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Abstract

The surface body is a generalization of the floating body. Its relation to p-affine surface area

is studied.
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1. Introduction

1.1. Background

The affine surface area was originally introduced by Blaschke [B] for convex

bodies in R3 with sufficiently smooth boundary. Its definition involves the Gauss
curvature of the boundary points of a convex body. Hence, it provides a tool to
‘‘measure’’ the boundary structure of a convex body. Therefore, it is not surprising
that the affine surface area occurs naturally in problems related to the boundary of a
convex body, so for instance in the approximation of convex bodies by polytopes.
For more information about this subject and the role the affine surface area plays
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there, we refer to the works by Bárány, [Ba1,Ba2], Gruber [Gr1,Gr2,Gr3], Schütt
[Sch1,Sch2] and Schütt and Werner [SchW2].

Extensions of the affine surface area to higher dimensions and arbitrary convex
bodies were only found much later than Blaschke’s times by Leichtweiss [L1,L2],
Lutwak [Lu1], Schütt and Werner [SchW1], Schmuckenschläger [Schm], Meyer and
Werner [MW1] and Werner [W1]. Additional references to the affine surface area as
well as further applications can also be found in those papers as well as in
Leichtweiss [L3], Ludwig and Reitzner [LudR], Lutwak and Oliker [LuO] and [W2].

Here we want to concentrate on the p-affine surface area which, for p40; was
introduced in 1996 by Lutwak [Lu2]. For p ¼ 1; the p-affine surface area is just the
affine surface area. Hug [H] gave new definitions of the p-affine surface area. He also
proved that these new definitions give the same p-affine surface area as that defined
by Lutwak.

Meyer and Werner [MW2] found a geometric interpretation of the p-affine surface
area in terms of the (generalized) Santaló bodies. They also observed that the
definition of Lutwak for the p-affine surface area makes sense for �nopp0 and
their geometric interpretation in terms of the Santaló bodies also holds for this range
of p: They also gave a definition of the p-affine surface area for p ¼ �n together with
its geometric interpretation.

In [SchW2,W3] it was suggested to extend the p-range even further, namely to
�NpppN: This extension was motivated in [SchW2] by the fact that there is a
characterization of the p-affine surface area in terms of random polytopes and this
characterization holds for �NpppN: In [W3] a characterization of the p-affine
surface area for all p is given using weighted floating bodies.

In this paper we give a new characterization of the p-affine surface area using
surface bodies. The paper is organized as follows: In Section 2 we define the surface
bodies and discuss some of their properties. The surface bodies were introduced in
[SchW2] in connection with approximating convex bodies by random polytopes.
Many of the properties mentioned here have already been stated and proved in
[SchW2]. We include them here for completeness.

In Section 3 we introduce the p-affine surface area for �NpppN and discuss
some of the properties of the p-affine surface area. For a given probability density f

on the boundary of a convex body K and a positive number s the surface body Kf ;s is

the intersection of all half-spaces Hþ such that
R
@K-H� fdm@Kps: Our main theorem

is that under certain assumptions on the density f and the boundary @K

dn lim
s-0

volnðKÞ � volnðKf ;sÞ

s
2

n�1

¼
Z
@K

k
1

n�1

f
2

n�1

dm@K ;

where dn is a constant depending only on the dimension n and k the generalized
GauX–Kronecker curvature. As a consequence, for the p-affine surface area Op there

is q ¼ n�pðn�2Þ
pþ1

and a function fq such that
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dn lim
s-0

volnðKÞ � volnðKfq;sÞ

ðsOqðKÞÞ
2

n�1

¼ OpðKÞ:

1.2. Notation

Throughout the paper we shall use the following notations. Bn
2ða; rÞ is an n-

dimensional Euclidean ball with radius r centered at a: We put Bn
2 ¼ Bn

2ð0; 1Þ: By jj:jj
we denote the standard Euclidean norm on Rn; by /:;: S the standard inner product
on Rn: For two points x and y in Rn ½x; y� ¼ fax þ ð1� aÞy : 0pap1g denotes the
line segment from x to y:

For a convex body K in Rn; K
3

is the interior of K and @K is the boundary of K :

We also write Sn�1 for @Bn
2: For xA@K ; N@KðxÞ is the outer unit normal vector to @K

in x: It may not be unique.

For uASn�1; hKðuÞ is the support function of K at u: m@K is the usual surface
measure on the boundary @K of K and s is the spherical Lebesgue measure.
voln�1ðAÞ denotes the surface area measure of a subset A of the boundary of a
convex body.

Hðx; xÞ is the hyperplane containing the point x and orthogonal to x: H�ðx; xÞ is
the closed half-space containing the point x þ x; Hþðx; xÞ the other half-space. LetU
be a convex, open subset of Rn and let f :U-R be a convex function. df ðxÞARn is
called subdifferential at the point x0AU; if we have for all xAU

f ðx0Þ þ/df ðx0Þ; x � x0Spf ðxÞ:

A convex function has a subdifferential at every point and it is differentiable at a
point if and only if the subdifferential is unique. Let U be an open, convex subset in
Rn and f :U-R a convex function. f is said to be twice differentiable in a

generalized sense in x0AU; if there is a linear map d2f ðx0Þ and a neighborhood
Uðx0ÞDU such that we have for all xAUðx0Þ and for all subdifferentials df ðxÞ

jjdf ðxÞ � df ðx0Þ � d2f ðx0Þðx � x0ÞjjpYðjjx � x0jjÞjjx � x0jj;

where Y is a monotone function with limt-0 YðtÞ ¼ 0: d2f ðx0Þ is called generalized
Hesse-matrix. If f ð0Þ ¼ 0 and df ð0Þ ¼ 0 then we call the set

fxARnjxtd2f ð0Þx ¼ 1g

the indicatrix of Dupin at 0: Since f is convex this set is an ellipsoid or a cylinder with

a base that is an ellipsoid of lower dimension. The eigenvalues of d2f ð0Þ are called
principal curvatures and their product is called the GauX–Kronecker curvature k:
Geometrically, the eigenvalues of d2f ð0Þ that are different from 0 are the lengths of
the principal axes of the indicatrix raised to the power �2:
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For uASn�1; fkðuÞ is the GauX curvature function, that is the reciprocal of the
GauX–Kronecker curvature kðxÞ at this point xA@K that has u as outer normal.

2. The surface body

Let K be a convex body and f : @K-R be a nonnegative, integrable function withR
@K

f ðxÞ dm@ðKÞðxÞ ¼ 1: The probability measure Pf is the measure on @K with

density f :

Definition 1. Let 0ps and let f : @K-R be a nonnegative, integrable function withR
@K

f ðxÞ dm@ðKÞðxÞ ¼ 1:

The surface body Kf ;s is the intersection of all the closed half-spaces Hþ whose

defining hyperplanes H cut off a set of Pf -measure less than or equal to s from @K :

More precisely,

Kf ;s ¼
\

Pf ð@K-H�Þps

Hþ: ð1Þ

We write usually Ks for Kf ;s if it is clear which function f we are considering.

Remarks. (i) It follows from the Hahn–Banach theorem that K0DK : If in addition f

is m@K—almost everywhere nonzero, then K0 ¼ K as it is shown in Lemma 2(iv) (See
Fig. 1).

(ii) For many convex bodies K and functions f the bodies Kf ;s shrink continuously

from Kf ;0 ¼ K to a body that consists of one point only. Usually, this point is an

interior point of K : In most cases the volume of Kf ;s is strictly positive until it is

reduced to a point and below we give conditions for K and f for this to happen.
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In general, however this may not be so. We describe two cases:
1. Kf ;s shrinks to a convex set of lower dimension that is contained in the

boundary of K : Eventually, it shrinks to a point in the boundary of K :
2. There is a constant c40 and s0 such that for all s with 0psos0 the volume of

Kf ;s is larger than c and Kf ;s0 ¼ | (see Example (ii) in Remarks 6).

(iii) Through a similar construction we obtain a ‘‘weighted floating body’’:
Let 0ps and let f : K-R be a nonnegative, integrable function.
The weighted floating body FðK ; f ; sÞ is the intersection of all the closed half-

spaces Hþ whose defining hyperplanes H cut off a set of measure less than or equal
to s from K : More precisely,

FðK; f ; sÞ ¼
\R

K-H� f dxps

Hþ: ð2Þ

These bodies are investigated in [W3].
We say that a sequence of hyperplanes Hi; iAN; in Rn converges to a hyperplane

H if we have for all xAH that

lim
i-N

dðx;HiÞ ¼ 0;

where dðx;HÞ ¼ inffjjx � yjj jyAHg: This is equivalent to: The sequence of the
normals of Hi converges to the normal of H and there is a point xAH such that

lim
i-N

dðx;HiÞ ¼ 0:

Recall that for a hyperplane Hðx; xÞ through x; with normal x; H�ðx; xÞ is the half-
space containing x þ x:

Lemma 2. Let K be a convex body in Rn and let f : @K-R be an a.e. positive,

integrable function with
R
@K

f ðxÞ dm@ðKÞðxÞ ¼ 1: Let xASn�1:

(i) Let x0ARn: Then

Pf ð@K-H�ðx0 � tx; xÞÞ

is a continuous function of t on

min
yAK

�
/x0 � y; xS;max

yAK
/x0 � y; xS

�
:

(Pf ð@K-H�ðx0 � tx; xÞÞ is not necessarily a continuous function on the closed

interval.)
(ii) Let x0ARn: Then

Pf ð@K-H�ðx0 � tx; xÞÞ

is strictly increasing function of t on
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min
yAK

/x0 � y; xS;max
yAK

/x0 � y; xS
� �

:

(iii) Let Hi; iAN; be a sequence of hyperplanes that converge to the hyperplane H0:
Assume that the hyperplane H0 intersects the interior of K. Then we have

lim
i-N

Pf ð@K-H�
i Þ ¼ Pf ð@K-H�

0 Þ:

(If H0 does not intersect the interior of K the equality does not hold necessarily.)
(iv)

K
3

D
[
0os

Ks:

In particular, K ¼ K0:

Proof. (i)

voln�1ð@K-H�ðx0 � tx; xÞÞ

is a continuous function of t on

min
yAK

/x0 � y; xS;

�
max
yAK

/x0 � y; xS
�
:

Since f is an integrable function (i) follows.
(ii) Since H�ðx0; xÞ is the half-space containing x0 þ x we have for t1 and t2 with

t1ot2

H�ðx0 � t1x; xÞD! H�ðx0 � t2x; xÞ:

Thus

@K-H�ðx0 � t2x; xÞ-Hþðx0 � t1x; xÞ

has positive n � 1-dimensional Hausdorff-measure. If

Pf ð@K-H�ðx0 � t1x; xÞÞ ¼ Pf ð@K-H�ðx0 � t2x; xÞÞ

then f is a.e. 0 on @K-H�ðx0 � t2x; xÞ-Hþðx0 � t1x; xÞ: This is not true.
(iii) Let x0AH0-K

3

and xi; iAN; the nearest point to x0 in Hi: Let xi be the

normal to Hi: Thus Hi ¼ Hðxi; xiÞ; i ¼ 0; 1;y and we have that

lim
i-N

xi ¼ x0; lim
i-N

xi ¼ x0;

where x0 is an interior point of K : Therefore for all e40 there exists i0 such that for
all i4i0
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@K-H�ðx0 þ ex0; x0ÞD@K-H�ðxi; xiÞD@K-H�ðx0 � ex0; x0Þ:

This implies

Pf ð@K-H�ðx0 þ ex0; x0ÞÞpPf ð@K-H�ðxi; xiÞÞ

pPf ð@K-H�ðx0 � ex0; x0ÞÞ:

Since x0 is an interior point of K ; for e small enough x0 � ex0 and x0 þ ex0 are
interior points of K : Therefore,

Hðx0 � ex0; x0Þ and Hðx0 þ ex0; x0Þ

intersect the interior of K : The claim now follows from (i).

(iv) Suppose the inclusion is not true. Then there is xAK
3

with xe
S

0os Ks:

Therefore, for every iAN there is a hyperplane Hi with xAHi and

Pf ð@K-H�
i Þp

1

i
:

By compactness there is a subsequence Hij ; jAN; that converges to a hyperplane H

with xAH: By choosing another subsequence we make sure that the limit

lim
j-N

Pf ð@K-H�
ij
Þ

exists. Clearly,

lim
j-N

Pf ð@K-H�
ij
Þp0:

Since xAH the hyperplane H intersects the interior of K : Thus, by (iii)

Pf ð@K-H�Þp0:

On the other hand, voln�1ð@K-H�Þ40 which implies

Pf ð@K-H�Þ40

since f is a.e. positive.
We have K ¼ K0 because K0 is a closed set and

K
3

D
[
s40

KsDK0:

Thus KDK0: The opposite inclusion follows from the theorem of Hahn–
Banach. &
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Lemma 3. Let K be a convex body in Rn and let f : @K-R be a a.e. positive, integrable

function with
R
@K

f ðxÞ dm@ðKÞðxÞ ¼ 1:

(i) For all s such that Ksa|; and all xA@Ks-K
3

there exists a supporting hyperplane

H to @Ks through x such that Pf ð@K-H�Þ ¼ s:

(ii) Suppose that for all xA@K and all supporting hyperplanes H of K at x the n � 1-

dimensional Hausdorff measure of the set H-K is 0. Then we have for all s with 0os

that KsCK
3

:

The assertion of Lemma 3(i) is not true if xA@K : As an example consider the

square S with sidelength 1 in R2 and f ðxÞ ¼ 1
4
for all xA@S: For s ¼ 1

16
the midpoints

of the sides of the square are elements of S 1
16
; but the tangent hyperplanes through

these points contain one side and therefore cut off a set of Pf -volume 1
4
(cf. Fig. 2).

The construction in higher dimensions for the cube is done in the same way.
This example also shows that the surface body is not necessarily strictly convex

and it shows that the assertion of Lemma 3(ii) does not hold without additional
assumptions.

Proof of Lemma 3. (i) By the theorem of Hahn–Banach there is a sequence of

hyperplanes Hi with KsDHþ
i and Pf ð@K-H�

i Þps such that the distance between x

and Hi is less than
1
i
: We check this.

Since xA@Ks there is zeKs with jjx � zjjo1
i
: There is a hyperplane Hi separating z

from Ks satisfying

Pf ð@K-H�
i Þps and KsDHþ

i :

We have

dðx;HiÞpjjx � zjjo1

i
:

By compactness there is a subsequence of hyperplanes Hij ; jAN; that converges to a

hyperplane H with xAH: Since x is an element of the interior and xAH; the
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hyperplane H intersects the interior of K : Therefore we can apply Lemma 2(iii)

sX lim
j-N

Pf ð@K-H�
ij
Þ ¼ Pf ð@K-H�Þ:

If Pf ð@K-H�Þos then we choose a hyperplane eHH parallel to H such that

Pf ð@K- eHH�Þ ¼ s: This is possible because by Lemma 2(i)

Pf ð@K-H�ðx0 � tx; xÞÞ

is a continuous function of t on ½minyAK/x0 � y; xS;maxyAK/x0 � y; xSÞ: Conse-
quently, x is not an element of Ks: This is a contradiction.

(ii) Suppose there is xA@K with xAKs and 0os: By assumption

voln�1ð@K-Hðx;N@KðxÞÞÞ ¼ 0:

By Lemma 2(i) we can choose a hyperplane H parallel to Hðx;N@KðxÞÞ that cuts off
a set with Pf ð@K- eHH�Þ ¼ s: This means that xeKs: &

Lemma 4. Let K be a convex body in Rn and let f : @K-R be an a.e. positive,

integrable function with
R
@K

f ðxÞ dm@ðKÞðxÞ ¼ 1:

(i) Let si; iAN; be a strictly increasing sequence of positive numbers with

limi-N si ¼ s0: Then we have

Ks0 ¼
\N
i¼1

Ksi
:

(ii) There exists T with 0oTp1
2 such that KT is nonempty, volnðKTÞ ¼ 0 and

volnðKtÞ40 for all toT :
(iii) For all s with 0psoT

Ks ¼
[
d40

Ksþd:

Clearly, if K is centrally symmetric with respect to the origin and f satisfies
f ðxÞ ¼ f ð�xÞ; then T ¼ 1=2 and KT contains only one element, namely the center of
symmetry. The assumption that f is a.e. positive is necessary.

Proof. (i) Since we have for all iAN that Ks0DKsi
; we get trivially

Ks0D
\N
i¼1

Ksi
:

We may assume that we have Ksi
a| for all iAN: Otherwise the equation is obviously

true. Since all Ksi
are compact and non-empty the intersection is also nonempty.

Suppose there is xA
T

N

i¼1 Ksi
with xeKs0 : Then there is a hyperplane H0 such that
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Pf ð@K-H�
0 Þps0 and xAH�

0

3

: We consider the supporting hyperplanes to Ksi
that

are parallel to H0 and that are contained in H�: Moreover, we may assume that
H�

iþ1DH�
i : We have Pf ð@K-H�

i ÞXsi: Since the distances of Hi to H0 are

monotonely decreasing the sequence of hyperplanes Hi converge to a hyperplaneeHH0: Since for all iAN we have Hi-Ka| it follows by the compactness of K thateHH0-Ka|: By Lemma 2(ii) we find that

Pf ð@K- eHH�
0 ÞXs0:

(it is enough to use monotonicity here). We consider two cases now. First, suppose

that H0-Ka|: If H0a eHH0 we get a contradiction to the strict monotonicity of the
function Pf ð@K-H�Þ: Thus Hi converge to H0 and therefore there is i such that

xeH�
i : It follows that xeKsi

which is not true.

The second case is H0-K ¼ |: Then @K-H�
0 ¼ @K and consequently s0X1:

Since limi-N siX1 we find an i such that Ksi
¼ |: To check this it is enough to

consider two parallel hyperplanes both of which intersect the interior of K :
(ii) We put

T ¼ supfsjvolnðKsÞ40g:

Since the sets Ks are compact, convex, nonempty sets,\
volnðKsÞ40

Ks

is a compact, convex, nonempty set. On the other hand, by (i) we have

KT ¼
\

soT

Ks ¼
\

volnðKsÞ40

Ks:

Now we show that volnðKT Þ ¼ 0: Suppose that volnðKTÞ40: Then there is x0AKT

3

:

Let

t0 ¼ inffPf ð@K-H�Þjx0AHg:

Since we require that x0AH we have that Pf ð@K-H�Þ is only a function of the

normal of H: Since x0 is an element of the interior of KT it is also an element of the
interior of K : Thus H intersects the interior of K and we can apply Lemma 2(iii).
Therefore Pf ð@K-H�Þ is a continuous function of H: limi-N Hi ¼ H implies

lim
i-N

Pf ð@K-H�
i Þ ¼ Pf ð@K-H�Þ:

Since limi-N Hi ¼ H holds if and only if the normals xi of Hi converge to the
normal x of H in the Euclidean norm, we conclude that Pf ð@K-H�Þ is a continuous
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function of the normal x of H: By compactness this infimum is attained and there is
H0 with x0AH0 and

Pf ð@K-H�
0 Þ ¼ t0:

Since x0 is an interior point of KT we get by Lemma 2(ii) that Tot0: If not, then

t0 ¼ T : Therefore KTDHþ
0 and x0AH0; which means that x0A@KT ; contradicting

the assumption that x0AKT

3

:

Now we consider K1
2
ðTþt0Þ

: We claim that x0 is an interior point of this set and

therefore

volnðK1
2
ðTþt0Þ

Þ40;

contradicting the fact that T is the supremum of all t with volnðKtÞ40: We verify
now that x0 is an interior point of K1

2
ðTþt0Þ

: Suppose x0 is not an interior point of this

set. Then for every iAN there xi with jjxi � x0jjo1
i
and xieK1

2
ðTþt0Þ

: Therefore for

every iAN there is a hyperplane Hi such that

Pf ð@K-H�
i Þp

1

2
ðT þ t0Þ; xiAHi and jjxi � x0jjo

1

i
:

We can pass to a convergent subsequence of hyperplanes. By Lemma 2(iii) we
conclude that there is a hyperplane H with x0AH and

Pf ð@K-H�Þp1
2
ðT þ t0Þ:

Since t041
2
ðT þ t0Þ this contradicts the definition of t0:

(iii) Suppose that this is not true. Then there are xAKs and r40 with

Bn
2ðx; rÞ-

[
d40

Ksþd ¼ |:

Since volnðKsÞ40 the set Bn
2ðx; rÞ-Ks contains an interior point. Therefore, there is

an interior point y of Ks (which is in particular an interior point of K) such that
ye
S

d40 Ksþd: Therefore, for every nAN there is a hyperplane Hn with yAHn and

Pf ð@K-H�
n Þps þ 1

n
:

Let n0 be so big that s þ 1
n0
oT : By compactness there is a convergent subsequence of

hyperplanes Hnj
; jAN with limit H0 such that yAH0: The hyperplane H0 intersects

the interior of K because y is an interior point of K :
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Therefore, we can apply Lemma 2(iii).

sX lim
j-N

Pf ð@K-H�
nj
Þ ¼ Pf ð@K-H�

0 Þ:

This implies that y is not an interior point of Ks which is not true. &

In the next proposition we need the Hausdorff distance dH which for two convex
bodies K and L in Rn is

dHðK ;LÞ ¼ max max
xAL

min
yAK

jjx � yjj; max
yAK

min
xAL

jjx � yjj
� �

:

Proposition 5. Let K be a convex body in Rn and let f : @K-R be a positive,

continuous function with
R
@K

f ðxÞ dm@KðxÞ ¼ 1:

(i) Suppose that K has a C1-boundary. Let xA@Ks-K
3

such that Ksa|: Let H be a

supporting hyperplane of Ks at x such that Pf ð@K-H�Þ ¼ s (By Lemma 3 there is

always such a hyperplane). Then x is the center of gravity of @K-H with respect to the

measure

f ðyÞm@K-HðyÞ
/N@K-HðyÞ;N@KðyÞS

;

i.e.

x ¼
R
@K-H

yf ðyÞ dm@K-H ðyÞ
/N@K-H ðyÞ;N@K ðyÞSR

@K-H
f ðyÞ dm@K-H ðyÞ

/N@K-H ðyÞ;N@K ðyÞS
;

where N@KðyÞ is the unit outer normal to @K at y and N@K-HðyÞ is the unit outer

normal to @K-H at y in the plane H.

(ii) If K has a C1-boundary and KsCK
3

; then Ks is strictly convex.

(iii) Suppose that K has a C1-boundary and KTCK
3

: Then KT consists of one point

fxTg only. This holds in particular, if for every xA@K there are rðxÞ40 and RðxÞoN

such that Bn
2ðx � rðxÞN@KðxÞ; rðxÞÞDKDBn

2ðx � RðxÞN@KðxÞ;RðxÞÞ:
(iv) For all s with 0psoT and e40 there is d40 such that dHðKs;KsþdÞoe:

Remark 6. (i) We call the point xT of Proposition 5 the surface point. In general, KT

does not consist of one point only (see the example in 6(ii)). If KT does not consist of
one point only, then we define xT to be the centroid of KT :

(ii) In Proposition 5 we have shown that under certain assumptions the surface
body reduces to a point. In general this is not the case. We give an example. Let K be
the Euclidean ball Bn

2 and
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f ¼ wC þ w�C

2 voln�1ðCÞ;

where C is a cap of the Euclidean ball with surface area equal to 1
4
voln�1ð@Bn

2Þ: Then
we get that for all s with so1

2
that Ks contains a Euclidean ball with positive radius.

On the other hand K1=2 ¼ |:
(iii) If K is a convex body that is centrally symmetric with respect to the point x0

and f is symmetric (i.e. f ðx0 þ xÞ ¼ f ðx0 � xÞ), then the surface point xT coincides
with the center of symmetry x0:

If K is not symmetric then To1
2
is possible. An example for this is a regular

triangle C in R2: If the sidelength is 1 and f ¼ 1
3; then T ¼ 4

9 and C4
9
consists of the

barycenter of C:

Proof of Proposition 5. (i) Let eHH be another hyperplane passing through x and e the
angle between the two hyperplanes. Then we have

s ¼ Pf ð@K-H�ÞpPf ð@K- eHH�Þ:

Thus

0pPf ð@K- eHH�Þ � Pf ð@K-H�Þ

¼
Z
@K-eHH�-Hþ

dPf �
Z
@K-eHHþ-H�

dPf :

Let x be the vector in H with jjxjj ¼ 1 that is orthogonal to H- eHH and that points

into the direction of the wedge @K- eHH�-Hþ (see Fig. 3). Then the last expression
equals Z

@K-H

/y � x; xSf ðyÞtan e
/N@K-HðyÞ;N@KðyÞS

dm@K-HðyÞ þ oðeÞ:

We verify the latter equality. The distance of yA@K-H from H- eHH is /y � x; xS:
Next observe that the ‘‘height’’ of the wedge at y is /y � x; xStan e: This follows
from Figs. 3 and 4.

A surface element of @K at y equals, up to an error of order oðeÞ; the product of a
volume element at y in @K-H and the length of the tangential line segment between

H and eHH at y: The length of this tangential line segment is, up to an error of order
oðeÞ;

/y � x; xStan e
/N@K-HðyÞ;N@KðyÞS

:
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See Fig. 5. (For e small the line passing through y and orthogonal to H is almost

orthogonal to eHH:)
Therefore

0p
Z
@K-H

/y � x; xSf ðyÞ tan e
/N@K-HðyÞ;N@KðyÞS

dm@K-HðyÞ þ oðeÞ:

We divide both sides by e and pass to the limit for e to 0: Thus we get for all x

0p
Z
@K-H

/y � x; xSf ðyÞ
/N@K-HðyÞ;N@KðyÞS

dm@K-HðyÞ:

Since this inequality holds for x as well as �x: (Consider another hyperplane eHH tilted
in the opposite direction.) we get for all x
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0 ¼
Z
@K-H

/y � x; xSf ðyÞ
/N@K-HðyÞ;N@KðyÞS

dm@K-HðyÞ

or

0 ¼
Z
@K-H

ðy � xÞf ðyÞ
/N@K-HðyÞ;N@KðyÞS

dm@K-HðyÞ; x
� �

:

This implies

0 ¼
Z
@K-H

ðy � xÞf ðyÞ
/N@K-HðyÞ;N@KðyÞS

dm@K-HðyÞ

and therefore

x ¼
R
@K-H

yf ðyÞ dm@K-H ðyÞ
/N@K-H ðyÞ;N@K ðyÞSR

@K-H
f ðyÞ dm@K-H ðyÞ

/N@K-H ðyÞ;N@K ðyÞS
:

(ii) Suppose that Ks is not strictly convex. Then @Ks contains a line-segment ½u; v�:
Let xAðu; vÞ: As KsDK

3

it follows from Lemma 3(i) that there exists a support-

hyperplane H ¼ Hðx;NKs
ðxÞÞ of Ks such that Pf ð@K-H�Þ ¼ s: Moreover, we have

that u; vAH: By (i)

x ¼ u ¼ v ¼
R
@K-H

yf ðyÞ dm@K-H ðyÞ
/N@K-H ðyÞ;N@K ðyÞSR

@K-H
f ðyÞ dm@K-H ðyÞ

/N@K-H ðyÞ;N@K ðyÞS
:

(iii) Suppose that KT consists of more than one point. All these points are elements
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of the boundary of KT since the volume of KT is 0 and thus has no interior points.
Therefore @KT contains a line-segment ½u; v� and cannot be strictly convex,
contradicting (ii).

The condition: For every xA@K there is rðxÞoN such that K+Bn
2ðx �

rðxÞN@KðxÞ; rðxÞÞ; implies that K has everywhere unique normals. This is equivalent
to differentiability of @K : By Corollary 25.5.1 of [Ro] @K is continuously
differentiable. The remaining assertion of (iii) now follows from Lemmas 3(ii) and
4(ii).

(iv) Suppose this is not the case. Then there are s and e40 such that for all d with
s þ doT

dHðKs;KsþdÞXe:

Let n0 be so big that s þ 1
n0
oT : For each n with nXn0 we choose xnA@Ks with

dðxn;K
sþ1

n

ÞXe: The sequence xn; nAN has a convergent subsequence whose limit we

denote by x0: Thus for all nXn0

dðx0;K
sþ1

n

ÞXe:

It follows that

d x0;
[

nAN

Ks þ 1
n

 !
Xe

and thus

Ksa
[

nAN

K
sþ1

n

which contradicts Lemma 4(iii) as x0AKs: &

3. The p-affine surface area

Definition 7. Let K be a convex body in Rn with the origin in its interior. Let
�NpppN; pa� n: We define the p-affine surface area OpðKÞ by

O7NðKÞ ¼
Z
@K

kðxÞ
/x;N@KðxÞSn dm@KðxÞ ð3Þ

and
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OpðKÞ ¼
Z
@K

kðxÞ
p

nþp

/x;N@KðxÞS
nðp�1Þ

nþp

dm@KðxÞ ð4Þ

provided the above integrals exist.

In particular, for p ¼ 0

O0ðKÞ ¼
Z
@K

/x;N@KðxÞSdm@KðxÞ ¼ n volnðKÞ: ð5Þ

If the boundary of K is sufficiently smooth then

O7NðKÞ ¼
Z

Sn�1

1

hKðuÞn dsðuÞ ¼ n volnðK�Þ ð6Þ

and

OpðKÞ ¼
Z

Sn�1

fkðuÞ
n

nþp

hKðuÞ
nðp�1Þ

nþp

dsðuÞ;

where hK is the support function and fk the curvature function, i.e. the reciprocal of
the Gauss curvature kðxÞ at this point xA@K that has u as outer normal.

Blaschke [B] introduced the affine surface area for convex bodies which are
sufficiently smooth. This is the case p ¼ 1 in the above definition, i.e. O1: Several
authors showed independently that the affine surface area O1 can be extended to
arbitrary convex bodies [L1,Lu1,Schm,SchW1,MW1,W1]. Schütt and Werner
[SchW1] showed specifically that the above formula for O1 extends naturally to
arbitrary convex bodies.

Lutwak [Lu2] introduced the p-affine surface area for 1pppN and arbitrary
convex bodies. He used for the definition expressions that are equivalent to (3) and
(4) and showed in the case of smooth convex bodies that both expressions coincide.
Hug [H] proved that the expressions coincide for all convex bodies. Meyer and
Werner [MW2] introduced a definition for O�n and gave geometric characterizations
of the p-affine surface area for �npppN:

Let us note that the definition of ON here is different from the definition in [Lu2].

The definitions differ by the factor volnðKÞ
n

nþ1 volnðK�Þ�
n

nþ1:
We have for all convex bodies and all p with 0pppN that the quantities OpðKÞ

are uniformly bounded. For p ¼ 0 this follows from (5) and for p ¼ 7N this follows
from (6) in the smooth case. For 0opoN; it follows from Hölder’s inequality.
Indeed,
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OpðKÞ ¼
Z
@K

kðxÞ
p

nþp

/x;N@KðxÞS
nðp�1Þ

nþp

dm@KðxÞ

p voln�1ð@KÞ
n

nþp

Z
@K

kðxÞ

/x;N@KðxÞS
nðp�1Þ

p

dm@KðxÞ

0B@
1CA

p
nþp

:

Since 0 is an interior point of K there is a constant c40 such that we have for all
xA@K the inequality cp/x;N@KðxÞS: Thus we get

OpðKÞp voln�1ð@KÞ
n

nþp
1

c
nðp�1Þ

nþp

Z
@K

kðxÞ dm@KðxÞ
� � p

nþp

p voln�1ð@KÞ
n

nþp
1

c
nðp�1Þ

nþp

Z
Sn�1

dsðuÞ
� � p

nþp

¼ voln�1ð@KÞ
n

nþp
1

c
nðp�1Þ

nþp

	
n volnðBn

2Þ


:

p
nþp:

Similarly, we get for not necessarily smooth K that

O7NðKÞp
Z

Sn�1

1

hKðuÞn dsðuÞ ¼ n volnðK�Þ:

Thus Op is finite for all p with 0pppN: This need not to be so for negative values of

p: We show that in the following example.
In this example we also compute the p-affine surface areas for the unit balls of the

lr
n-spaces, 1oroN: Note also that for all p with 0oppN and for all p with po� n

OpðBn
1Þ ¼ 0 and OpðBn

N
Þ ¼ 0 ð7Þ

as the Gaussian curvature is 0 a.e. and that for all p with �nopo0

OpðBn
1Þ ¼ N and OpðBn

N
Þ ¼ N: ð8Þ

Example 8. Let 1oroN and Bn
r ¼ fxARnj

Pn
i¼1 jxijrp1g: Then we have

(i) For 1oro2 and � n
r�1

ppo� n and for 2oroN and �nopp� n
r�1

OpðBn
r Þ ¼ N:

(ii) For all other cases with pa� n;7N we have
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OpðBn
r Þ ¼

2nðr � 1Þ
pðn�1Þ

nþp

rn�1

ðGðnþrp�p
rðnþpÞ ÞÞ

n

Gðnðnþrp�pÞ
rðnþpÞ Þ

:

Moreover, for all pa� n

OpðBn
2Þ ¼

2p
n
2

Gðn
2
Þ ¼ voln�1ð@Bn

2Þ:

Proof. By definition

OpðBn
r Þ ¼

Z
@Bn

r

kðxÞ
p

nþp

/x;N@Bn
r
ðxÞS

nðp�1Þ
nþp

dm@Bn
r
ðxÞ:

The curvature is

kðxÞ ¼ ðr � 1Þn�1Qn
i¼1 jxijr�2

ð
Pn

i¼1jxij2r�2Þ
nþ1
2

and the normal is

N@Bn
r
ðxÞ ¼ ðsgnðx1Þjx1jr�1;y; sgnðxnÞjxnjr�1Þ

ð
Pn

i¼1jxij2r�2Þ
1
2

:

Thus we get

OpðBn
r Þ ¼

Z
@Bn

r

ððr � 1Þn�1Qn
i¼1 jxijr�2Þ

p
nþp

ð
Pn

i¼1jxij2r�2Þ
1
2

dm@Bn
r
ðxÞ:

Now we integrate with respect to the variables x1;y; xn�1: The volume of a surface
element in the plane of the first n � 1 coordinates equals the volume of the
corresponding surface element on @Bn

r times

j/en;N@Bn
r
ðxÞSj ¼ jxnjr�1

ð
Pn

i¼1jxij2r�2Þ
1
2

:

Thus, with ðBn�1
r Þþ being the set of all vectors in Bn�1

r having nonnegative

coordinates.
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OpðBn
r Þ ¼ 2nðr � 1Þ

pðn�1Þ
nþp

Z
ðBn�1

r Þþ

Yn

i¼1

xr�2
i

 ! p
nþp

x1�r
n dx1ydxn�1

¼ 2nðr � 1Þ
pðn�1Þ

nþp

Z
ðBn�1

r Þþ

Yn�1

i¼1

xr�2
i

 ! p
nþp

x

n�rn�p
nþp

n dx1ydxn�1: ð9Þ

We show now (i). Let us first assume that 1oro2 and � n
r�1ppo� n: We observe

that

n � rn � p

n þ p
o0:

Indeed, we have n þ po0 and n � rn � p4n � rn þ n ¼ nð2� rÞ40: Thus

x

n�rn�p
nþp

n X1

and

OpðBn
r ÞX2nðr � 1Þ

pðn�1Þ
nþp

Z
ðBn�1

r Þþ

Yn�1

i¼1

xr�2
i

 ! p
nþp

dx1ydxn�1:

Since ðn � 1Þ�
1
rBn�1

N
DBn�1

r

OpðBn
r ÞX2nðr � 1Þ

pðn�1Þ
nþp

Z ðn�1Þ�
1
r

0

t
pðr�2Þ

nþp dt

0B@
1CA

n�1

:

As � n
r�1

pp it follows that pðr�2Þ
nþp

p� 1 and thus OpðBn
r Þ ¼ N: In the case 2oroN

and �nopp� n=ðr � 1Þ we proceed in the same way. We have n þ p40 and n �
rn � ponð2� rÞo0: From pp� n=ðr � 1Þ we get ðpðr � 2ÞÞ=ðn þ pÞp� 1:

Now we show (ii). We have to evaluate (9). We use formula 4.635.4 in [GR]. The
formula can also be found in volume III of [Fi, p. 392]:

OpðBn
r Þ ¼

2nðr � 1Þ
pðn�1Þ

nþp

rn�1

ðGðnþrp�p
rðnþpÞ ÞÞ

n

Gðnðnþrp�pÞ
rðnþpÞ Þ

: &

Remark. Eqs. (5), (7) and (8) also follow from formula (ii) in the above Example if
we let r-1: If we let r-N; this holds only for pX0:

The p-affine surface area is invariant under all linear maps T with detðTÞ ¼ 1; i.e.
we have OpðKÞ ¼ OpðTðKÞÞ: This had been shown by [Lu2] and later by another

method by Hug [H] for p with 0oppN: The affine invariance for �noppN
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follows from the results in [MW2]. The proof of [H] seems to carry over to negative p

also. We include a proof here for the sake of completeness.

Proposition 9. Let �NpppN and pa� n: Let K be a convex body in Rn such that

0AK
3

: Let T :Rn-Rn a linear, invertible map. Then

OpðTðKÞÞ ¼ detðTÞ
n�p
nþpOpðKÞ:

(For p ¼ 7N we put n�p
nþp

¼ �1:)

For the proof of Proposition 9 we need some lemmas.

Lemma 10. Let K be a convex body in Rn such that 0AK
3

; m@K the surface measure on

@K ; f : @K-R an integrable function, and T :Rn-Rn an invertible, linear map. ThenZ
@K

f ðxÞ dm@KðxÞ ¼ detðTÞ�1

Z
@TðKÞ

jjT�1tðN@KðT�1ðyÞÞÞjj�1
f ðT�1ðyÞÞ dm@TðKÞðyÞ:

Proof. A surface element of @K is mapped onto one of @TðKÞ whose volume is

bigger by the factor detðTÞjjT�1tðN@KðxÞÞjj: We check this. Let AC@K be a small,
open neighborhood of a point xA@K at which @K is differentiable. Then

volnð½0;TðAÞ�Þ ¼ volnðT ½0;A�Þ ¼ detðTÞ volnð½0;A�Þ:

Since @K is differentiable at xAA; the expression volnð½0;A�Þ equals up to a small
error

1

n
/x;N@KðxÞSvoln�1ðAÞ

and volnð½0;TðAÞ�Þ equals up to a small error

1

n
/TðxÞ;N@TðKÞðTðxÞÞSvoln�1ðTðAÞÞ

¼ 1

n
TðxÞ; T�1tðN@KðxÞÞ

jjT�1tðN@KðxÞÞjj

� �
voln�1ðTðAÞÞ

¼ 1

n
x;

N@KðxÞ
jjT�1tðN@KðxÞÞjj

� �
voln�1ðTðAÞÞ:

Therefore voln�1ðTðAÞÞ equals up to a small error detðTÞjjT�1tðN@KðxÞÞjjvoln�1ðAÞ:
Since @K is a.e. differentiable the result follows. &

Lemma 11 (Leichtweiss [L1], Schütt and Werner [SchW1]). Let K be a convex body

in Rn and suppose that the generalized Gauss–Kronecker curvature k exists in xA@K :
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Let Dðx; tÞ be the height of the cap with volume t, i.e.

volnðK-H�ðx � Dðx; tÞN@KðxÞ;N@KðxÞÞÞ ¼ t:

Then

cn lim
t-0

Dðx; tÞ

t
2

nþ1

¼ k
1

nþ1;

where cn ¼ 2
voln�1ðBn�1

2
Þ

nþ1

	 
 2
nþ1

:

Lemma 12. Let K be a convex body in Rn and suppose that the generalized Gauss–

Kronecker curvature k exists in xA@K : Let T :Rn-Rn be a linear, invertible map.

Then the generalized Gauss–Kronecker curvature k exists in TðxÞA@TðKÞ and

kðxÞ ¼ jjT�1tðN@KðxÞÞjjnþ1 detðTÞ2kðTðxÞÞ:

Proof. We only show the formula. By Lemma 11

cn lim
t-0

Dðx; tÞ

t
2

nþ1

¼ kðxÞ
1

nþ1 cn lim
s-0

DðTðxÞ; sÞ

s
2

nþ1

¼ kðTðxÞÞ
1

nþ1:

Let H ¼ Hðx � Dðx; tÞN@KðxÞ;N@KðxÞÞ: Then we have volnðK-H�Þ ¼ t;
volnðTðK-H�ÞÞ ¼ t detðTÞ and TðKÞ-TðH�Þ is a cap of TðKÞ at TðxÞ: The

normal at TðxÞ is T�1tðN@KðxÞÞjjT�1tðN@KðxÞÞjj�1: The height of the cap
TðKÞ-TðH�Þ equals the height of the cap K-H� multiplied by the factor

jjT�1tðN@KðxÞÞjj�1: We check this. The height of the cap TðKÞ-TðH�Þ equals

/TðxÞ � Tðx � Dðx; tÞN@KðxÞÞ;N@TðKÞðTðxÞÞS

¼ TðDðx; tÞN@KðxÞÞ;
T�1tðN@KðxÞÞÞ

jjT�1tðN@KðxÞÞÞjj

� �
¼ Dðx; tÞ

jjT�1tðN@KðxÞÞÞjj
:

Thus we get

DðTðxÞ; t detðTÞÞ ¼ Dðx; tÞjjT�1tðN@KðxÞÞjj�1

and

Dðx; tÞ

t
2

nþ1

¼ detðTÞ
2

nþ1jjT�1tðN@KðxÞÞjj
DðTðxÞ; t detðTÞÞ

ðt detðTÞÞ
2

nþ1

:

It is left to pass to the limits. &
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Proof of Proposition 9. Let a ¼ p=ðn þ pÞ and b ¼ nðp � 1Þ=ðn þ pÞ: In the case p ¼
7N we have a ¼ 1 and b ¼ n: By Lemma 10Z

@K

kðxÞa

/x;N@KðxÞSb dm@KðxÞ

¼ detðTÞ�1

Z
@TðKÞ

jjT�1tðN@KðT�1ðyÞÞÞjj�1 kðT�1ðyÞÞa

/T�1ðyÞ;N@KðT�1ðyÞÞSb dm@TðKÞðyÞ

¼ detðTÞ�1

Z
@TðKÞ

jjT�1tðN@KðT�1ðyÞÞÞjj�1�b kðT�1ðyÞÞa

/y;N@TðKÞðyÞSb dm@TðKÞðyÞ:

By Lemma 12 the last expression equals

detðTÞ2a�1

Z
@TðKÞ

jjT�1tðN@KðT�1ðyÞÞÞjjaðnþ1Þ�1�b kðyÞa

/y;N@TðKÞðyÞSb dm@TðKÞðyÞ:

Notice that aðn þ 1Þ � 1� b ¼ 0 and 2a� 1 ¼ ðp � nÞ=ðn þ pÞ: &

Now we want to present a geometric characterization of the p-affine surface area
for all p similar in spirit to the one given in [SchW2,W3]. A geometric interpretation
for �npppN exists already in [MW2].

We will briefly mention the results of [SchW2] as some of the concepts introduced
there will also be useful here.

A random polytope is the convex hull of finitely many points that are chosen from
K with respect to a probability measure P on K : The expected volume of a random
polytope of N points is

EðP;NÞ ¼
Z

K

?
Z

K

volnð½x1;y; xN �Þ dPðx1ÞydPðxNÞ;

where ½x1;y; xN � is the convex hull of the points x1;y; xN :

For a integrable, nonnegative function f : @K-R with
R
@K

f ðxÞ dm ¼ 1 we denote

by Pf the probability measure with dPf ¼ fdm@K :

In [SchW2] random polytopes are considered where the points are chosen from the
boundary of K with respect to Pf and then the expected volume is

Eðf ;NÞ ¼ EðPf ;NÞ ¼
Z
@K

?
Z
@K

volnð½x1;y; xN �Þ dPf ðx1ÞydPf ðxNÞ:

For q; �NpqpN; qa� n; let the functions fq : @K-R be given as follows: For

q ¼ 7N; put

f7NðxÞ ¼ kðxÞ
O7NðKÞ/x;N@KðxÞSn ð10Þ

and for all other values of q
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fqðxÞ ¼
kðxÞ

q
nþq

OqðKÞ/x;N@KðxÞS
nðq�1Þ

nþq

: ð11Þ

The following theorem is a consequence of the result in [SchW2]. For the proof see
[SchW2].

Theorem 13. Let K be a convex body in Rn with the origin in its interior. Assume also

that there are r and R in R with 0orpRoN so that we have for all xA@K

Bn
2ðx � rN@KðxÞ; rÞDKDBn

2ðx � RN@KðxÞ;RÞ:

Let �NpppN; pa� n: For pa� 1 let q ¼ n�pðn�2Þ
pþ1

: Then

lim
N-N

volnðKÞ � Eðfq;NÞ

ðOqðKÞ
N

Þ
2

n�1

¼ cnOpðKÞ ð12Þ

and

lim
N-N

volnðKÞ � Eðf7N;NÞ

ðO7NðKÞ
N

Þ
2

n�1

¼ cnO�1ðKÞ; ð13Þ

where cn ¼ ðn�1Þ
nþ1
n�1G nþ1þ 2

n�1

� �
2ðnþ1Þ!ðvoln�2ð@Bn�1

2
ÞÞ

2
n�1

:

Now we come to the geometric interpretation of the p-affine surface area using
surface bodies.

Let K be a convex body and xA@K : We define rðxÞ as the maximum of all real
numbers r so that Bn

2ðx � rN@KðxÞ; rÞDK : This has been used in [SchW1] to

investigate the floating body. It was pointed out there that for all a with 0pao1 the

integral
R
@K

rðxÞ�a
dm@ðKÞðxÞ is finite. The cube is an example showing thatR

@K
rðxÞ�1

dm@ðKÞðxÞ may be infinite.

From now on we assume without loss of generality that 0 is an interior point of K

and for xA@K and s40 we put

xs ¼ ½0; x�-@Kf ;s:

We call the function Mf : @K-R

Mf ðx0Þ ¼ inf
0os

1

voln�1ð@K-H�ðxs;N@Ks
ðxsÞÞÞ

Z
@K-H�ðxs;N@Ks ðxsÞÞ

f dm@K ð14Þ

the minimal function.
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Theorem 14. Let K be a convex body in Rn: Suppose that f : @K-R is an integrable,

almost everywhere strictly positive function such that
R

f dm@K ¼ 1: Assume thatZ
@K

1

ððMf ðxÞÞ
2

n�1rðxÞ
dm@KðxÞoN:

Then

dn lim
s-0

volnðKÞ � volnðKf ;sÞ

s
2

n�1

¼
Z
@K

k
1

n�1

f
2

n�1

dm@K ;

where dn ¼ 2ðvoln�1ðBn�1
2 ÞÞ

2
n�1:

One cannot expect that the asymptotic formula of Theorem 14 holds for all
integrable function. We give an example.

It makes most sense to define

kðxÞ
1

n�1

f ðxÞ
2

n�1

¼ 0

if kðxÞ ¼ 0 and f ðxÞ ¼ 0: Consider the convex body K (see Fig. 6) which consists of a
half-circle and a triangle attached to it. We define the function f to be equal to 0 on
the lines of the triangle and constant on the half-circle such that the integral of f

equals 1: Then, since Kf ;0 does not contain the triangular part of K

lim
s-0

volnðKÞ � volnðKf ;sÞ

s
2

n�1

¼ N

while
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Z
@K

k
1

n�1

f
2

n�1

dm@K

is clearly finite.

Corollary 15. Let K be a convex body in Rn with the origin in its interior. Let

�NpppN; pa� n: For pa� 1 let q ¼ n�pðn�2Þ
pþ1 and for p ¼ �1 let q ¼ N: Let fq

be as in (10) and (11) and assume that it is almost everywhere strictly positive. Assume

that Z
@K

1

ðMfq
ðxÞÞ

2
n�1rðxÞ

dm@KðxÞoN:

Then

dn lim
s-0

volnðKÞ � volnðKfq;sÞ

ðsOqðKÞÞ
2

n�1

¼ OpðKÞ: ð15Þ

Thus for every p-affine surface area Op there is a density fq with q ¼ n�pðn�2Þ
pþ1

so that

(15) holds. Conversely, for each density fq there is an affine surface area Op with

p ¼ n�q
qþn�2

such that (15) holds.

For the proof of Theorem 14 we need several lemmas.

Lemma 16. Let K and L be two convex bodies in Rn such that 0AL
3

and LDK : Then

volnðKÞ � volnðLÞ ¼
1

n

Z
@K

/x;N@KðxÞS 1� jjxLjj
jjxjj

� �n� �
dm@KðxÞ;

where xL ¼ ½0; x�-@L and m@K is the usual surface measure on @K :

The proof of Lemma 16 is standard.
Since we want to apply the Lebesgue convergence theorem, we need a dominating

function. This function turns out to have 1=rðxÞ as a factor. In [SchW1,Sch1],

dealing with related problems, the dominating function is a multiple of rðxÞ�
n�1
nþ1

which is integrable. In fact, as mentioned above, rðxÞ�a is integrable provided that
ao1 and there is an example in [SchW1] for which 1=rðxÞ is not integrable.

Lemma 17. Let K be a convex body in Rn such that 0 is an interior point of K and let

f : @K-R be an integrable function with
R
@K

f ðxÞ dm@KðxÞ ¼ 1 and such that fX0 a.e.
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Then there is s040 such that for all s with 0psps0 and for almost all xA@K

0p
/x;N@KðxÞS 1� jjxsjj

jjxjj

	 
n	 

s

2
n�1

p
C

ðMf ðxÞÞ
2

n�1rðxÞ
;

where xs ¼ ½0; x�-@Kf ;s and C is an absolute constant. If the normal is not unique we

take any normal to a supporting hyperplane at this point.

Proof. By Proposition 5(iv) there is s0 such that for all s with 0psps0 the point 0 is
an interior point of Kf ;s: Thus xs is well defined.

Let xA@K : If the normal N@KðxÞ is not unique then rðxÞ ¼ 0 and the estimate is
satisfied. We first consider the case that xsA@K : Then, by construction of xs; xs ¼ x

and therefore

/x;N@KðxÞS 1� ðjjxsjj
jjxjj Þ

n
	 


s
2

n�1

¼ 0:

Thus we may assume that N@KðxÞ is unique and xs is an interior point of K :
As x and xs are collinear and jjxsjjpjjxjj

jjxsjj
jjxjj ¼ 1� jjx � xsjj

jjxjj :

Hence

1

n
/x;N@KðxÞS 1� jjxsjj

jjxjj

� �n� �
¼ 1

n
/x;N@KðxÞS 1� 1� jjx � xsjj

jjxjj

� �n� �
p

x

jjxjj;N@KðxÞ
� �

jjx � xsjj: ð16Þ

The last expression is also denoted by Ds:

Ds ¼
x

jjxjj;N@KðxÞ
� �

jjx � xsjj ¼ x � xs;N@KðxÞh i:

It is the distance of x to the hyperplane through xs and orthogonal to N@KðxÞ: As xs

is an interior point of K ; by Lemma 3(i) there is a hyperplane H with xsAH and
Pf ð@K-H�Þ ¼ s:

s ¼ Pf ð@K-H�Þ ¼
Z
@K-H�

f ðyÞ dm@KðyÞXMf ðxÞvoln�1ð@K-H�Þ: ð17Þ

We show now that there is a constant c such that we have for all xA@K
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c voln�1ð@K-H�ÞX
ðDsrðxÞÞ

n�1
2 if DspminfrðxÞ

2
; rðxÞ/ x

jjxjj;N@KðxÞS2g;

Dn�1
s if Ds4minfrðxÞ

2
; rðxÞ/ x

jjxjj;N@KðxÞS2g:

8<: ð18Þ

This inequality is an analogue of an inequality in [Sch1] (see [Sch1, Lemma 5]). We

consider first the case Ds4minfrðxÞ
2
; rðxÞ/ x

jjxjj;N@KðxÞS2g: Since 0 is an interior point,

there is r40 such that Bn
2ð0; rÞDK: We consider the convex hull of x and Bn

2ð0;rÞ:
Then

voln�1ð@K-H�ÞXvoln�1ðH-½x;Bn
2ð0; rÞ�Þ: ð19Þ

The set ½x;Bn
2ð0; rÞ� contains a Euclidean ball with center xs and radius rjjx�xsjj

jjxjj :

Therefore H-½x;Bn
2ð0; rÞ� contains a n � 1-dimensional Euclidean ball whose radius

is greater than rjjx�xsjj
jjxjj : Thus we get

voln�1ð@K-H�ÞX r
diamðKÞjjx � xsjj
� �n�1

voln�1ðBn�1
2 Þ: ð20Þ

Since Dspjjx � xsjj we have established (18) for the case

Ds4min
rðxÞ
2

; rðxÞ x

jjxjj;N@KðxÞ
� �2

( )

(actually we did not use Ds4minfrðxÞ
2
; rðxÞ x

jjxjj;N@KðxÞ
D E2

g).
Now we consider the other case:

Dspmin
rðxÞ
2

; rðxÞ x

jjxjj;N@KðxÞ
� �2

( )
: ð21Þ

For all s with 0osps0

1

3

x

jjxjj;N@KðxÞ
� �

jjx � xsjjpdðxs; @Bn
2ðx � rðxÞN@KðxÞ; rðxÞÞÞ;

where dðxs; @Bn
2ðx � rðxÞN@KðxÞ; rðxÞÞÞ denotes the distance of xs to the boundary of

the Euclidean ball. We show this. In Fig. 7 this distance equals jjxs � ysjj:
As can be seen from Fig. 7 we have jjxs � ysjjpDspjjxs � zsjj: We claim that

jjxs � zsjjp3jjxs � ysjj: The ratio between jjxs � zsjj and jjxs � ysjj is monotone.
Indeed, let g be the angle at x � rðxÞN@KðxÞ: Then

jjxs � zsjj
jjxs � ysjj

¼ rðxÞ
jjxs � ysjj

1

cos g
� 1

� �
þ 1;

which is decreasing as s-0; for g with 0pgpp
2
: Therefore it suffices to consider the
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case when the line through xs and ys is orthogonal to the line through x and xs: Then
we have

jjxs � zsjj ¼ rðxÞ 1

cos g
� 1

� �
þ jjxs � ysjj

¼ rðxÞ 1

rðxÞ � jjxs � ysjj
� 1

� �
þ jjxs � ysjj

¼ rðxÞjjxs � ysjj
rðxÞ � jjxs � ysjj

þ jjxs � ysjjp3jjxs � ysjj:

The last inequality follows because rðxÞ � jjxs � ysjjXrðxÞ � DsX
1
2
rðxÞ: Therefore,

@Bn
2ðx � rðxÞN@KðxÞ; rðxÞÞ-H� is a cap of a Euclidean ball with radius rðxÞ whose

height is greater than 1
3
Ds ¼ 1

3
x

jjxjj;N@KðxÞ
D E

jjx � xsjj:
The surface area of such a cap is greater than (see [SchW2, Lemma 1.3])

voln�1ðBn�1
2 ÞrðxÞ

n�1
2

2

3
Ds �

D2
s

9rðxÞ

� �n�1
2

:

As voln�1ð@K-H�ÞXvoln�1ð@Bn
2ðx � rðxÞN@KðxÞ; rðxÞÞ-H�Þ; this gives the other

case of (18). Therefore (17) and (18) give (with a new constant c)
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sX

cMf ðxÞðDsrðxÞÞ
n�1
2 if Dspmin

rðxÞ
2
; rðxÞ x

jjxjj;N@KðxÞ
D E2� �

;

cMf ðxÞDn�1
s if Ds4min rðxÞ

2
; rðxÞ x

jjxjj;N@KðxÞ
D E2� �

:

8>>><>>>: ð22Þ

It follows

s
2

n�1X

ðcMf ðxÞÞ
2

n�1DsrðxÞ if Dspmin rðxÞ
2
; rðxÞ x

jjxjj;N@KðxÞ
D E2� �

;

ðcMf ðxÞÞ
2

n�1D2
s if Ds4min rðxÞ

2
; rðxÞ x

jjxjj;N@KðxÞ
D E2� �

:

8>>><>>>: ð23Þ

Therefore, we get for all s with 0ospT with a new constant c

s
2

n�1XðcMf ðxÞÞ
2

n�1DsrðxÞ ð24Þ

and thus with (16) and (24)

/x;N@KðxÞS 1� jjxsjj
jjxjj

	 
n	 

ns

2
n�1

p

x

jjxjj;N@KðxÞ
� �

jjx � xsjj

ðcMf ðxÞÞ
2

n�1rðxÞDs

p
1

ðcMf ðxÞÞ
2

n�1rðxÞ
: &

Lemma 18. Let K be a convex body in Rn and let x0A@K such that the indicatrix of

Dupin exists at x0 and is an ellipsoid (and not a cylinder). Let f : @K-R be a

nonnegative, integrable function with
R

f dm ¼ 1: Assume that f ðx0Þ40 and that

lim
D-0

1

voln�1ð@K-H�
D Þ

Z
@K-H�

D

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0; ð25Þ

where HD ¼ H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ: Then there is s0 so that for all s with

0osps0

1

2
f ðx0Þp

1

voln�1ð@K-H�ðxs;N@Ks
ðxsÞÞÞ

Z
@K-H�ðxs;N@Ks ðxsÞÞÞ

f ðxÞ dm@KðxÞ: ð26Þ
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Proof. Let

AD ¼ xA@K-H�
D f ðxÞ4 9

10
f ðx0Þ

 ��
: ð27Þ

By (25)

lim
D-0

m@KðADÞ
m@Kð@K-H�

D Þ
¼ 1: ð28Þ

Let p be the metric projection from @K to Hðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ: For every
d40 there is D such that for all measurable AD@K-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ

voln�1ðpðAÞÞpvoln�1ðAÞpð1þ dÞvoln�1ðpðAÞÞ: ð29Þ

This is easily seen since for D sufficiently small the normals N@Kðx0Þ and N@KðxÞ
differ only by a small angle. Compare the proof of Lemma 2.7 in [SchW2].

We apply an affine transform T :Rn-Rn to K so that the indicatrix of Dupin is
transformed into an n � 1-dimensional Euclidean ball (see formula (5) in [SchW2]).
T has the following properties:

Tðx0Þ ¼ x0 TðN@Kðx0ÞÞ ¼ N@Kðx0Þ detðTÞ ¼ 1

and T maps a measurable subset of a hyperplane orthogonal to N@Kðx0Þ onto a
subset of the same n � 1-dimensional measure. By (29) it follows that for all e40
there is D40 such that for all measurable subsets A of @K-H�ðx0 �
DN@Kðx0Þ;N@Kðx0ÞÞ

ð1� eÞvoln�1ðAÞpvoln�1ðTðAÞÞpð1þ eÞvoln�1ðAÞ: ð30Þ

Indeed, by (29) the sets A and pðAÞ have up to a small error the same volume.

TðpðAÞÞ has the same volume as pðAÞ: Now we compare this to p�1ðTðAÞÞ:
TðKÞ can be approximated at x0 ¼ Tðx0Þ by a n-dimensional Euclidean ball, i.e.

for all e40 there are D and r;R with rpRpð1þ eÞr such that

Bn
2ðx0 � rN@Kðx0Þ; rÞ-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ

DTðKÞ-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ

DBn
2ðx0 � RN@Kðx0Þ;RÞ-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ: ð31Þ

For any D40 there is s0 so that for all s with 0osps0

K-H�ðxs;N@Ks
ðxsÞÞDK-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ:

This holds since N@Ks
ðxsÞ converges to N@Kðx0Þ for s-0: See Lemma 2.5 in [SchW2].

Thus we can apply (30) to A ¼ @K-H�ðxs;N@Ks
ðxsÞÞ and obtain for sufficiently

small s
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ð1þ eÞvoln�1ð@K-H�ðxs;N@Ks
ðxsÞÞÞ

Xvoln�1ð@TðKÞ-TðH�ðxs;N@Ks
ðxsÞÞÞÞ

Xvoln�1ð@Bn
2ðx0 � rN@Kðx0Þ; rÞ-TðH�ðxs;N@Ks

ðxsÞÞÞÞ: ð32Þ

For the last inequality we consider the metric projection. Now

voln�1ð@Bn
2ðx0 � rN@Kðx0Þ; rÞ-TðH�ðxs;N@Ks

ðxsÞÞÞÞ

Xvoln�1ðBn
2ðx0 � rN@Kðx0Þ; rÞ-TðHðxs;N@Ks

ðxsÞÞÞÞ

and the set

Bn
2ðx0 � rN@Kðx0Þ; rÞ-TðHðxs;N@Ks

ðxsÞÞÞ ð33Þ

is a ball whose radius is larger than 1
2
times the radius of the ball

Bn
2ðx0 � rN@Kðx0Þ; rÞ-Hðx0 � D0N@Kðx0Þ;N@Kðx0ÞÞ; ð34Þ

where

D0 ¼ maxfjjx0 � xjj jxABn
2ðx0 � rN@Kðx0Þ; rÞ-Hðxs;N@KðxsÞÞg:

This follows from Fig. 8.
Hence, by (32)

ð1þ eÞvoln�1ð@K-H�ðxs;N@Ks
ðxsÞÞÞ

X2�nþ1voln�1ðBn
2ðx0 � rN@Kðx0Þ; rÞ-Hðx0 � D0N@Kðx0Þ;N@Kðx0ÞÞÞ

By (31), for sufficiently small D0
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ð1þ eÞvoln�1ð@K-H�ðxs;N@Ks
ðxsÞÞÞ

X2�nþ1voln�1 Bn
2 x0 �

R

1þ e
N@Kðx0Þ;

R

1þ e

� �
-Hðx0 � D0N@Kðx0Þ;N@Kðx0ÞÞ

� �
X2�nþ1 1

ð1þ eÞn�1
voln�1ðTðKÞ-Hðx0 � D0N@Kðx0Þ;N@Kðx0ÞÞÞ

¼ 2�nþ1 1

ð1þ eÞn�1
voln�1ðK-Hðx0 � D0N@Kðx0Þ;N@Kðx0ÞÞÞ

Xð1þ dÞ�12�nþ1 1

ð1þ eÞn�1
voln�1ð@K-H�ðx0 � D0N@Kðx0Þ;N@Kðx0ÞÞÞ: ð35Þ

The last inequality follows from (29). By (28) we get that for D sufficiently small on a

subset of @K-H�ðxs;N@Ks
ðxsÞÞ whose measure is at least 3

4
of this cap we have

ð 9
10
Þf ðx0Þpf ðxÞ: This proves (26). &

We say that a family of sets AsD@K ; 0osps0; shrinks nicely to a point x0A@K if
(i) lims-0 diamðAsÞ ¼ 0
and if
(ii) there is c40 such that for every s there is t with

@K-Bn
2ðx0; tÞDAsD@K-Bn

2ðx0; ctÞ:

See e.g. [Fo, pp.96–98] in the case of Rn: The results carry over to the case of a
boundary of a convex body. In particular, the result that we are using here, that the
limit

lim
r-0

1

voln�1ð@K-Bn
2ðx0; rÞÞ

Z
@K-Bn

2
ðx0;rÞ

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0 ð36Þ

exists almost everywhere.
If a family As; 0os; shrinks nicely to a point x0 then we have

lim
s-0

1

voln�1ðAsÞ

Z
As

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0 ð37Þ

provided that (36) holds.

Lemma 19. Let K be a convex body in Rn and x0A@K : Suppose that the indicatrix at

x0 exists and is an ellipsoid (and not a cylinder).
(i) Then the family of sets

@K-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ 0oD

shrinks nicely to x0:
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(ii) Suppose that f : @K-R is an integrable, a.e. strictly positive function and that

f ðx0Þ40: Moreover, suppose that

lim
r-0

1

voln�1ð@K-Bn
2ðx0; rÞÞ

Z
@K-Bn

2
ðx0;rÞ

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0: ð38Þ

Then the family

@K-H�ðxs;N@Ks
ðxsÞÞ 0os

shrinks nicely to x0:

Proof. (i) Since the indicatrix at x0 is an ellipsoid we can approximate @K at x0 by an
ellipsoid. Therefore, there are D0; r and R such that D0pr;

Bn
2ðx0 � rN@Kðx0Þ; rÞDK

3

,fx0g ð39Þ

and

K-H�ðx0 � D0N@Kðx0Þ;N@Kðx0ÞÞ

DBn
2ðx0 � RN@Kðx0Þ;RÞ-H�ðx0 � D0N@Kðx0Þ;N@Kðx0ÞÞ: ð40Þ

Since we have for all D with 0oDpD0

Bn
2ðx0 � RN@Kðx0Þ;RÞ-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ

DBn
2ðx0;

ffiffiffiffiffiffiffiffiffiffi
2RD

p
Þ

it follows from (40) that

K-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞDBn
2ðx0;

ffiffiffiffiffiffiffiffiffiffi
2RD

p
Þ ð41Þ

which implies

@K-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞD@K-Bn
2ðx0;

ffiffiffiffiffiffiffiffiffiffi
2RD

p
Þ: ð42Þ

On the other hand, with H ¼ Hðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ

@K-Bn
2ðx0;

ffiffiffiffiffiffiffiffi
2rD

p
Þ

¼ ð@K-Bn
2ðx0;

ffiffiffiffiffiffiffiffi
2rD

p
Þ-H�Þ,ð@K-Bn

2ðx0;
ffiffiffiffiffiffiffiffi
2rD

p
Þ-HþÞ

Dð@K-H�Þ,ð@K-Bn
2ðx0;

ffiffiffiffiffiffiffiffi
2rD

p
Þ-HþÞ:

We have

Bn
2ðx0;

ffiffiffiffiffiffiffiffi
2rD

p
Þ-HþDBn

2ðx0 � rN@Kðx0Þ; rÞ-Hþ:
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By (39)

@K-Bn
2ðx0;

ffiffiffiffiffiffiffiffi
2rD

p
Þ-Hþ

D@K-Bn
2ðx0 � rN@Kðx0Þ; rÞ-Hþ ¼ |:

Therefore we get

@K-Bn
2ðx0;

ffiffiffiffiffiffiffiffi
2rD

p
Þ

D@K-H�ðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ

D@K-Bn
2ðx0;

ffiffiffiffiffiffiffiffiffiffi
2RD

p
Þ:

(ii) Let r; R and D0 as above. We denote the height of the cap K-H�ðxs;N@Kðx0ÞÞ
by Ds ¼ /x0 � xs;N@Kðx0ÞS: We require that DspD0: We have

Hðxs;N@Kðx0ÞÞ ¼ Hðx0 � DsN@Kðx0Þ;N@Kðx0ÞÞ:

As in the proof of Lemma 3(ii) we show that xs is an interior point. We have by
Lemma 3(i)

s ¼
Z
@K-H�ðxs;N@Ks ðxsÞÞ

f ðxÞ dm@KðxÞ: ð43Þ

If the normal is not unique we choose an appropriate one. By (i) the family
@K-H�ðx0 � DsN@Kðx0Þ;N@Kðx0ÞÞ; 0oD; shrinks nicely to x0: Therefore, by
assumption (38)

lim
D-0

1

voln�1ð@K-H�
D Þ

Z
@K-H�

D

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0: ð44Þ

Thus hypothesis (25) of Lemma 18 is fulfilled and we have (26). Therefore

1
2

f ðx0Þ voln�1ð@K-H�ðxs;N@Ks
ðxsÞÞÞ

psp2f ðx0Þvoln�1ð@K-H�ðxs;N@Kðx0ÞÞÞ: ð45Þ

The left-hand inequality follows from (26) and (43). The right-hand inequality
follows by (44) and

sp
Z
@K-H�ðxs;N@K ðx0ÞÞ

f ðxÞ dm@KðxÞ:

Since f ðx0Þ40 inequality (45) implies

voln�1ð@K-H�ðxs;N@Ks
ðxsÞÞÞp4 voln�1ð@K-H�ðxs;N@Kðx0ÞÞÞ: ð46Þ

From this we get for sufficiently small D0
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voln�1ð@Bn
2ðx0 � rN@Kðx0Þ; rÞÞ-H�ðxs;N@Ks

ðxsÞÞÞ

p4 voln�1ð@Bn
2ðx0 � RN@Kðx0Þ;RÞ-H�ðxs;N@Kðx0ÞÞÞ ð47Þ

because the metric projection maps a set onto a set of smaller volume. Let hs be the
height of the cap

Bn
2ðx0 � rN@Kðx0Þ; rÞ-H�ðxs;N@Ks

ðxsÞÞ:

For D0 sufficiently small we have hspr: Indeed, suppose hs4r; then by (47)

1

2
rn�1voln�1ð@Bn

2Þp8 voln�1ðBn�1
2 ÞR

n�1
2 2Ds �

D2
s

R

� �n�1
2

:

For sufficiently small D0 this is impossible. Again, by (47)

voln�1ðBn�1
2 Þr

n�1
2 2hs �

h2
s

r

� �n�1
2

p8 voln�1ðBn�1
2 ÞR

n�1
2 2Ds �

D2
s

R

� �n�1
2

:

Since hspr

r
n�1
2 h

n�1
2

s p8R
n�1
2 ð2DsÞ

n�1
2 :

This implies

hsp128
R

r
Ds: ð48Þ

In Fig. 9 we see the two-dimensional plane that contains the points x0 and x0 �
rN@Kðx0Þ and that is orthogonal to the n � 2-dimensional plane
Hðxs;N@Ks

ðxsÞÞ-Hðxs;N@Kðx0ÞÞ: The point xs is not necessarily in the plane seen

in Fig. 9. Therefore, the angle g may appear smaller than it is. We denote the
orthogonal projection of the point xs onto the two-dimensional plane seen in Fig. 9
by xs0 : Thus both points xs and xs0 appear in the same position in Figs. 9 and 10.

Also, please note that in Figs. 9 and 10 there is only shown the case where

x0 � DsN@Kðx0ÞAHþðxs;N@Ks
ðxsÞÞ: The other case, x0 � DsN@Kðx0ÞA

H�ðxs;N@Ks
ðxsÞÞ is treated in the same way.

Now we want to estimate the radius of the largest cap Bn
2ðx0 �

rN@Kðx0Þ; rÞ-H�ðx0 � DmN@Kðx0Þ;N@Kðx0ÞÞ that is contained in H�ðxs;N@Ks
ðxsÞÞ:

We do this by examining Fig. 10.
We compute the point in Fig. 10 where the line segments ½x0; z� and ½xs0 ; v�

intersect.
In Fig. 10 we introduce the ðu;wÞ-coordinate system. The origin in the ðu;wÞ-plane

is at x0 � DsN@Kðx0Þ: In this coordinate system the line through x0 and z has the
equation
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u ¼ � Dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2rDs � D2

s

q w þ Ds

and the line through xs0 and v

u ¼ ðtan aÞw þ tan ajjxs0 � ðx0 � DsN@Kðx0ÞÞjj:
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Solving for w

w ¼ Ds � tan ajjxs0 � ðx0 � DsN@Kðx0ÞÞjj
Dsffiffiffiffiffiffiffiffiffiffiffiffiffi

2rDs�D2
s

p þ tan a
; ð49Þ

where a is as in Fig. 10. w is smaller than the radius of the largest cap. We have

Ds tan gXjjxs0 � ðx0 � DsN@Kðx0ÞÞjj: ð50Þ

Since x0AH�ðxs;N@Ks
ðxsÞÞ (see Fig. 9)

hsXrð1� cos aÞ:

By (48)

1� cos ap128
R

r2
Ds:

Therefore, for D0 sufficiently small

a2p528
R

r2
Ds: ð51Þ

Together with (49) and (50) we get wXC
ffiffiffiffiffi
Ds

p
for some constant C: Thus there is a

constant C such that for all DspD0

@K-Bn
2ðx0;C

ffiffiffiffiffi
Ds

p
ÞD@K-H�ðxs;N@Ks

ðxsÞÞ: ð52Þ

Now we show the inverse inclusion to (52).
The angle between N@Kðx0Þ and N@Ks

ðxsÞ is a: Therefore, the radius of the n � 1-

dimensional Euclidean ball (see Fig. 11)

Bn
2ðx0 � RN@Kðx0Þ;RÞ-Hðx0;N@Ks

ðxsÞÞ

equals R sin a and the height of the associated cap is Rð1� cos aÞ: By (51) for small
D0 this is of the order

1

2
Ra2p128

R2

r2
Ds:

The height of the cap

Bn
2ðx0 � RN@Kðx0Þ;RÞ-H�ðxs;N@Ks

ðxsÞÞ ð53Þ

is less than the height of the cap

Bn
2ðx0 � RN@Kðx0Þ;RÞ-H�ðx0;N@Ks

ðxsÞÞ
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plus the distance of xs to x0: This in turn is less than C0Ds: Therefore the radius of

cap (53) is less than C00 ffiffiffiffiffiDs

p
: &

Lemma 20 (Schütt and Werner [SchW2, Lemma 2.7]). Let K be a convex body in Rn

such that 0 is an interior point of K. Let x0A@K : Let f : @K-R be an integrable, a.e.

strictly positive function with
R
@K

f ðxÞ dm@KðxÞ ¼ 1 and such that f ðx0Þ40 and

lim
D-0

1

voln�1ð@K-H�
D Þ

Z
@K-H�

D

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0; ð54Þ

where HD ¼ Hðx � DN@KðxÞ;N@KðxÞÞ:
Suppose that the indicatrix of Dupin exists at x0 and is an ellipsoid (and not a

cylinder). For all s such that Ksa| and 0AKs; let xs be defined by fxsg ¼ ½0; x0�-@Ks:
Then for every e40 there is se so that for all s with 0ospse the points xs are interior

points of K and

spPf ð@K-H�ðxs;N@Kðx0ÞÞÞpð1þ eÞs:

In [SchW2] this lemma has a stronger assumption. We assume there that the
function f is continuous at x0: It is not difficult to check that the arguments in the
proof hold also with assumption (54).

Lemma 21. Let K be a convex body in Rn: Let f : @K-R be an integrable function

with respect to the surface measure. Then for almost all x0A@K where the generalized

Gauss curvature exists and is different from 0 the following limit exists and satisfies the

equation:
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lim
D-0

1

voln�1ð@K-H�
D Þ

Z
@K-H�

D

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0;

where HD ¼ Hðx0 � DN@Kðx0Þ;N@Kðx0ÞÞ:

Proof. As in the case of the Euclidean space Rn it is shown (see e.g. [Fo, pp. 96–98])
that for almost all x0A@K

lim
r-0

1

voln�1ð@K-Bn
2ðx0; rÞÞ

Z
@K-Bn

2
ðx0;rÞ

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0:

By Lemma 19 the family @K-H�
D ; 0oD; shrinks nicely to x0 provided that the

curvature is not equal to 0. The rest follows from the consideration just above
Lemma 19. &

Lemma 22. (i) Let xA@Bn
2 and let H be a hyperplane with xAH: Let D be the minimal

height of a cap Bn
2-H�ðð1� DÞx; xÞ such that

Bn
2-H�CBn

2-H�ðð1� DÞx; xÞ

and assume that Dp1
2
: Then

voln�1ð@Bn
2-H�ðð1� DÞx; xÞÞp2n voln�1ð@Bn

2-H�Þ:

(ii) Let E be an ellipsoid in Rn centered at 0 with principal axes a1e1;y; anen and let

H ¼ Hðanen; xÞ: Let D be the minimal height of a cap E-H�ððan � DÞen; enÞ such that

E-H�CBn
2-H�ððan � DÞen; enÞ

and assume that Dpminfan

2
; 1g: Then

voln�1ð@E-H�ððan � DÞen; enÞÞp2n�1 1þ 8an

min1pipn�1a
2
i

� �
voln�1ð@E-H�Þ:

Proof. (i)
ffiffiffi
D
2

q
is the radius of the cap Bn

2-H�: Therefore

voln�1ð@Bn
2-H�ÞX D

2

� �n�1
2
voln�1ðBn�1

2 Þ:

Moreover,

ARTICLE IN PRESS

1

3

5

7

9

11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45

C. Sch .utt, E. Werner / Advances in Mathematics ] (]]]]) ]]]–]]]40

YAIMA : 2269



UNCORRECTED P
ROOF

voln�1ð@Bn
2-H�ðð1� DÞx; xÞÞp2ð2DÞ

n�1
2 voln�1ðBn�1

2 Þ:

From this (i) follows.
(ii) We apply the transform S :Rn-Rn

SðxÞ ¼ xi

ai

� �n

i¼1

:

Then SðEÞ ¼ Bn
2: The new D is smaller than 1

2
as required in (i). By Lemma 1.3 of

[SchW2] and Dp1

voln�1ð@E-H�ððan � DÞen; enÞÞ

p 1þ 8an

min1pipn�1a
2
i

� �1
2
voln�1ðE-Hððan � DÞen; enÞÞ: ð55Þ

Now

voln�1ðBn
2-SðHððan � DÞen; enÞÞÞ ¼ voln�1ðSðE-Hððan � DÞen; enÞÞÞ

¼ 1Qn�1
i¼1 ai

voln�1ðE-Hððan � DÞen; enÞÞ ð56Þ

and

voln�1ðBn
2-SðHÞÞ ¼ voln�1ðSðE-HÞÞ ¼ 1Qn

i¼1 ai

1

jjSðxÞjj voln�1ðE-HÞ; ð57Þ

where x is the normal to H: As in the proof of (i)

voln�1ðBn
2-SðHððan � DÞen; enÞÞÞp2n�1 voln�1ðBn

2-SðHÞÞ:

Therefore, using (55)–(57)

voln�1ð@E-H�ÞX voln�1ðE-HÞ ¼
Yn

i¼1

aijjSðxÞjjvoln�1ðBn
2-SðHÞÞ:

X
1

2n�1

Yn

i¼1

aijjSðxÞjjvoln�1ðBn
2-SðHððan � DÞen; enÞÞÞ

¼ 1

2n�1
anjjSðxÞjjvoln�1ðE-Hððan � DÞen; enÞÞ

X
1

2n�1

anjjSðxÞjj

1þ 8an

min1pipn�1a2
i

	 
1
2

voln�1ð@E-H�ððan � DÞen; enÞÞ:
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Now note that

jjSðxÞjj ¼
Xn

i¼1

xi

ai

� �2
 !1

2

X
xn

an

¼ 1

an

/x; enS

X
1

an

min
xA@E-Hððan�DÞen;enÞ

/N@E; enS

X
1

an

1þ 8an

min1pipn�1a
2
i

� ��1
2
:

For the last inequality see the proof of Lemma 1.3 of [SchW2]. We use also that
Dp1: &

Lemma 23. Let K be a convex body in Rn such that 0 is an interior point of K and let

f : @K-R be an integrable function with
R
@K

f ðxÞ dm@KðxÞ ¼ 1 and such that fX0 a.e.

(i) For almost all xA@K at which the indicatrix of Dupin is an ellipsoid

lim
s-0

/x;N@KðxÞS 1� jjxsjj
jjxjj

	 
n	 

ns

2
n�1

¼ kðxÞ
1

n�1

2ðvoln�1ðBn�1
2 Þf ðxÞÞ

2
n�1

:

(ii) For almost all xA@K at which the indicatrix of Dupin is an elliptic cylinder

lim
s-0

/x;N@KðxÞS 1� jjxsjj
jjxjj

	 
n	 

ns

2
n�1

¼ 0:

Proof. Let x0A@K : Since f is a.e. strictly greater than 0 we may assume that
f ðx0Þ40: (16) holds for all s with 0ospT ; that is

1

n
/x0;N@Kðx0ÞS 1� jjxsjj

jjx0jj

� �n� �
p

x0

jjx0jj
;N@Kðx0Þ

� �
jjx0 � xsjj:

In the same way we obtain the inverse inequality.

1

n
/x0;N@Kðx0ÞS 1� jjxsjj

jjx0jj

� �n� �
¼ 1

n
/x0;N@Kðx0ÞS 1� 1� jjx0 � xsjj

jjx0jj

� �n� �
:

Since ð1� tÞnp1� nt þ nðn�1Þ
2

t2 for all t with 0ptp1

ARTICLE IN PRESS

1

3

5

7

9

11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45

C. Sch .utt, E. Werner / Advances in Mathematics ] (]]]]) ]]]–]]]42

YAIMA : 2269



UNCORRECTED P
ROOF

1

n
/x0;N@Kðx0ÞS 1� jjxsjj

jjx0jj

� �n� �
X

x0

jjx0jj
;N@Kðx0Þ

� �
jjx0 � xsjj 1� n � 1

2

jjx0 � xsjj
jjx0jj

� �
: ð58Þ

(i) We now assume that the indicatrix of Dupin at x0 is an ellipsoid. By Lemma
3(ii) xs is then an interior point of K : By (16) and (58) we can choose se so small that
we have for all spse

1� ep
1
n
/x0;N@Kðx0ÞS 1� jjxsjj

jjx0jj

	 
n	 

/ x0

jjx0jj;N@Kðx0ÞSjjx0 � xsjj


p1:

By this and Lemma 20 we can choose se so small that we have for all spse

1� ep
/x0;N@Kðx0ÞS 1� jjxsjj

jjx0jj

	 
n	 

ns

2
n�1

Pf ð@K-H�ðxs;N@Kðx0ÞÞÞ
2

n�1

x0

jjx0jj;N@Kðx0Þ
D E

jjx0 � xsjj


p1þ e:

The assumptions of Lemma 20 are satisfied because of Lemma 21. From this and
Lemma 21 we conclude that we can choose se so small that we have for all spse

1� 2e

p
/x0;N@Kðx0ÞS 1� jjxsjj

jjx0jj

	 
n	 

ns

2
n�1

ðf ðx0Þvoln�1ð@K-H�ðxs;N@Kðx0ÞÞÞÞ
2

n�1

x0

jjx0jj;N@Kðx0Þ
D E

jjx0 � xsjj




p1þ 2e:

Let Ds denote the height of the cap @K-H�ðxs;N@Kðx0ÞÞÞ; i.e.

Ds ¼
x0

jjx0jj
;N@Kðx0Þ

� �
jjx0 � xsjj:

For the surface area of the cap we have (see [SchW2]) for spse

ð1� eÞ voln�1ðBn�1
2 Þffiffiffiffiffiffiffiffiffiffiffi

kðx0Þ
p ð2DsÞ

n�1
2

pvoln�1ð@K-H�ðxs;N@Kðx0ÞÞÞ

pð1þ eÞ voln�1ðBn�1
2 Þffiffiffiffiffiffiffiffiffiffiffi

kðx0Þ
p ð2DsÞ

n�1
2 :

Therefore we get
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1� 3ep
/x0;N@Kðx0ÞS 1� jjxsjj

jjx0jj

	 
n	 

ns

2
n�1

2ðf ðx0Þvoln�1ðBn�1
2 ÞÞ

2
n�1

kðx0Þ
1

n�1


p1þ 3e:

From this it follows that

lim
s-0

/x0;N@Kðx0ÞS 1� jjxsjj
jjx0jj

	 
n	 

ns

2
n�1

¼ kðx0Þ
1

n�1

2ðf ðx0Þvoln�1ðBn�1
2 ÞÞ

2
n�1

:

This finishes the proof of Lemma 23(i).
(ii) Recall that, since f is a.e. strictly greater than 0 we may assume that f ðx0Þ40:

We first consider the case that there is s040 such that xs0A@K : Then for all s with
0psps0 we have xsA@K : Hence, by construction of xs; xs ¼ x0 and therefore

/x0;N@Kðx0ÞS 1� ðjjxsjj
jjx0jjÞ

n
	 


ns
2

n�1

¼ 0:

Now we treat the case that for all s40 the point xs is an interior point of K : The
indicatrix of Dupin at x0 is an elliptic cylinder and we may assume that the first k

axes have infinite lengths and the others not. Then, for every e40; there is an
ellipsoid E and se40 such that for all spse we have that

E-H�ðxs;N@Kðx0ÞÞCK-H�ðxs;N@Kðx0ÞÞ ð59Þ

and such that the lengths of the first k principal axes a1;y; ak are larger than 1
e (see

[SchW1]). As xs is an interior point of K ; by Lemma 3(i) there exists a hyperplane
Hðxs;N@Ks

ðxsÞÞ such that

s ¼ Pf ð@K-H�ðxs;N@Ks
ðxsÞÞÞ:

If the normal N@Ks
ðxsÞ is not unique, one of the normals satisfies the equation.

We consider the metric projection

p : @E-Hðx0;N@Kðx0ÞÞ;

which in this case is equal to the orthogonal projection. We also consider

q : @E-H�ðxs;N@Kðx0ÞÞ-@K

with qðxÞ ¼ ½x; pðxÞ�-@K: The family qð@E-H�ðxs;N@Kðx0ÞÞÞ; 0ospse; shrinks
nicely to x0 as s-0: This is proved in the same way as Lemma 19(i). Therefore we get

lim
s-0

1

voln�1ðqð@E-H�ðxs;N@Kðx0ÞÞÞÞ

Z
qð@E-H�ðxs;N@K ðx0ÞÞÞ

jf ðxÞ � f ðx0Þj dm@KðxÞ ¼ 0:
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This implies that for all d40 there is se such that for all 0ospse;

m@K xAqð@E-H�ðxs;N@Kðx0ÞÞÞ: f ðxÞX1
2

f ðx0Þ
� �� �

Xð1� dÞm@KðfxAqð@E-H�ðxs;N@Kðx0ÞÞÞgÞ: ð60Þ

We choose

1

10
2nþ1 1þ 8

min1pipn�1 b2
i

� �� ��1

;

where bi; 1pipn � 1; are the lengths of the principal axes of the indicatrix of Dupin.
The lengths ai; 1pipn; of the axes of the ellipsoid E and the lengths bi are related in
the following way (see [SchW2, p. 258])

an ¼
Yn�1

i¼1

bi

 ! 2
n�1

and

aj ¼ bj

Yn�1

i¼1

bi

 ! 1
n�1

; j ¼ 1;y; n � 1: ð61Þ

By Lemma 22(ii) for all hyperplanes H with x0AH; @E-H�C@E-H�ðxs;N@Kðx0ÞÞ

voln�1ð@E-H�ðxs;N@Kðx0ÞÞÞp2n�1 1þ 8an

min1pipn�1 a2
i

� �
voln�1ð@E-H�Þ:

Since we can choose H such that x0AH and

@E-H�C@E-H�ðxs;N@Kðx0ÞÞ-H�ðxs;N@Ks
ðxsÞÞ;

we get for sufficiently small se

voln�1ð@E-H�Þ

pvoln�1ð@E-H�ðxs;N@Kðx0ÞÞ-H�ðxs;N@Ks
ðxsÞÞÞ

p2voln�1ðqð@E-H�ðxs;N@Kðx0ÞÞ-H�ðxs;N@Ks
ðxsÞÞÞÞ:

Therefore, using (61),
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voln�1ðqð@E-H�ðxs;N@Kðx0ÞÞÞÞ

p2 voln�1ð@E-H�ðxs;N@Kðx0ÞÞÞ

p2nþ1 1þ 8

min1pipn�1 b2
i

� �
voln�1 qð@E-H�ðxs;N@Kðx0ÞÞ-H�ð

� ðxs;N@Ks
ðxsÞÞÞÞ: ð62Þ

Now

fxAqð@E-H�ðxs;N@Kðx0ÞÞ-H�ðxs;N@Ks
ðxsÞÞÞjf ðxÞX1

2
f ðx0Þg

¼ xAqð@E-H�ðxs;N@Kðx0ÞÞjf ðxÞX1
2

f ðx0Þ
� �
- qð@E-H�ðxs;N@Kðx0ÞÞ-H�ðxs;N@Ks

ðxsÞÞÞ:

Therefore we get

voln�1 xAqð@E-H�ðxs;N@Kðx0ÞÞ-H�ðxs;N@Ks
ðxsÞÞÞ: f ðxÞX1

2
f ðx0Þ

� �� �
Xvoln�1 xAqð@E-H�ðxs;N@Kðx0ÞÞ: f ðxÞX1

2
f ðx0Þ

� �� �
þ voln�1 qð@E-H�ðxs;N@Kðx0ÞÞ-H�ðxs;N@Ks

ðxsÞÞÞð Þ

� voln�1 qð@E-H�ðxs;N@Kðx0ÞÞÞ

	

X
9

10

1

2nþ1ð1þ 8
min1pipn�1 b2

i

Þ
voln�1 qð@E-H�ðxs;N@Kðx0ÞÞÞ


	
:

For the last inequality we have used (60). Hence

s ¼
Z
@K-H�ðxs;N@Ks ðxsÞÞ

f ðxÞ dm@KðxÞ

X

Z
qð@E-H�ðxs;N@K ðx0ÞÞ-H�ðxs;N@Ks ðxsÞÞÞ

f ðxÞ dm@KðxÞ

X

Z
fxAqð@E-H�ðxs;N@K ðx0ÞÞ-H�ðxs;N@Ks ðxsÞÞÞ: f ðxÞX1

2
f ðx0Þg

f ðxÞ dm@KðxÞ

X
1

2
f ðx0Þ

9

10

1

2nþ1ð1þ 8
min1pipn�1b2

i

Þ
voln�1ðqð@E-H�ðxs;N@Kðx0ÞÞÞÞ

X
9

40
f ðx0Þ

1

2nþ1ð1þ 8
min1pipn�1b2

i

Þ
voln�1ð@E-H�ðxs;N@Kðx0ÞÞÞ:

By Lemma 1.3 of [SchW2] this last expression is bigger or equal than
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9

40

f ðx0Þ
2nþ1 1þ 8

min1pipn�1b2
i

	 
 voln�1ðBn�1
2 Þ

Yn�1

i¼1

ai

2Ds

an

� �n�1
2

1� Ds

2an

� �n�1
2
;

where Ds ¼ jjx0 � xsjj x0

jjx0jj;N@Kðx0Þ
D E

: Hence we get, using (16)

/x0;N@Kðx0ÞS 1� jjxsjj
jjxjj

	 
n	 

ns

2
n�1

p
Ds

s
2

n�1

p4
a2

n
160
9

� � 2
n�1 1þ 8

min1pipn�1b2
i

	 
 2
n�1

voln�1ðBn�1
2

Þð Þ�
2

n�1

f ðx0Þ
2

n�1ð2an � DsÞð
Qn�1

i¼1 aiÞ
2

n�1

p4
a2

n
160
9

� � 2
n�1 1þ 8

min1pipn�1b2
i

	 
 2
n�1ðvoln�1ðBn�1

2 ÞÞ�
2

n�1

f ðx0Þ
2

n�1ð2an � DsÞð
Qn�1

i¼kþ1 aiÞ
2

n�1

e
2k

n�1;

where for the last inequality we have used that the lengths of the first k principal axes

a1;y; ak are larger than 1
e: This finishes the proof of Lemma 23(ii). &

Proof of Theorem 14. We may assume that 0AK
3

: By Lemma 16

volnðKÞ � volnðKf ;sÞ

s
2

n�1

¼ 1

n

Z
@K

/x;N@KðxÞSð1� jjxsjj
jjxjj

	 
n

Þ

s
2

n�1

dm@KðxÞ:

By Lemma 23 the functions under the integral are converging pointwise a.e. to

kðxÞ
1

n�1

2ðvoln�1ðBn�1
2 Þf ðxÞÞ

2
n�1

:

By Lemma 17 the functions under the integral sign are bounded uniformly in s by the
function

C

ðMf ðxÞÞ
2

n�1rðxÞ
:

One of the assumptions of the theorem is that this function has a finite integral. We
apply Lebesgue’s convergence theorem. &
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(1986) 453–474.
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[Sch1] C. Schütt, Random polytopes and affine surface area, Math. Nachr. 170 (1994) 227–249.
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