY(p,r)).

For A\ < 0, the problem becomes more intricate, since Sp™(A) admits un-
bounded closed convex sets with non-empty interior and finite volume. For
example in hyperbolic space the ideal simplices are among them. Ideal simplices
are simplices with vertices at infinity and they have finite hyperbolic volume.
In the Euclidean model (B", g"), such ideal simplices are just Euclidean sim-
plices inscribed in the sphere at infinity S*~! = bd B". More generally, any
polyhedral with vertices at infinity has finite volume. This is immediate by the
valuation property of hyperbolic volume and the fact that any polyhedral can be
partitioned into simplices. By monotonicity of the hyperbolic volume, we also
conclude that any closed convex subset that is contained in a polyhedral with
vertices at infinity has finite hyperbolic volume. We denote by K§°(Sp™()\))
the set of closed convex sets with non-empty interior and finite volume. Hence,
for A < 0, the space of convex bodies Ko(Sp™(A)) endowed with the symmetric
difference metric #* is not complete and the closure is Kg°(Sp™(\)).

Extremizers of (5.6) could appear in K§°(Sp”()\)) for A < 0, since any
unbounded convex set in Kg°(Sp,,(A)) can be approximated with respect to 6*
by a sequence of convex bodies (K¢)een in Ko(Sp™(A)) such that vol} (K;) = a.
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However, we conjecture that also in the hyperbolic setting geodesic balls will
be extremal.
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