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Abstract

There exist positive constants ¢y and ¢; = ¢1(n) such that for every 0 < e < 1/2
the following holds: Let P be a convex polytope in R" having N > ¢ /e vertices
x1,...,xn. Then there exists a subset A C {1,..., N}, card (A) > (1 —2¢)N, such
that for all i € A

vol,, (P) — vol,, (conv(vert (P) \ {z;})) _ntl o ndl
vol, (P) < ci(n)e 1N .

Also, if P is a convex polytope in R" having N > ¢} /e facets. Let H;r be the half
space determined by the facet Fj, which contains P (i = 1,...,N). Then there
exists a subset A C {1,..., N}, card (A) > (1 — 2¢)N, such that for all i € A

voly, (ﬂj# H;r) — vol,(P) nil sl
vol, (P) - '

1 Introduction

In the last three decades, a number of papers have been published that deal with approx-
imation of convex bodies in the Euclidean space R" by convex polytopes. The precision
of the approximation is being measured using various metrics. A fairly recent survey
covering the essential results on the subject is [7]. The main results of this paper use the
symmetric distance metric in the space of convex bodies to estimate the precision of the
approximation. We concentrate here on the case that the approximated convex body is
itself a polytope, which we wish to approximate by a polytope with fewer vertices or fewer
facets. The essential claims of the main results, Theorems 3.2 and 4.2, are: If P is a convex
polytope in R™ with N vertices or M facets (N or M sufficiently large), then there exists
a vertex = of P, such that the polytope @ = (convex hull of the vertices of P except x)

satisfies L(p |
vol,, (P)
Also, there exists a facet F' of P, such that the polytope R which is the intersection of

all the “facet half spaces containing P”, except the one of F', satisfies
_n+l

vol,(R) — vol,(P) !
vol,(P) < a(n) M7

< a(n)N_% :

(1.2)

where a(n) is a constant which depends only on the dimension. These results are best
possible in general, for the dependence on the numbers of vertices or facets of the ap-
proximating polytope, as shown in Remark 5.3.

In dimension 2, (1.1) is a consequence of a result of Rényi and Sulanke [11] and (1.2)
was proved in [9]. One difficulty in higher dimensions is that the sets P\ @ and R\ P
are of a more complicated nature, and, in particular, P\ @) does not have to be convex.

In Section 5 we make a repeated application of the inequalities (1.1) and (1.2), to
provide a method of constructing an inner approximating polytope of P, with K < N



vertices or an outer one with K < M facets, with precision in terms of the symmetric
distance whose dependence on K is best in general (Theorem 5.1). Such construction
has been suggested and analysed in [9] for the dimension n = 2.

We suspect though, that the constants which depend on the dimension n that we
obtain in Sections 3, 4 and 5, are not the best possible.

For the proof of the main results we use two results concerning approximation of
convex bodies by polytopes in the Hausdorff-distance sense. Results of this type were
proved in [3] and [4], among them one of the results that we use. The proof of the other
one uses similar methods. For the sake of completeness, and also in order to have some
control over the size of the constants involved, we bring detailed proofs of both results in
Section 2.

It had been conjectured by Barany [2] that (1.1) is always true for some vertex of P (if
N is big enough). Clearly, the results of this paper confirm this conjecture. Bérdny also
pointed out there, that this result implies a theorem of G.E. Andrews [1] which states
that for a lattice polytope P in R"™ with N vertices and positive volume

n+1

N»=1 < const(n)vol,(P).

Finally, we wish to thank A. Giannopoulos for a helpful comment which helped to
improve the dimension-dependent constants.

2 Notations and Preliminary Results

The notations used here are standard. We mention some of them in particular. A convez
body is a convex, compact set in R", with non-empty interior. The boundary of a convex
body C is C. A polytope (here meant always to be convex) in R" is the convex hull of
a finite set of points, or equivalently, the intersection of a finite set of closed half spaces,
provided that this intersection is bounded. A facet of a convex polytope P in R" is an
(n — 1)-dimensional face of P.

The canonical scalar product in R" is (z,y) = >, z(i)y(i) for x = (z(1),...,x(n)),
y = (y(1),...,y(n)) in R". The Euclidean norm is |x| = y/(z,z). The Euclidean ball is
By = {x € R"||z| < 1}. The notation volg(A) stands for the k-dimensional volume of
the set A C R", that is, for its k-dimensional Hausdorff measure.

The Hausdorff distance dg(C, D) between the convex bodies C' and D, is

dy(C,D) = inf{e|C C D+eBY and D C C + By}

Algebraic operations on sets are meant in the Minkowski sense. The symmetric distance
is

ds(C, D) = vol,((C\ D)U (D\ C)).

If Gq, ..., Gy are subsets of R", we denote the convex hull of their union by [G, . . ., Gi].
We omit the braces in case some of these sets are singletons, thus [x1, ..., zy] is the convex
hull of the finite set {xy,...,xn}.



Lemma 2.1 (F. John, [8]) Let C be a convex body in R™ and let T be the affine trans-
formation which maps the ellipsoid of maximal volume contained in C onto the Fuclidean
ball %Bg Then

1
By CT(C) C By
n

The remaining results in this section concern the approximation of a convex body by
polytopes with a given number of vertices or of facets, in the Hausdorff-distance sense.
The method which is used to get these results is well known. In fact, Proposition 2.7 - the
result dealing with the external approximation with a given number of facets has been
proved by Dudley [4] (the proof there is somewhat hidden inside the proof of another
theorem). The same method has been used also by Bronshteyn and Ivanov [3] to prove
an external approximation result with a given number of vertices. We did not find in
the literature an explicit proof of the analogous result on internal approximation with a
given number of vertices (Proposition 2.5 here). All in all, we have found it useful for the
sake of completeness to bring here full proofs of these results. We also made some effort
to control the size of the constants involved in the estimates below. We concentrate on
the cases n > 3, since the main results have been proved in [9] for the case n = 2.

The following lemma supplies good estimates for the constants involved in a well
known asymptotic behaviour.

Lemma 2.2

V2 < vol,,(BY) < V21
Vn+2 = vol, 1 (By Y T Vn

Proof. This follows from [12], where it is proved that

V2 _T(3+3) _ 2

VRF2 T (241) TV

Lemma 2.3 Let I'(A,r) = {z € 0(rBY) | x(n) > r — A} be the cap with height A of the
FEuclidean ball with radius r. Then (for n > 3)

n—3

(2.1) vol,—1(B3 ™) (1 —~ 2A>2(2m)”21 < vol,_1(T(A, 7)) < vol,_ (By 1) (2rA) 7

r

It follows that for 0 < § < 1 there exists a d-net (with respect to the Euclidean distance)
on the boundary of 2B}, whose cardinality is not greater than

V2rn4n!
(1-5)7 &

(2.2) f(n,0) =



Proof. We have

vol, 1 (T(A, 7)) = vol,_o(dBI~1)r / ( - 2(n)2)"% da(n) =
z(n)=r—A
-3 2 -3 S nTig)
(n — 1)vol,_y(By Y)yr"1272" /T sz <1 - 2) ds.
0

Now, the fact that s < A/r in the last integral implies the lower bound, and 1 —s/2 <1
implies the upper bound in (2.1).

The resulting upper bound (2.2) is obtained using a standard volume argument:  fix
a maximal set {y1,...,y} in d(2BY), such that ($BY +y;) N ($By +y;) = 0 if i # j.

Note that (3B} +y;) N 9(2BY) = F(%, 2), so that

2
kvol,_q (F (1567 2)) < 2" 'nvol, (BY) .

Now use (2.1) and Lemma 2.2. Clearly {yi,...,yx} is a d-net in 9(2B%). m

From here on, the notation f(-,-) is always the one defined by (2.2).

The proof of Lemma 2.4 which follows, is taken essentially from [3]. For a convex
body C with boundary of class C! and x € dC, denote by v(z) the unique external unit
normal of C at x.

Lemma 2.4 Let C be a convex body in R™ such that C C BY and OC is of class C'.
Then for 0 < § < 1 there exists a finite subset {z1,...,x,} of OC, which is a -net for
OC' in the metric d(z,y) = max{|z — y|, |v(z) — v(y)|}, and k < f(n,0).

Proof. For x € 0C let vy(z) = v +v(z). Then vy is a homeomorphism of C' onto dC)
where Cy = C+Bj. Of course, Cy C 2BY. By Lemma 2.3, there exists a é-net {y1, ..., yx}
on 0(2BY) with k < f(n,d). Let now {z1,..., 2z} be the images of {1, ..., yr} under the
metric projection of R" onto Cy. As the metric projection is contractive (cf. e.g. [13]),
{z,...,2} form a é-net on dCy. We now let x; = v5'(2), i =1,...,k Then z; € 9C
and the fact that they constitute a d-net in 9C' in the metric mentioned in the lemma, is
a consequence of the inequality |v(z) — v(y)]* + |z — y|* < |vo(z) — vo(y)|?, which holds
for 2,y € C since |w(z) — 10(y)[ — [¥(z) — ()P — |2 =y = 2z — g, v(z) — ¥(y)) =
2(x —y,v(x)) + 2(y — z,v(y)) > 0 by convexity (in fact, each of the two summands in
the last expression is non-negative). [

Proposition 2.5 Let C' be a convex body in R"™ such that C' C BY. Then for 0 < e <1
there exists a convex polytope P. such that P. C C, dy(C, P.) < ¢ and the number of

vertices of P. is not greater than f(n, \/g), where d = 2v/6(v/6 — V/5).

Proof. We may assume that 0C' is of class C!. Let § = /e/d, construct a J-net

{z1,..., 21} on OC as in Lemma 2.4, with respect to the metric of that lemma and with
k < f(n,d). Let P. = [x1,...,x]. Assume that dy(C, P.) > . Then there is a point
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w € 0C such that the ball w + By is disjoint of P.. Let H be a supporting hyperplane
of w + By which separates the interior of this ball from P. and let xy be the point of
0C' N H~ which is furthest away from H (H~ being the half space bounded by H, which
contains w). Then distance (g, H) > ¢ and v(zg) is orthogonal to H.

We shall show that max{|zo — x;|, |v(xo) — v(x;)|} > 6 for i = 1,...  k, contradicting
{z1,..., 2} being a d-net.

If there exists i, 1 < i < k, with a(v(zy), v(z;)) > dd, Wher§ a(-,-) is the (small) angle
between vectors, then |v(xg) — v(z;)| > 2sin ;Z(S > Z(gd— (d58) )>dasd < 1/vd. Sowe
may assume that for all 7, a(v(z),v(z;)) < dd < 7/2. Let K be the 2-dimensional plane
through xy and z;, which is parallel to v(x¢), L = K NC and JL the relative boundary
of L. Let &; be the point that lies on L N H, between xy and z; (x;, being in F., is
separated from zy by H). For x € JL denote by v;(z) the unit vector parallel to the
plane K, which is (within K') an external normal of L at . Then v4(x;) has the direction
of the orthogonal projection of v(x;) on K. We get

a(v(zg), 11(%;)) < a(v(zo), () < a(v(zg), v(z;)) < dd < /2.

Now
|x —x<|>’x —x~’> > _—— =
0 1 - 0 1 - i (]j( ),V1(~Z)) - ls 7

which is the required contradiction. |

Corollary 2.6 There exists a constant cg such that for all n, for every convex body C

in R™ which is contained in By and for N > co , there exists a convex polytope P C C'
with no more than N vertices, such that

dy(P,C) < NC%

(An n-dependent, but bounded with n, upper bound for ¢ is given in (2.6) below. This
bound is asymptotically 16.9826. . ..)
Proof. Fix an a-priori constant ¢y and assume that

n—1
(2.3) N >¢y”
Using € = co/N% in Proposition 2.5, we get a polytope P C C' that satisfies
Co

dH(P,C)S 2
Nt

and the number & of vertices of P is not greater than f(n,/e/d). That is:

(2.4) k< v2endr! _y WdrTam

— n—3
n=-3 1 _ n=-3
€ 2 =\" n—1 2
(1-%2) © (V3) % (1— )
264N n—T




In order that the coefficient of N in (2.4) will not be greater than 1, we need

where g(n) = (27n)Y™=3)(16d)+=5. That is,

12— R
o "
(25) N 2 n—1
2%d(eq = g(n))
n—1
Thus, if ¢;~° > g(n) and if
1+2=2
Co e

26d(c; ™ — g(n))
then (2.3) and (2.5) become the same condition and we are done. The solution of this
last equation is

264\t 1
(and this co does satisfy c§" /™™ > g(n)). n

The proof of Proposition 2.7 that we present here follows the lines of Dudley’s proof
in [4] where we pay careful attention to how the constants depend on the dimension.

Proposition 2.7 ([4]) Let C' be a convex body in R", such that C C BY. Then for
0 < e < 1 there exists a convez polytope P., such that C C P., dy(C, P.) < € and the
number of facets of P. is not greater than f(n,+/c/3'%).

Proof. We may assume that 9C is of class C*. Let § = /z/3'/4 and construct a d-net
{z1,..., 21} on OC, as in Lemma 2.4, with respect to the metric of that lemma and
with k < f(n,d). For x € 0C, let H(x), H(x)", H(xz)~ be, respectively, the supporting
hyperplane of C' at x and the half spaces bounded by it: the one containing C' and the
one which does not.

We define P. = N}, H(x;)*. P.is a convex polytope which contains C' and has at
most k facets. We claim that dy (P, C) < e. Given x € 9C, let i, 1 < i < k, be such that
0 < d(z,x;) < 0 (d being the metric from Lemma 2.4). Let K be the 2-dimensional plane
through = and z;, which is parallel to v(x;), L = K N C and 0L the relative boundary of
L. Let v1(z) be the external unit normal of L at x (relative to the plane K). Then v (z)
has the direction of the orthogonal projection of v(z) on K. Hence

a:=a(v(r;),n(z)) < av(x),v(z)).

Let v > 0 be such that x 4+ v (x) € H(z;). Clearly distance (x, P-) < .

6



d(x,x;) < ¢ implies that 2sin M < ¢ < 1. Observing Figure 1, we see that
i < B <tana < V35,
b |z —
Hence v < /36% = «. n

The argument of the proof of Corollary 2.6, applied to Proposition 2.7, yields the fol-
n—3

26 3 n—1
lowing corollary (with the constant ¢; bounded above by (26\/_;/_1> (27m)ﬁ24\/§ ~
27.9651...).

Corollary 2.8 There exists a constant ¢, such that for all n, for every convex body C'
-1

in R"™ which is contained in By and for N > c;T there exists a polytope P O C' with at
most N facets, such that
C1

dg(P,C) < —5—.
N

3 Dropping a Vertex

Theorem 3.1 There exists a positive constant cs, such that for every 0 < e < 1/2 the
following holds: Let P be a polytope in R" having N wvertices z1,...,xn, N > c§ /e, which
is contained in the Euclidean unit ball BY. Then there exists a subset A C {1,..., N},
with card (A) > (1 — 2¢)N, such that for alli € A:

vol,(P) — vol,([z1, ..., Tim1, Tiv1, - - -, 2N]) < ¢ovol,—1(OP) € R N7

where cq is the constant from Corollary 2.6.

Theorem 3.2 For ¢y and co as in Theorem 3.1 and for every 0 < e < 1/2 the following
holds: Let P be a polytope in R™ having N wvertices x1,...,xn, N > ¢4 /e. Then there
exists a subset A C {1,..., N}, with card (A) > (1 — 2¢)N, such that for all i € A:

vol, (P) — vol,([z1, ..., i 1, Tiy1,- -, xN])

vol,,(P)

_ntl _n+l
< con?e I N 1,

If P is centrally symmetric, then we may replace n® by n®? on the right hand side of
the above inequality.

n—1

Lemma 3.3 Let € > 0 and N > /e, where ¢y = (nc,® )w and ¢y is the constant of
Corollary 2.6. Let P be a simplicial polytope in R"™, which is contained in B}, with vertices
Z1,...,xN. Let hy, be the distance from x; to the polytope [x1,...,2i 1, Tiy1,...,2N].
Then the set

has at least (1 — €)N elements.



Proof. We apply Corollary 2.6 to C' = P and M = 6% instead of N (assuming w.l.o.g.

n—1
that this M is an integer). To be able to do this we need N > nc,? /e. We get a polytope
() C P with at most M vertices, such that

¢
n—1
We have .
h[L'i S 02
Mt
provided that
Q g [I’l, s ,Z‘i,l,l’“,l, o ,Q:N] .
Let 21, ..., 2y be the extreme points of (). We may assume that the extreme points are

elements of the boundary of P. Moreover, we may assume that the extreme points are
in the relative interior of the facets of P. We have

Q Z [51717-~wxz‘—1axi+17-‘wa]

if and only if an extreme point z; of () is contained in a facet of JP that contains z;. We
have
card {i|3z; : z; is in a facet containing z;} <
M
> card {i|z; is in a facet containing z;} = nM = eN .
j=1
n

Proof of Theorem 3.1. Using a small perturbation, we may assume that P is a
simplicial polytope. Let F,. denote the union of all the facets of P that meet at the
vertex x;, © = 1,..., N. We have

N
> vol,_1(Fy,) = nvol,_1(0P).
i=1

This implies that for every e we have

n vol,_1(0P)

(3.1) card {2 vol,_1(Fy,;) < GN} >(1—¢€)N.

Let z € [#1,...,%i-1,Tiy1, ..., 2n] be such that |z; — z| = hy,. Then, for every facet
G of P which contains z;, we have distance (2, G) < h,,. Also,

P\ [z1,..., 21,241, ..., zn] C (J{[2,G]| G a facet of P and z; € G}.

Hence

voly_1(G) - ha,

VOln(P\ [l’h. ey L1, Lia 1y - - - ,Z'N]) S Z
G a facet of P and z;eG n



That is
hy;vol,—1(Fy,)

n
By Lemma 3.3 and (3.1), for € > 0 there exists a set A C {1,..., N} with card (4) >
(1 —2¢)N, such that we have for all i € A

vol, (P) — vol,([z1, .-y xio1, Tig1, - 2n]) <

l,_1(OP
W< and vol (R < 0RtOP)
(eN)n=1 eN
It follows that for € < % we have for i € A
vol, (P) — vol,([z1, ..., 21, Tiv1, -, 2N]) < o ef%voln_l(ﬁp)]\ff%% .

Proof of Theorem 3.2. Let T be the transformation associated with P by Lemma 2.1.
Apply Theorem 3.1 to T'(P). Then for 7 in the resulting set A C {1,..., N} we have

vol, (T (P)) —vol,([Txy,...,Tx; 1, Txi1,...,TxN])

(3:2) vol, (T(P)) =
. 67% _ntl vol,,_1 (0T (P))
0 vol,, (T(P))

As the left hand side of (3.2) is affine-invariant, we may drop all the 7’s on this side. On
the right hand side of (3.2) we have to estimate

vol, 1(OT(P)) _ . volu(T(P) +B§) = vol, (T (P))
Vol (T(P)) 0+ tvol, (T(P))

Since By C T(P) we have
vol, (T (P) +tBY) — vol,,(T'(P)) < vol,(T'(P) + tnT(P)) — vol,(T'(P))

tvol,(T(P)) - tvol, (T(P))
Hence vl (OT(P)) _ - (14t —1
Vol (T(P)) = i—0+ ; -

This completes the proof. The case of a centrally symmetric P is handled using ﬁBS

instead of %BS, which is possible due to the form of F. John’s theorem in this case. m

4 Dropping a Facet

Let P be a polytope in R”, with facets F,..., Fy. For 1 <i < N let H;, H;", H; be,
respectively, the hyperplane containing the facet F; and the half-spaces bounded by it:
the one containing P and the one which does not. For each 1 < j < N let

PGy = (1 H.

i=1,....N, i#j

P(j) is a (possibly unbounded) polyhedron containing P. Let h; = sup,¢p(;) distance(z, P).

9



Theorem 4.1 For every 0 < € < 1/2 the following holds: Let P be a polytope in R™
having N facets, N > (\/cin)" /e, which is contained in the Buclidean unit ball B} and
contains By . Then there exists a subset A C {1,..., N}, with card(A) > (1 — 2¢)N,
such that for all i € A:

n+1 n+1

vol, (P(i)) — vol,(P) < c¢ievol, 1(OP)e nT N n-1,
¢y 18 the constant from Corollary 2.8.

Theorem 4.2 There exists a positive constant cq, such that for every 0 < e < 1/2 the
following holds: Let P be a polytope in R"™ having N facets, N > ¢} /e. Then there exists
a subset A C {1,..., N}, with card(A) > (1 — 2¢)N, such that for all i € A:

vol, (P(i)) — vol,(P) o _ntl _ntl
vol,,(P)

<c nfe nIN n-1,

If P is centrally symmetric then we may replace n? by n®? on the right hand side of
the above inequality.

Lemma 4.3 Lete >0 and N > cgn_l)ﬂn/e where ¢ is the constant from Corollary 2.8.
Let P be a simple polytope in R™ with facets Fy, ..., Fy. Then the set

{z‘ hi < Cl}
(eN)n—T

Proof. We apply Corollary 2.8 to C'= P and M = e%, assuming w.l.o.g. that this M

has at least (1 — €)N elements.

n—1
is an integer. To use it we need N > nc;? Je. We get a polytope D P with at most

M facets, such that
C1

dH(PaQ)S 2

n—1

We have
hy < —L
n—1
provided that
Q 2 P(i).

Let Gq,...,Gy; be the facets of ). We may assume that each G; meets exactly one
vertex of P in its interior. Now, if () 2 P(i) then there is a facet G, of () which meets a
vertex of F;. We have

card{i|3G, : G, meets a vertex of F;} <

M
> card{i|a vertex of Fj is in G;} = nM = eN .

J=1

10



Lemma 4.4 Let 0 < € < 1 and let ¢; be as in Corollary 2.8. Assume that N >

n—1

c;2 n" /e and let P be as in the statement of Theorem j.1. If F; is a facet of P
with h; < cl/(eN)% then

vol,(P(i) \ P) <e-vol,_1(F;) h;.

Proof. Let C; be the one-sided cone with vertex 0, spanned by F;. For h = distance (0, H;)
we have % < h <1. Also, since 0 € P, we have

P@)\ P C C;n H N(H' + hyv(H;)),

where v(H;) is the external unit normal of the facet F;.
Hence 1
h+hi\""
( Z ) (h—i—hi)—h]:

h‘ n—1
< vol,—1 (F}) (1 + hz> h;

vol, (P(i) \ P) < ivoln_l(Fi)

h hi\"
EVOln—l(Fi) [(1 + h) —1

V01n71<Fz’)(1 +n- hi)nilhi .

The upper bound for h; and the lower bound for N which are assumed in this lemma
imply now that

IN

1 n—1
(l—i-hi-n)”lg(l—i—) <e
n
which completes the proof of the lemma. |

Proof of Theorem 4.1. Using a small perturbation, we may assume that P is a simple
polytope. We have

N
> vol,,_1(F;) = vol,,_1(9P).
i=1

This implies that for every € we have

Volndl\gaP) } S (- N

By Lemma 4.3 and (4.1), for € > 0 there exists a set A C {1,..., N} with card(A4) >
(1 — 2¢)N, such that for all i € A

(4.1) card {Z

VOln—l (E) S

C1
< 3
(eN)n=T

It now follows from Lemma 4.4 that for € < % and forall7z € A

VOln_l(aP)
d L (F) < ——~"" 7
an vol,,_1(F;) < N

7

n+1 n+1

vol, (P(i)) — vol,,(P) < ¢y evol,—1(OP)e »= TN~ n=1 .
n

We say that a convex body C' in R" is in distinguished position if the ellipsoid of
maximal volume contained in C' is %Bg

11



Lemma 4.5 Let P be a convex polytope in R™ having N facets. Assume further, that
for some 0 < e <1
vol,,_1(0P) - (the maximal width of P)

(4.2) N > ~vol.(P)

Then, if F; is a facet of P for which
vol,—1(OP)
VOln—l(E) S e N )
the (n — 1)-dimensional volume of a section of P(i) which is parallel to F; and cuts P()
outside of P, forms a decreasing function of the section’s distance from F;. Therefore,
for such F; we have:
VOln(P(Z) \ P) < VOlnfl(Fi) : h,z .

If we assume that P is in distinguished position, then the condition N > 2n%/e guar-
antees that (4.2) is satisfied and hence the result holds.

Proof. Due to concavity (by Brunn-Minkowski theorem) of (vol,,_1(F))Y ™) as a func-
tion of the distance from F; of the parallel section F, if we assume (to the contrary of
Lemma 4.5) that this function is increasing or stationary at F; in the direction external
to P, then it must be non- increasing in the direction internal to P all the way. We get:

vol, (P) < (width of P, orthogonal to F;) - vol,,_1(F}) .
This implies

(43) N < (maximal width of P) vol,_1(0P)

€ vol,(P)

contradicting the assumption (4.2).
If P is in distinguished position, then, by Lemma 2.1, %Bg‘ C P C Bj, hence an
argument identical to the one in the proof of Theorem 3.2 implies:
(maximal width of P) vol,_1(0P) - 2n?
€ vol,(P) — €

Now, if N > 2n?/e then, by (4.4), (4.2) is satisfied. =

(4.4)

Proof of Theorem 4.2. As the left hand side of the inequality in Theorem 4.2 is affine-
invariant, we may assume that P is in distinguished position. Therefore, by Lemma 2.1,

1
—-BYc Pc BY.
n 2 2

We repeat the argument of the proof of Theorem 4.1, but we replace the estimate of
Lemma 4.4 by the one of Lemma 4.5. Doing this, we may decrease the lower bound on
N to cfj/e, for a constant ¢4 that would guarantee the requirements of both Lemma 4.3
and Lemma 4.5. We get for ¢ in the resulting set A C {1,..., N }:
vol, (P(2)) — vol,(P) < cle_% N-z vol,,_1(0P) .

vol,(P) vol,(P)

We conclude as in the proof of Theorem 3.2.

(4.5)
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5 Approximating Convex Polytopes by Polytopes with
Fewer Vertices (or Facets)

Using the results of Section 2 and [10], or those of [5], one can prove that any convex
body C in R" can be approximated by a polytope P C C with at most N vertices and
by a polytope () D C' with at most N facets, so that

vol, (C) — vol,(P) cen g vol,(Q) — vol,(C) e n?

1 .
(5:1) oL () S N& oL (C) S NE

The above estimates are known to be best possible in general for the dependence on N.
Moreover, the one for the inner approximation is known to be best possible, up to the
constant ¢ involved, also with respect to its numerator (see [6]).

Using these results one can easily construct a polytope R C C' with 2N vertices such
that R approximates C' and the polar R* approximates the polar C* with the same rate,
depending on N, as in (5.1).

In this section we show how a successive application of the results of Sections 3 and
4 provides, in the case that C' is a polytope (implicitly assumed to have many vertices
or facets), a method to construct inner or outer approximating polytopes with a given,
smaller, number N of vertices, respectively facets, that approximates C' with the same
rate, depending on N as in (5.1). In fact, as above, the construction can be carried out
in such a way that we get mutually polar polytopes, approximating simultaneously C'
and its polar polytope C*. We shall describe such algorithm for constructing an inner
polytope in C' and and outer one for C*. Clearly an analogous dual algorithm exists.

If the origin is an interior point of a convex body C in R" we define the polar (with
respect to the origin) body C* of C' to be

C*={zeR"|(z,y) < 1forally € C}.

Let P be a convex polytope in R", with vertices z1,...,xy. A successive minimizing
choice of vertices of P is a sequence {z;,, T;,, ..., x; } of mutually different vertices of P,
such that forall k. =1,...,m

vol,([{z1, - s an} \{xiy, ., zi_ }]) — voln([{z1, -y an} \ {miy, -, 20, )

is minimal over all choices of x;, € {x1,...,zn} \ {xi,...,2;_,} (with the obvious
meaning for k = 1). A successive minimizing choice of facets of P, {F; ..., F; }, is
defined in an analogous way by dropping a “minimal volume facet” at a time. A successive
dual minimizing choice of vertices and facets of P and P* is a sequence {x;,, iy, ..., x; }
of mutually different vertices of P, such that for all k = 1,..., m the maximum between

vol,({z1, . san} \{xiy, ..., xi_ }) — voln([{z1, ...y an} \ {ziy, .-, 20, )
VOln([{ZL‘l, .. ,IEN} \ {xila cee axik—1}])

and the analogous quantity obtained for P* by removing its facets F;, whose normal vec-
torsare x;;, j = 1,..., k, is minimal over all choices of x;, € {x1,..., o5} \{2s,. .., 25_, }.

13



Theorem 5.1 There exist positive constants ag, a1, such that for 0 < e < 1/2 the follow-
ing holds: Let N,k € N be such that N > k > a} /e and let P be a convex polytope in R™
with the origin as an interior point and with N vertices x1,...,xn. Then for all K € N,
N > K > k there exists a successive minimizing choice of vertices x;,,...,x;y_, of P
such that the polytope Q = [{x1,...,xn} \ {xiy, ..., Tiy_ }| with K wvertices, satisfies

(5.2) vol, (P) — vol,(Q) < aln?’e_%voln(P) (K_% - N_%> .

Moreover, there exist constants by, by, such that if, in the previous situation, the
3(n—1 n
additional restrictions: 0 < € < 1/4 and k > (boyn) “ )/6%1 are assumed, then the

above choice can be made a successive dual minimizing choice of vertices and facets of P
and P* so that in addition to (5.2) we have

2 2

(5.3) vol, (Q%) — vol,(P*) < byn’e =T vol,,(P*) (K77 — N771) .

Proof. We shall prove both parts of Theorem 5.1 together, assuming the stronger re-
strictions needed. Fix 0 < € < 1/4. By Theorems 3.2 and 4.2, if ap = max(c,c4) and
N > af} /e, there exists a subset Ay C {1,..., N} with card Ay > (1 — 4€)N, such that
forall1 € Ay

(5.4) vol, (P) — vol,([z1, ..., ®i_1, Tiy1,- - -, xN]) <b. 2 -t g ontl
vol,,(P)

and » .
(5.5) vol, (P*(i)) — vol,(P*) <b. R ’

vol,, (P*)
for b = max(cy, ¢1). Here the notation P*(i) is defined as in Section 4. The facets of P*
are enumerated according to their normal vectors {z1,...,zx}. Note also that

P*<Z> = ([Z'l, ey L1, i1y - - - ,.Z'N])*

We choose iy € Ay and apply the same argument to
Py = [T1,. s Tig—1, Tigt1, - - -, TN

instead of P. Continuing in this manner we get a sequence of polytopes Py = P,
Pn_1,...,Pg. We set Q = Pk. It remains to show that ) satisfies (5.2) and (5.3).
Now, the repeated use of (5.4) and the fact that P; C P for j = K,..., N, imply

VOln(P) - VOln(Q) 9 _ntl N ._ntl
< b n— n— <
oL(P) | SbmerT L s

j=K+1
N —1
_nitl X _ntl N __2 __2
bn2€ n—1 T = bnze n—1 . 2 ( n—1 — N n—l) ,
K xinfl

which proves(5.2) with a; = b/2.
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In proving (5.3)we encounter a technical obstacle: P} is bigger then P*. The repeated
application of (5.5) imply

voly( < H (1+bnen1j %)

j=K+1

(5.6) vol, (

Denoting the right hand side of (5.6) by S, we have (using the inequality log(1 + z) < z
for x > 0)

N
_n+1 ._n+1 _n+l _ 2 _ 2
logS < bn2e n—1 E g 1< @1n36 n—1 (K n—1 — n_1) .
j=K+1

We now use the inequality e* < 1+ x(e — 1) for 0 < z < 1, to conclude that

n+1

(5.7) S <14 (e—1ane nt (K—* —%) ,

provided that aynde n = (Kﬁﬁ — N ™= 1) < 1, which holds if

n+1 3(n—1)

K> (Va) " Ve s n

2n 1
We choose by = max(ag” ", aj) and b, = (9_21“’. This proves (5.3) and the second part

of Theorem 5.1. We remark that at each step of removing one vertex we did not ‘expose
the origin’, the origin remains in the interior of the successive polytopes; in fact if at
some step the origin remains outside, then the resulting polar polyhedron at this step
would be unbounded. Yet it is not, by the dual choice of vertices. |

Having a second look at the proof of Theorem 5.1, one may observe that (with the
notations of that proof) we have

n+1

(1 —b-n ZﬂN_ﬁ) vol, (Py) < vol,(Py_1) < vol,(Py)

and
vol, (Py) < vol,(Py_;) < ( +beone R IN T 1>Voln(Pj'{,).

Using this observation and its counterparts in the next steps, we can follow the steps

of the above proof and prove the following result concerning the volume product of P:
[1(P) = vol,(P) vol, (P*).

Proposition 5.2 Let the constants be as in Theorem 5.1 and let 0 < € < 1/4 and

N >k > (2bgn) — /en;rl If P is a convex polytope in R™ with N wvertices, then for all
K eN, N > K >k, there exists a successive dual minimizing choice of N — K vertices

of P, so that the resulting polytope with K wvertices Q C P satisfies

(58) I(P) ~ TI(Q)] < en’e ¥511(P) (K7 — N~w7)

where ¢ = max(aq, by).
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Remark 5.3 The proof of Theorem 5.1 shows that in Theorems 3.2 and 4.2 the depen-
n+1

dence of the form N~ #1 on the number of vertices, or of facets, is best possible in the

following sense: assume that there exists a function f(K,n) which satisfies for fixed n

(5.9) ACSIORNG
K

as K tends to infinity, and such that the inequality (5.4) holds for all sufficiently large
N, with the right hand side replaced by f(N,n). Take large K and N > K so large as
to approximate B to any desired precision by a polytope P with NV vertices. Using the
argument of the proof of Theorem 5.1, we would get a polytope @) C P, with K vertices,

such that
vol, (P) — vol,(Q) - 1 (f(K, n)) 1

5.10 :
(5.10) vol, (P) -2 Kig ) Kex

Taking N sufficiently large, we may replace B} for P in (5.10). But it is well known
that we can not get an approximation like (5.10) for BY if (5.9) holds. A similar argument
works for the outer approximation.
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