The illumination body of almost polygonal bodies

Elisabeth Werner *

The affine surface area was introduced by Blaschke [B] for convex bodies
in R? with sufficently smooth boundary and by Leichtweiss [L1] for convex
bodies in R™ with sufficently smooth boundary. As it occurs naturally in many
important questions so for example in the approximation of convex bodies by
polytopes ( see the survey article of Gruber [G] ) or in a priori estimates for
PDEs [Lu2| one wanted to have extensions of the affine surface area to arbitrary
convex bodies in R™ without any smoothness assumptions of the boundary.

Such extensions were given in recent years by Leichtweiss [L2], Lutwak[Lul],
Schuett and Werner [S-W1] and Werner [W1]. In many of these extensions the
affine surface area is defined using the volume differences vol,, (K) - vol, (Ks)
respectively vol,(K?°) - vol,(K) where Ks is a floating body ( see [L1] and
[S-W1] for the definition ) and K°is an illumination body.

Therefore one is interested in the precise behaviour of such volume differ-
ences.

We give here the analogue for illumination bodies to results obtained in [S-
W2] for floating bodies; namely we investigate what kind of functions can occur
as the difference volume voly(K?) - voly(K) for convex bodies in R?. The result
and the methods of proof are similar to [S-W2].

Let K be a convex body in R™ and § > 0 be given. For v € R® \ K co[z, K]
denotes the convex hull of x and K. Then the convex body

K% = {x € R" : vol,(co[z, K]) < 6}

is called an illumination body.

If K has smooth boundary then we know that lims_gvol, (K°) - vol,, (K) is
a positive real number [W1] and if K is a polytope then vol, (K?) - vol,(K) is
a polynomial in § of degree n ( see [W2] ). Here we show

THEOREM 1
Let h be a positive, 2-times continuously (on (0,1]) differentiable function
3
with h(0)=0. Suppose h(t';)
h(t3)
and limtﬁoﬁ = —o0. Then there are a constant ¢, a §g > 0 and a convex

is strictly decreasing and strictly convex on (0,1]
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body K such that we have for all §,0 < § < g

2h(5) < volo(K*) — volo(K) < ch(?)

As in [S-W2] a ”polygonal” body K(a) associated to a sequence a = (a,)22
of positive real numbers satisfies the statement of Theorem 1. The strategy of
the proof is as follows.

For such a body K(a) we estimate voly(K (a)?) - vola(K(a)) in Proposition
2 below and find that this expression is proportional to

n(d)
1
h(8) = 6% 3a, 5 +n(8)5 +62y ———
( ) @ ( ) nzzo (an - an+1)3

where
83 ~ a5y — An(sya
Actually we will show in Corollary 3 that for our purposes the above expression

can be simplified to
523 a5) +n(8)0

as we are only interested in the order of magnitude.

It is because of this simplification that the conditions in Theorem 1 are some-
what nicer than the corresponding one’s in [S W]. We then solve a ’continuous’
version of the problem:

we interpret the sequence a = (a,)S2, as a convex, differentiable function
a(n) on the positive the real line and the differences a,, — a,,—1 as the derivatives
a’(n).Thus we have to solve

h((fa’)3) _ a/2a 4 n(ia/)B
We then go back to the ’discrete’version.
Let us start by giving a precise description of K(a).

Let a = (an)22, be a sequence of positive real numbers with the following
properties

(1) 1=ay>..2ap>ap41>...20 forall n=12 ..
(2) an-1—an >ap—apyr forall n=12 ..
(3) limp—ooan =0.

Then K(a) is obtained as the convex hull of the points

(4) (Fan, (a2 —ad)), n=1,2,..



By n(0) we denote the smallest integer so that

(5)  an(s) — Ansy41 < 6V,

Then we have

PROPOSITION 2

Let a be a sequence of positive real numbers satisfying (1),(2) and (3) and
let K(a) be the associated convex body (4). Then there are a constant ¢ and d
so that we have for all §,0 < § < g

n(d6)—1

1 1
= (an(5)0*> 4+ n(8)d + 62
C( ®) ©) HZZO (an = ant1)(an — @ni2)(@nt1 — ani2)

< vola(K (a)?) — vola(K (a)) <
n(6)—1

1
5%/3 4 n(8)6 + 6
c(an(ﬁ) + n( ) + nz::o (an - an+1)(an - an+2)(an+1 - an+2)

Proof of Proposition 2

To simplify the computations we take the shifted copy of K(a) that has
center of symmetry at (0, a2). By symmetry it is enough to consider the points
P, = (an,a?), n=0,1,2,...

Let § < 6y be given with dp small enough.
Let n(d) be the smallest natural number such that

1 (@n(s) = @n()+1)*(@n)—1 = () +1)(@n(s) = an(s)+2)
2 (@n(s)y = An(s)+1) + (@nE)—1 — An(s)+2)

> 4.

If n <n(8) K(a)? behaves as if K(a) is a polygone and if n > n(8) K(a)®
behaves as if the boundary of K(a) is smooth. Consequently the boundary of
the shifted K (a)® can be described as follows (below the line y = a2 -which by
symmetry is all we need):

within the range where K(a) behaves like a polygone it is the convex hull of
the points

zo(ag — az) + 242 + apar + aras

9 . —
Zo,a with Ty =
( 0 0) 0 2(&0 —|—a1)

Qo = (To,%0) with 7o = —5(330 — a1)(ag — az) + ag
and for n =0,1,....,n(5) — 1
25

—ant2)(an—an+1)
Yn = (anJrl + an+2)xn — Qp4+10np42.-

: =1 +
Qn = (xnvyn) with o i (an



and for n = 1,2,...,n(9)

- ( ) ﬁ — an—lan_(‘En_an+2)zn)_an+1an+2
Q. = (Tn,yn) with " An—1—0n41
" e Yn = (an+an+1)(xn _xn)"i'yn

This holds as
vola(co[@n, Py Pnt1]) =9, n=0,1,...,n(5) —1

and

volo(co[Qn, Py Pryi1]) =6, n=1,2,...,n(9)

Notice that the point @, is on the line determined by the points P, ;1 and
P, o and m is on the line through P,_; and P,,. Moreover the line through
@, and Q,, is parallel to the line through P, and P, .

Therefore in the ”polygonal range” we get as a contribution to the volume
difference voly(K (a)?) — voly(K (a)) the area of the triangles spanned by the
points Qn, Qny1 and Pniq1,n =0,1,...,n(6) — 1 which is

262

(an - an+1)(an - an+2)(an+l - an+2)

and the area of the trapezoid spanned by the points Q,,Q,, P, and P, 1,
n=1,..,n(6) — 1 which is
242 1 1

20 — .
(an - a“nJrl)2 (anfl - an+1) (an - an+2)

In addition we get

volg(co[ Py, P1, Qo, Qo, (75, a3)]) =
25 — 2 52(a1 +a2) _ 1 52
(ao—al)z(ao—ag)z 2(a0—|—a1)(a0 —CL1)2'

Therefore the ”polygonal” contribution is

n(6)—1

8(n(d) — 1)5 +86% >

n=0

1

(an = ant1)(an — ant2)(ant1 — ani2)

n(d)—1

RS . 1 1 1

ne1 n an+1)2 (anfl - an+1) (an - an+2)

4 52(a1 —|—a2) (52

(0,0 — a1)2(ao — ag) B (CLO —+ al)(ao — a1)

2 2°

Within the range where K(a) behaves as if it has smooth boundary, the
boundary of K (a)? is descibed by the curve k°(z) where

1
K (z) > 2% — ZL(125)2‘/3, 0<a < Ty



and 2 1 2/3
€T = 2(126) , 0<a< An(5)+1
ké(m) < yn(&)fai/(5)+%(125)2/3

T+Db,  apE)+1 ST < T

Tn(5) —0n(s)

Yn(s) 7ai(5)+%(125)2/3

Tn(8) ~An(s)

where b = Y, (5) — T (s)

Hence in the ”smooth range” the contribution to the volume difference
voly(K (a)®) — vola(K (a)) is

S an4((5) (125)2/3

and
0

(An(s) = An(5)+1)(An(s) — Gn(s)+2)

. 51 [
> 22O (12)2/% + £(126)°1°

Taking into account the additional & ~ vola(co[Py(s), Pn(s)+1, @n(s)]) we get
with a suitably chosen constant ¢ the statement of the proposition.

COROLLARY 3
There is a constant ¢ > such that
1
E(an((;)dz/?’ +n(8)0) < voly(K (a)?) — vola (K (a)) < c(an(5)52/3 +n(0)d)
Proof
Next we give three examples that show the range of functions that can occur
within this construction. The examples and the computations are the same as
the ones given in [S-W2]. Therefore we give here only the results and refer to
[S-W2] for the details.
If a, = (n+1)7%, 0 < B < 00, then

3842

voly (K (a)?) — voly (K (a)) ~ 63543,

Ifa,=e",n=0,1,2,..., then

voly (K (a)?) — vola(K (a)) ~ & + 6ln%.

If a, = n=1,2,..., then

1
Inin(n+30)°
§52/3

voly (K (a)?) — vola(K (a)) ~ In(ininiy’
5 4

Now we come to the proof of Theorem 1. Hence assume that the function h
satiesfies the conditions of Theorem 1 and let

h(t3)
t3

g(t) = 30'(t*) — 6



Suppose that

(6) tg(t) is decreasing and strictly convex on (0,1]

and that )
. g
7 limg_ = 00.
(7). timy OInt — 1 >0
First we observe
LEMMA 3 5
(i) If limy g hsfz ) =0, then limy_otg(t) = 0 and lim_ot2g'(t) = 0

(ll) If limt—>0 lsit—)l = 00, then hmf_,o(tg(t))' = —0Q.
Proof
By L’Hospital’s rule we have

h(t3 320 (3 3th (3
0= limtﬂot—Q) = limtﬁo% = lithO 2( )
and
/(43
0= limt_)oﬁ—l = limtﬁotzlh// (tg)

This proves (i) as ¢'(t) = 9t2h" (t3) — 18}1/(79) + 18%43»

To prove (ii), notice that again by L’Hospital and (i)

oo = lim L = lim ﬂ =
Ot —1 O%nt — ¢
, (tg(t))’
= lims_o————.
Hit=0 Int
Consequently we have lim;_(tg(t)) = —o0.

To prove Theorem 1 we distinguish two cases. In the first case we have
, h(t3
lzmtﬁot—Q =c>0.

This means that h(t) ~ ct?/3 for small t. In this case we may take the Euclidean
ball as the convex body K and we have

voly(K?) — voly(K) ~ t2/3.

In the second case we have

h(t3)

lithOt—2 =0.



We will show that in this case a body K(a) satisfies Theorem 1. The sequence
a will be obtained as follows. We define

® A0 =7 [ (] dnas

s
A(t) is a solution of the differential equation

d?A  5dA A

(9) W—F;E +4t—2=g/(t)
Weput 1,dA A
(10) n(t) = 5(5 =45 —g(t))

and then define
(11) a(n(t)) = A(t) fort e (0,1]

We also need the following lemmas.

LEMMA 4  Suppose that assumption (6) holds. Then

(i) —tdn =44 for t € (0, 1]

(ii) A(t) is well defined, A(t) > 0 on (0,1] and lim;_oA(t) = 0.
(iii) A’(t) > 0 on (0,1]

(iv) n(t) > 0 on (0,1]

Proof

(i) By (10),
dn  1,d°A 4dA A

e _ /e a4 xaa S
w o\ae ta e Y

which implies
dn dA

TVat T dt
by (9).

(ii) Note first that (tg)” > 0 is equivalent to (t2¢’)’ > 0.
Therefore we have for all s, 0 <s <1

0 < / (u?g') du = s*g' — lim,_ou’g = s¢,
0
by Lemma 3, (i). Consequently A(t) = & [/ L[5 u*g'du)ds > 0, provided it

2 J0 s
exists which we show next.
As s%¢’ is strictly increasing on (0,1], we have

IS DA
A(t):t_Q ; ;( | u”g'udu)ds



again as s2¢’ is strictly increasing. Therefore A(t) is well defined and lim; g A(t) =
0 by Lemma 3,(i).

(iii)
/ 2 1 ' 3 7
At) = fEA(t) t3 ; s°g'ds.
Consequently A’(t) > 0 if and only if

t 2 s
/ (s3g' — —(/ ug'du))ds > 0.
0 s Jo
This holds if and only if

2 S
—(/ udg'du) < g
s Jo

which holds as g’u? is stricly increasing.

(iv)
dA A 92 rt
(12) 9n(t) dt tg t3/oguug
Hence, as by (iii) A’(t) > 0, to show that n(t) > 0 it is enough to show that
t t

2 6
0> I guddu+g=3g— I gu?du,
0 0

which holds as tg is decreasing.

LEMMA 5

()limy—gn(t) = oo

(ii) The function a defined by a(n(t)) = A(t) is well defined on [n(1),c0)
such that @ > 0, ¢’ < 0, @’ > 0 and lim,_a(n) = 0. Moreover there is a
constant ¢ € such that

()h((=a)) = (~a)a + 3n(~a)* = 3(~a')’ /0 %

(iii) There is a constant ¢ > 0 such that we have for all n

c(—=ad'(n—1)) < —ad'(n)



Proof
(i) As A’ > 0, it is by (12) enough to show that

2 [} ¢'s%ds + gt3

—o0 = limy_g E

Using de L’Hospital this is equivalent to showing that —oo = lim;_(tg)’, which
holds by Lemma 3, (ii).

(i) 4 = f%% and by Lemma 4 (iii) % > 0. Therefore 2% < 0, hence
n(t) is injective and hence a is well defined on n((0,1]). @ > 0 as A > 0. Since
limi_oon(t) = o0, a is defined on n((0,1]) = [n(1),00) and lim,_a(n) =

limy_oa(n(t)) = lim_oA(t) = 0. As 2A(t) = a(n(t)), we get jz“ = —(dn)=1 >
0.
Now we check equation (*). First we divide by (—a’)® to obtain

- h((=a')?)  3a Lo /" dk

) TR

Then we differentiate with respect to n and get after multiplying through with
(za)*

(=a’")

gy g(=e)?) _ —d 120
3h (( ) ) 6 (_a/)g al’ (_a/) 3n.

As g—z = —t, we get
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