The p-affine surface area and geometric
interpretations™

Elisabeth Werner

Abstract

We investigate properties of the p-affine surface area for —oo < p < 0o
and give a geometric interpretation of the p-affine surface area in terms of
the weighted floating bodies.

1 Introduction

The affine surface area was originally introduced by Blaschke [B] for convex bod-
ies in R? with sufficiently smooth boundary. Its definition involves the Gauss
curvature of the boundary points of a convex body. Hence it provides a tool to
“measure” the boundary structure of a convex body. Therefore it is not surprising
that the affine surface area occurs naturally in problems related to the boundary
of a convex body, so for instance in the approximation of convex bodies by poly-
tops. For more information about this subject and the role the affine surface area
plays there, we refer to the works by Bardny, [Bal , Ba2], Gruber [Grl, Gr2, Gr3],
Schiitt [Schl, Sch2] and Schiitt and Werner [SchW2].

Extensions of the affine surface area to higher dimensions and arbitrary convex
bodies were only found much later than Blaschke’s times by Leichtweiss [L1, L2],
Lutwak [Lul], Schiitt and Werner [SchW1], Schmuckenschléager [Schm|, Meyer and
Werner [MW1] and Werner [W1]. Additional references to the affine surface area
as well as further applications can also be found in those papers as well as in
Leichtweiss [L3], Ludwig and Reitzner [LudR], Lutwak and Oliker [Lu-O] and
[W2].

Here we want to concentrate on the p-affine surface area which, for p > 0, was
introduced in 1996 by Lutwak [Lu2]. For p = 1, the p-affine surface area is just
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the affine surface area. Hug [H] gave new definitions of the p-affine surface area.
He also proved that this new definitions give the same p-affine surface area as that
defined by Lutwak.

Meyer and Werner [MW2] found a geometric interpretation of the p-affine
surface area in terms of the Santal6 bodies. They also observed that the definition
of Lutwak for the p-affine surface area makes sense for —n < p < 0 and their
geometric interpretation in terms of the Santalé bodies also holds for this range
of p. They also gave a definition of the p-affine surface area for p = —n together
with its geometric interpretation.

In [SchW2] and [SchW3] it was suggested to extend the p-range even further,
namely to —oo < p < co. This extension was motivated in [SchW2] by the fact
that there is a geometric interpretation of the p-affine surface area in terms of
random polytopes and this interpretation holds for —oco < p < co. In [SchW3]
a geometric interpretation of the p-affine surface area for all p is given using the
surface bodies.

In this paper we give a new characterization of the p-affine surface area using
weighted floating bodies. The paper is organized as follows:

In Section 2 we introduce the p-affine surface area for —oo < p < oo and discuss
some of the properties of the p-affine surface area.

In Section 3 we introduce the weighted floating bodies and give a geometric
interpretation of the p-affine surface area in terms of the weighted floating bodies.

Throughout the paper we shall use the following notations.

BZ(a,r) is the n-dimensional Euclidean ball with radius r centered at a. We
put By = B7(0,1). By ||.]| we denote the standard Euclidean norm on R™, by
<, > the standard inner product on R™. For two points z and y in R™ [z,y] =
{az+ (1 —a)y : 0 < a < 1} denotes the line segment from z to y and [z, A] is the
convex hull of z and a subset A C R™.

For a convex body K € R", int(K) is the interior of K and 0K is the boundary
of K. We also write S"~! for 9BY. For € 0K, Nyk () is the outer unit normal
vector to OK in x. It may not be unique.

For u € S" 1, hg(u) = max{< z,u >: x € K} is the support functional of K
at u and f,(u) is the Gauss curvature function, that is the reciprocal of the Gauss
curvature x(z) at this point z € 0K that has u as outer normal. m denotes the
Lebesgue measure on R™, pgk is the usual surface measure on the boundary 0K
of K and o is the spherical Lebesgue measure.

H(x,¢) is the hyperplane containing the point # and orthogonal to &. H ™ (z,§)
is the closed halfspace containing the point z + &, H¥(x,£) the other halfspace.



2 Definitions and Properties

Throughout the remainder of the paper we will always assume that the convex
body K under consideration has the origin in its interior and if K is a symmetric
convex body we will assume that the origin is the center of symmetry.

Definition 1 Let K be a convex body in R™ with the origin in its interior. Let
—o00 <p < oo, p# —n. We define the p- affine surface area Op(K) by

Oioo:/a ¢dﬂ81{(x) (1)

x < &, Nog(x) >

and

K(z) 7
oux) = [ O (@), 2)
0K < x, Ngg(x) > ntr

provided the above integrals exist.

The definitions for Oy are the same as in [SchW2, SchW3].
There is another definition for O, by [Lu2] which differs from this one by a factor
of vol,, (K)#+1vol, (K*)~ 7. K* is the polar body of K.

Properties of O

We now summarize some properties of O, along with comments about the
history and brief remarks about the proofs.

a) We have

O(K) = /8K <z, Nog () > dugk (x) = nvol, (K). (3)

Note that if 0K is C? with a.e. strictly positive Gaussian curvature, then

k() _ 1 oy
/@K <z, Nox () Swdpor (@) = /S, O ()

and

e i
/ ~() o dian(s) = | ST ).
o “ntp S

K <z, Ngg(x) > ntp "=t h(u) n¥e

Thus for K with 0K C? and a.e. strictly positive Gaussian curvature

1 C) B S S D,
Oioo—/aK o Mo (@) G /Sni1 hK(u)nd (u) L (K*).



b)

O,(B%) = vol,,_1(0By) for all p # —n. (4)

It is easy to see (see [SchW3]) that O, is finite for all p with 0 < p < co. This
need not to be so for negative values of p. That was also shown in [SchW3].
More precisely, the following item c¢) was shown in [SchW3] :

Let 1 <r < oo. Let B = {z € R"| Y}, |z;|" < 1}. Then, for all p > 0 and
all r

e n+rp—p

9 (r — 1) W5 (F( r(+p) ))
n—1 n(n+rp—p)y
" A )

OP(B:L) =

Moreover, for all p with p < —n and r with 1 <7 <1+ % we have

Op(B,') = oc.

The p-affine surface area is linearily invariant, i.e. for all linear maps T with
det(T) = 1 we have
Op(K) = Op(T(K)).

This had been shown by Ltuwak [Lu2] and later by another method by Hug
[H] for p with 0 < p < co. The linear invarinace for —n < p < oo follows
from the results in [MW2]. The proof of [H] carries over to negative p. This
was shown in [SchW3]. More precisely, the following was shown in [SchW3]:
Let K be a convex body in R™ such that 0 € int(K). Let T : R" — R" a
linear, invertible map. Then for all —co <p < o0, p # —n

O,(T(K)) = det(T) 7+ O,(K)

Let P be a polytope in R"™. Then O,(P) = 0 for p > 0. This was proved by
Lutwak [Lu2].

For p < —n, the exponent nL;p of the curvature k77 in (2) is positive. As
k is equal to 0 p-a.e. on OP for a polytope P, we also have that O,(P) =0
in this case.

For —n < p < 0, the exponent n%_p of the curvature k77 in (2) is negative.
Again, as k is equal to 0 p-a.e. on JP for a polytope P, we have that
0O, (P) = oo in this case.



f) The p-affine surface area satisfies the p-affine isoperimetric inequality
O, (K)"P < n"™Pvol, (K)" Pvol,, (By)?" (5)

with equality if and only if K is an ellipsoid.

This has also been shown in [Lu2] and later by another method in [H] for
0 < p < 0. For p = 0 we trivially have equality by a).

The p-affine isoperimetric inequality does not hold however in general for
p < 0. Indeed, it follows from ¢) that for r > 2 there are values p, —n < p <
n

—75 such that O,(B}') = oo and hence the inequality cannot hold.

It follows from e) that for p < —n the p-affine isoperimetric inequality does
not necessarily hold either. For such p we have for any polytope P that
O,(P) = 0 and thus O,(P)""? = cc.

g) The p-affine surface area is upper semicontinuous for p > 0. This was also
proved in [Lu2].
Again, for p < 0 this need not be the case. Let —n < p < 0. Then
O, (B%) = vol,_1(0B%). B can be approximated by polytopes P but by e)
we have for all polytopes in this case that O,(P) = oo.

3 Geometric Interpretations

As already mentioned in the introduction, geometric interpretations of the p-affine
surface area exist in terms of the Santalé bodies for —n < p < co [MW2], in terms
of random polytopes for —oco < p < 00, p # —n, [SchW2] and in terms of the
surface bodies for —oo < p < oo, p # —n, [SchW3].

We define now the weighted floating body. Recall that m denotes the Lebesgue
measure on R™.

Definition 2 Let K be a convex body in R"™.
Let 0 < s and let f: K — R be an integrable function such that f > 0 m-a.e.

The weighted floating body F (K, f,s) is the intersection of all the closed half-
spaces HT whose defining hyperplanes H cut off a set of (f m)-measure less than
or equal to s from K. More precisely,

F(K,f,s) = N HF (6)

Jknn— f dm<s



Proposition 3 Let K be a convex body in R™ such that 0 € int(K) and let f :
K — R be an integrable function such that f > 0 m-a.e. Let T be a linear
transformation such that det T # 0. Then we have

MTKjoT*J)=T<Fm;ﬁE§TO.

Proof
Let H(xg, &) be a hyperplane through zy with normal . Then T'(H (z,&)) =
H (yo,n) is a hyperplane through yo = T'r¢ with normal n = T~*¢. Thus

/ fdm :/ fdm =
KNH~ (z0,£) T-1 <T(KﬂH($0,§))>

1
/ fdm= / foT ! dm.
T-1 (TKﬂH(yU,n)) det T TKNH™ (yo,n)

Hence
F(TK,foT ', s)= N H* (yo,m) =

fTKmH*(yom) foT~1 dm<s

ﬂ T(H+($0»f)):T<F(K’f’det—T)>

s

Jan=(ao.0) £ IS got—

Lemma 4 Let K be a convex body in R™ and let f : K — R be a m-a.e. strictly
positive, continuous function.

(i) For all s such that F(K, f,s) # 0 and allzs € OF (K, f, s)N int(K) there ex-
ists a supporting hyperplane H to OF (K, f,s) through x4 such that meH, fdm=
s.

(ii) F(K, £,0) = K
(#ii) There is an sg so that for all s with s < sg the body F(K, f, s) is nonempty.

Proof
(i) By definition of F(K, f,s) we have for every support hyperplane H to

F(K, f,s) through zs that
s < / f dm.
KNH~-

Suppose not. Then there exists a support hyperplane Ho to F(K, f,s) through
xs such that s > meH* f dm. We choose H, parallel to Hy such that s =
0



fKﬁﬁo_ f dm which we can do as f is continuous. Consequently, z; ¢ F(K, f,s),
a contradiction.

On the other hand, there is a sequence of hyperplanes H; with F(K, f,s) C HZ+
and fKﬂH{ fdm < s such that the distance between x; and H; is less than % We

check this.
Since z, € OF (K, f,s) there is z ¢ F(K, f,s) with ||y — z|| < }. There is a
hyperplane H; separating z from F'(K, f, s) satisfying

/ fdm <s and F(K,f,s) C H.
KNH;

We have for the distance d between =, and H;
1
d(zs, Hy) < |lzs — 2] < =.
)

By compactness and as for g € 0K, ¢ € S"~ 1, t € RT, fKﬂH*(ro—tg o fdm is a
continuos function in ¢ (where it is defined), there is a subsequence that converges
to a hyperplane H with z4 € H and fKnH, fdm <s.

(ii) We can assume w.l.o.g. that 0 € int(K). We have for all s > 0 that
F(K,f,s) C K, hence F(K,f,0) C K. Suppose that F(K, f,0) is a proper
subset of K. Then there exists © € 0K and = ¢ F(K, f,0). Let zy = [0,2] N
F(K, f,0). Then zo € int(K) and hence by (i) there exists a support hyperplane
H to F(K, f,0) through zo such that [}, fdm = 0. However, as zy € int(K),
we have that [zg,z) C int(K N H~). Let 1 € (z9,2). Then there exists o > 0
such that By (zg,a) C KN H~. Now, as f > 0 m-a.e.,

m(By (z0, 0)) = m({y € By(ao.a) : f(y) > 0}) -

(U € B 1) > 3)).

Let € > 0 be given, By continuity of m from below, there exits j. such that

(B (z0,0)) < (11 ¢ m({y € By(ao.a) : F(y) > }})

Therefore

Oz/ fdm 2/ fdm 2/ fly)dm,
KNnH~- B (zo0,) {yeB3 (z0,2):f(y)> 5}

o e

6Voln(Bg‘(xo7 a)) >0,

a contradiction.



(iii) Suppose (iii) is not true. Then for all s there is s < s such that
F(K, f,s0) = 0. Let (sp)nen be a sequence such that lim, .. S, = 0. Then
for all s, there is s < s, such that F(K, f,s) = . But by (ii) we have that

F(K, f,0) = K # (), which is a contradiction.

Now we come to the geometric interpretation of the p-affine surface area using
weighted floating bodies.

Let K be a convex body and x € K. We define r(z) as the maximum of all
real numbers p so that BY (z — pNak(x), p) C K. This has been used in [SchW1]
to investigate the floating body. It was pointed there that for all o with 0 < a < 1
the integral [, 7(z)”*dug(x)(x) is finite. The cube is an example showing that
Jor (@) tdpa i) (z) may be infinite.

Theorem 5 Let K be a convex body in R™. Let f : K — R be a continuous
function such that f > ¢ on K where ¢ > 0 is a constant. Then

(v) ™ oo @)

K) — F(K
o i 20 ) = vl ,f,s>>:/ |
s—0 §ntT oK

(7)) -

2
o wol,_ (B2 \ "
where ¢, = 2(717_~_1 .

In the next corollary we give a geometric interpretation of the p-affine surface area.
The advantage of the weighted floating body over the surface body of [SchW3] is
that no integrability assumptions on the function % are needed.
We will also use the following function f, = f, k defined for a given convex
body K and —oo < p < 00, p # —n by:
n(n+1)(p—1)

N. 2(n+p)
folz) = =T BK(CC),L(T,I , for x € OK. (7)

If K is such that f, is continuous on 0K, we extend f, to all of K such that f, is
continuous on K.

Corollary 6 Let —co < p < oo, p# —n. Let K be a convexr body in R™ with the
origin in its interior and such that the function f, is continuous on K and such
that f, > c on K where ¢ > 0 is a constant.

o lim vol, (K) — voly, (F(K, fp, s))

2
s—0 Ssn+l

= 0,(K).



Proof The proof follows immediately from Theorem 5.

For the proof of Theorem 5 we need several lemmas.

Lemma 7 Let K and L be two convex bodies in R™ such that 0 € int(L) and
L CK. Then

vol(K) — voly (L) = ~ /BK < 2, Nox(z) > (1 _ (||$LI>”> Ao (),

n

where xy, = [0,2] N IL.

The proof of Lemma 7 is standard.

We can assume without loss of generality that 0 is an interior point of K and
for z € OK and s > 0 we put

xzs = [0,2] NOF (K, f, s). (8)

Since we want to apply the Lebesgue convergence theorem, we need a dominating

function. This function turns out to be a multiple of (T(lz))%. As mentioned

before, it was shown in [SchW1] that this function is integrable.
In Lemmas 8 and 9 as well as in the proofs z; is as in (8).

Lemma 8 Let K be a convex body in R™ such that 0 € int(K) and let f: K — R
be a continuous function such that f > ¢ on K where ¢ > 0 is a constant.
Then there is sqg > 0 such that for all s with 0 < s < sg and for all x € OK

< x,Ngk(z) > (1 _ (Hmsl\

llzll

") s
0< < C r(x)” »1,

2
n §n+l

where C 1s an absolute constant.

In the next Lemma we use the indicatrix of Dupin. For a convex body K in R"
the indicatrix of Dupin exists pgg-a.e. on K and is an ellipsoid or an elliptic
cylinder (see [L1]).

Lemma 9 Let K be a convex body in R™ such that 0 € int(K). Let f : K — R be
a continuous function such that f > ¢ on K where ¢ > 0 is a constant.



(i) If the indicatriz of Dupin at x is an ellipsoid, then

L o<aNo@> (1-(E) e s
1m = )

s—0 ﬁ nil
e 2 ( vol,—1(By ™) f(x)) ’

except in the trivial case when xs € OK and then the limit is 0.

(i) If the indicatriz of Dupin at x is an elliptic cylinder, then

< x,Nog(x) > (1 — (Hﬁnﬂ )”)
lim > =0
s—0 n §nti

Proof of Theorem 5
We may assume that 0 € int(K).
By Lemma 7

dpok ()

vol, (K) — vol, (F(K, f,s)) 1 / < @, Nox () > (1 — (Haihym)
Sniﬁ»l n 6K 8#

By Lemma 8 the functions under the integral sign are bounded uniformly in

s by an L'-function. By Lemma 9 they are converging pointwise a.e. We apply

Lebesgue’s convergence theorem.

Proof of Lemma 8

Let z € OK.

We first consider the case that x5 € 0K. Then, by construction of x4 and as
0 € int(K), x5 = = and therefore

in this case.
Now we consider the case that z, € int(K). As z and x4 are colinear and
s < ]l
sl _ e — sl

[ [l

Hence



s (- (1))
= % <z, Ngk(x) > (1 - (1 N HIH_TT)??)
< <” ik , Nok (x )>||x_$s ©)

The last expression is also denoted by Ag:

A, = <| i+ Nore(a >>||x—xs||=<x—xs,NaK<x>>.

It is the distance of z to the hyperplane through x5 and orthogonal to Nyg ().
By Lemma 4 (iii) there is an sq¢ so that for all s with s < s¢ the body F(K, f, s)
is nonempty.

As zg € int(K), by Lemma 4 (i) there is a hyperplane H with x; € H and
Jxap- fdm = s. Thus

s = /KOH_ fy)dm(y) > ¢ vol, (K NH™). (10)

Since 0 is an interior point of K there is a constant « > 0 such that for all x € K
we have

H ik , Nog (r) > (11)

Now we consider two cases. The first case is
() fla — o, << 2. Nox (@) > r(a).
We have that

vol, (K N H™) > vol, (B (z — r(z)Nok (x),r(z)) N H™).

The height of the cap By (x — r(z)Nox (z),r(x)) N H~ is bigger than or equal to
the distance d of = to the boundary of B (x — r(x) Nk (z),r(z)) and

Nf=

=r(z) = [r(@)* + ||z — 2] — 2r(2)||z — s
d=r(2) (<>+|| 12— 20(a)] ||<|”N6K<>)

|z — 2|l
> sl < , N > (1-—
2l < o None) > (1= 577 e Nor@) >
1 A,
> — = —.
- 2” st < H || ( ) > 2



The last inequality holds by assumption (i). Thus (see [SchW1])

(2)°="
r(x n—
n+1 VOln_1(32 1)(

vol, (Bg (z — r(x)Nak (z),r(z)) N H™) >

As ntl
V=2
2 )

and hence in this case, using (9) and (10),

< x,Ngk(z) > (1 - (H\r;bﬂl‘)n) - 2 < (n+1) )nil
)

n s% T(ZL’)% C V01n71(3371

Now we consider the case
(i) [z — 5|l > < 13, Nok (z) > r(z).

Since 0 is an interior point, there is § > 0 such that B% (0, 3) C K. We consider
the convex hull C of x and BZ(0,5) N H(0, z):

C = [z, By(0,8) N H(0,z)].

C' is a cone whose base is an n — 1-dimensional Euclidean ball with radius 3.
Then
vol,(KNH™) >vol,(CNH™)

The expression on the right hand side is smallest, if the hyperplane H that passes
through x, is orthogonal to z. Then the set C N H~is a cone whose base is an

n — 1-dimensional Euclidean ball with radius %
Thus we get
1
VOln(C N H_) 2 W (,3"_1”33 - LUSHn VOlnl(B;Ll)> (12)
n ||z

Hence (9), (10) and (12) give

2 2(n—1)
( n ) < [y Nox (@) > <||x||>—"+1
¢ vol,_1(By~h) & — 2| 7Ft B

which, using the assumption of case(ii) and (11), is less than or equal to

(o) ()

diam(K') denotes the diameter of K.
This finishes the proof of Lemma 8.

2(n—1)

n—1 n—1
n+1 1 n+1l 1 n+1
&) Gw)




Proof of Lemma 9
Let x € 0K.
(9) holds:

Yooy (1= (1)) < (M) Yo -

In the same way we obtain the inverse inequality.
1 s\
— <z, Nog(x) > <1 <|x |> > =
n |
1 = — xo[l\"
— <z, Nog(x) > ((1 - (1 -
n [l ]
Since (1 —t)" <1 —nt+ wﬁ for ¢ small enough
1 R n
— < x, Nog(x) > (1— <||a: H) )
n ]l
x (n—=1) [z —
> (i Nowea) ) e = (1- 7
<||I 2 ]l
for s small enough.

Let € > 0 be given. We choose sy such that for all s < sg

Lo Nox(o) > <1 _ <st||>"> > <9” NaK(x)> lo -zl (1-e). (13)

] (el

We first consider the case that s € K. Again, by construction of x5 and as
0 € int(K), x5 = = and therefore

<z, Ngk(z) > (1 - (”HZSIIH )n) —0

in this case.

Now we consider the case that z; € int(K). By Lemma 4 (i) there is a hy-
perplane H, with z, € H, and f}mH* fdm = s. As f is continuous on K, there
exists a neighborhood U of x such that for all y € U

(1—e)f(x) < fly) <A +e)f(x).

We choose s1 < sp so small that for all s < s; we have that K N H; C U. Thus
we get for all s < 59

(I1—¢) f(x) volo,(KNH) < s = /KQH_ fdm

(I+¢€) f(z) vol, (KN H,) (14)

IN



We first consider the case

(i) The indicatrix of Dupin at z is an ellipsoid. By Proposition 3, F(K, f, s)
is invariant under linear transformations with determinant 1 and hence we can
assume that the indicatrix is a Euclidean ball with radius \/p = \/p(z).

Let C(r,A) be the cap of height A of a Euclidean ball with radius r. By
[SchW1], Lemma 11 we have for s < s; sufficiently small that

vol,(KNH;) < (1+¢) voln(C(p,|x zs]| < ” ” oK (z )>)>

n+1 %
< (1+ 26€) = vol,_1 (B2 ol < = N, . (15
<4202 pvol, (B30 (e -l < L Nowe) > ) ()

For the last inequality see for instance [SchW1], Lemma 8. And, again by
[SchW1], Lemma 11 we have for s < s; sufficiently small that

vol, (K NHT) > (1—¢) voln(C(p,(lde)x x| < || 7 Nox(2) ))

ntl
ntl ntl

> (I—Qe)z_ilvoln 1(By~ 1)p 3 <( —de)||z — zs]| < ” T , Nok () >> , (16)

where d is a constant. Hence we get with (9), (13), (14), (15), (16) and the fact
that p7% = gt

1—ce¢ < n+1 )”*1 K(x) ™+
2\ (14 2¢)2vol,_1(By™) fla)w

n §ntl

o
-

1 ( n+1 ) g (x)®
2(1 —de) \ (1 —2¢)2vol,_1(By ™) Flz)=it

Now we treat the case

(ii) The indicatrix of Dupin at z is an elliptic cylinder. Again, as above we can
assume that it is a spherical cylinder i.e. the product of a k-dimensional plane and
an n — k — 1-dimensional Euclidean ball of radius p. Moreover we can assume that
p is arbitrarily large. Using Lemma 9 of [SchW1] and (9) we get for s sufficiently
small that with a (new) absolute constant d

<, Nox (@) > (1= () N
< (14 de) T
vol,—1 (B3 ™)

2
n Sn+1

which goes to 0 as p is arbitrarily large.
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